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Chapter 1

Introduction

Pour I'étude des fluides visqueux incompressibles, les équations de Navier—Stokes
sont un modele fondamental. Dans cette these, nous nous proposons d’étudier les
équations de Navier—Stokes sur 1'espace tout entier, ainsi on oublie les conditions de
bord, et on dispose d'un arsenal d’outils provenant de 1’analyse harmonique pour
son étude. Nous présentons les équations :

ou=Au—(u-Vju—Vp+V.F
(NS)
V-u=0, u(0,.) = uy,

ot la vitesse du fluide dénotée par u : [0, +00) % R?® — R3etla pression du
fluide p : [0, +00) x R® — R sont les inconnues, tandis que les données initiales sont
la vitesse initiale du fluide dans le temps t = 0 : ug : R3® — R3; et le tenseur de
force F = (F;j)1<ij<3 (avec Fj; : [0, +00) x R*> — R) dont la divergence V - IF définie
par (Z?:l 0iFi1, Z?:l 0;Fi», E?:l 0;F;3), représente la force appliquée au fluide. Dans
la littérature, nous trouvons souvent le terme (u - V)u réécrit comme V - (u ® u) ot
I'on définitu ® u = (M,‘u]‘)1§i,j§3.

Méme si les équations (NS) ci-dessus sont un systeme simplifié apres avoir con-
sidéré 1’espace R3 tout entier au lieu d'un domaine et d’avoir pris la constante de
viscosité du fluide comme étant v = 1, la problématique de fond continue a étre
la méme, et la compréhension des notions comme la turbulence et ’explosion sont
encore le vif du sujet.

Une maniere importante de diviser 1’étude de ces équations se fait en considérant
la notion d’énergie.

Une solution u des équations (NS) sans force extérieure, c’est a dire avec F = 0,
issue d"une donné initiale ug, est dite une solution d’énergie finie pour une famille
de fonctionnelles d’énergie E(, -), indexée par ¢, si

E(0,up) < 400 et t — E(t,u) est décroissante,

ces fonctionnelles étant définies positives sur 1’espace de fonctions de [0, {] x R3 dans
R3, pour tout t > 0.

L’estimation de fonctionnelles d’énergie pour obtenir un contrdle des approxi-
mations de solutions et pouvoir ainsi passer a la limite par un argument de compac-
ité de type Aubin-Lions est une idée qui remonte aux travaux fondateurs de Leray
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en 1934 (Leray, 1934). Dans l'étude de solutions du systeme de Navier-Stokes in-
compressible, un role clé est joué par I'inégalité d’énergie de Leray

t t
y|u(t)uiz+z/0 IVu(s)|Pads < [u(0)]%—2 ¥ /()/Fi,jaiuj dx ds,

1<i,j<3

Leray a construit, pour une donné initiale L?, des solutions faibles globales qui sat-
isfont cette inégalité d’énergie, ou le terme énergie fait référence a la fonctionnelle
E(t,u) = [u(®)]-

L’étude de 'unicité et régularité pour les solutions d’énergie finie de Leray est
encore un probléme principal.

Récemment, dans (Feichtinger et al., 2020), H. Feichtinger, K. Grochenig, Kuijie
Li and Baoxiang Wang ont donné un sens a 1'unicité du probleme pour certains don-
nées initiales dans L?, en se restreignant aux fonctions dont les fréquences vivent
dans le premier octant de l’espace IR?, et aussi en sortant du cadre de distributions
car ils ont utilisé un espace différent de fonctions test.

Pour le cas périodique, c’est a dire, lorsque ’on cherche une solution u : [0, T) X
T® — R aux équations de Navier-Stokes, il y a eu de nombreuses avancées par
rapport a la non-unicité des solutions faibles d’énergie finie.

Quelques travaux qui ont fait partie de ces récentes avancées sont (Lellis and
Székelyhidi-Jr, 2019), (Buckmaster and Vicol, 2019b) et (Buckmaster and Vicol, 2019a).
IIs ont développé une technique, qu’on appelle intégration convexe, pour construire
des solutions non uniques.

Cependant, ces résultats ne sont pas exactement liés aux solutions de Leray
dans l'espace tout entier. L'appartenance de ces nouvelles solutions non uniques
al’espace L2 ((0,T),H D) n’est pas connue, et donc le probleme de la non-unicité des
solutions de Leray dans l'espace tout entier reste ouvert.

I existe une version locale de l'inégalité d’énergie de Leray liée a 1’existence
d’une mesure y, positive et localement finie, pour laquelle la solution u satisfait

[u? Juf? [uf?

% ):A(2)—\Vu|2—V-<2u>—V~(pu)+u-(V-lF)—y.

Cette balance d’énergie locale a été exploitée en 1995 par Farwig et Sohr (Farwig and
Sohr, 1995) pour montrer 1'existence de solutions faibles dans le cas du domaine ex-
térieur.

Les solutions faibles d’énergie infinie ont été introduites ensuite par Lemarié-
Rieusset en 1999 (Lemarié-Rieusset, 1999). Cela a permis de montrer l’existence
locale de solutions faibles pour une donnée ug uniformément localement de carré
intégrable, c’est a dire, telle que

2
u = su wp|“dy < 400
| UHLiloc xeﬂl; B(x, [uo|* dy ,

et un tenseur de force F € (L2L2)1,c((0,1) x R3), c’est a dire qui satisfait

1
sup / / |F| dxds < +oo.
JO B(XO,l)

XOE]R3
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Nous introduisons une des définitions pionniers.

Définition. (Solution locale de Leray) Un champ de vecteurs u = (uy, up, u3) € L10C ([0, To) x
R3) est appelée une solution locale de Leray du probleme de Navier—Stokes (NS) associé a

une vitesse initiale a divergence nulle uy € L2 _ et d un tenseur de force

F = (F;j) € (L{L3)uoc((0, To) x R?)
Si:

e Pourtoutt < T < Ty,

T
sup sup lul?dx + sup / /( ) |Vu|? dxds < +oo.
X0,

0<t<T xyeR3 Y B(x0,1) xp€R3
o [l existe une distribution p sur (0, To) x R tel que (u, p) est solution faible du sys-
teme

omu=AM—-V - (u®u)-Vp+V-F

V-u=0,
c'est a dire, pour toute ¢ € D((0,Ty) x R3) et pour toute j € {1,2,3}, ona

3

S e

//(O,T)X]R3u] +P 0.1) xR (p+; oryxgs ¢
(p.9j) - Z//Owa

3
iai =0
i:zl //(O,T)><]R3 Hog

* Pour tout compact K C R3, ona

et

lim [u(t,.) — o] 2 = 0

* u est adaptée au sens de Caffarelli-Kohn-Nirenberg : p € (L%L%)loc et il existe une
mesure positive localement finie pour laquelle

Juf? jul? Juf?

() =)~ vup = () =V e (V) -

1.1 Motivation

A ce point, nous soulignons le fait qu'un traitement astucieux pour le terme de la
pression est nécessaire dans le contexte L%, , par exemple, pour obtenir les con-
troles a priori des solutions du probleme approché. En (Lemarié-Rieusset, 2016), on
fait varier la définition de la pression, selon la partie de I’espace ot 1'on veut obtenir
un contrdle uniforme pour les solutions approchées.

Dans les dernieres années, cette notion de solution locale de Leray a été légere-
ment modifiée plusieurs fois, soit pour rajouter des conditions sur la pression ou
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soit pour considérer des données initiales dans des espaces qui ne sont pas con-
tenus dans L2, et ol on ne connaissait pas a priori si la pression était caractérisée.
On trouve, dans la littérature 1'utilisation des expansions locales de la pression pour
analyser 1'existence, unicité et régularité des solutions du systeme de Navier-Stokes,
comme 1’ont fait (Bradshaw and Tsai, 2020a), (Bradshaw and Tsai, 2020b) et (Kang,

Miura, and Tsai, 2020).

En réfléchissant a ces aspects, on pourrait se demander sous quelles hypotheses
la pression est déterminée, modulo les constantes, par la vitesse et la force. Si on
détermine, dans un cadre assez général, une formule globale qui donne la pression
en fonction de la vitesse et la force, les différences entre ces récentes définitions des
solutions adaptées seront raccourcies.

D’autres constructions de ces solutions d’énergie infinie a donnée initiale unifor-
mément localement L2 ont été données en 2006 par Basson (Basson, 2006b) et en 2007
par Kikuchi et Seregin (Kikuchi and Seregin, 2007).

Basson a étudié le cas d'une donnée initiale appartenant a L?, oc (R?) dans sa these
(Basson, 2006b), ot il a démontré existence globale, unicité, régularité et dépendance
continue de la donnée initiale. Basson a aussi étudié un espace de données légere-

ment plus grand, appelé B;(IR?), et définie par la norme

1

2 2

u = Su ug|“dx.
H O||B2 Zg R2 A(O/ )| O|

Dans ce cas, pour une solution ue € L7 d’un systeme de Navier-Stokes approché et

pour ¢ une fonction test, le terme [(Vpe - ue)@dx, qui fait intervenir la pression est
divisé en deux morceaux, un ot p, se controle comme |u.|? et 'autre ott Vp, est bien
comporté, afin d’obtenir contrdles uniformes pour les solutions approchées u.. Avec
cette astuce, il arrive a démontrer existence d’une solution locale, mais une formule
pour la pression n’est pas explicitée.

Dans les derniéres années 1’étude du terme de la pression a été un sujet actif,
voir par exemple (Kukavica, 2003), (Kukavica and Vicol, 2008) et (Wolf, 2017). On
dédiera une bonne partie de cette these a I'analyse du terme de la pression.

Jia et Sverak ont surpris en 2014 (Jia and Sverék, 2014) en donnant une construc-
tion de solutions auto-similaires a grandes données réguliéres. L'ingrédient princi-
pal etl'idée originale a été de faire intervenir la théorie du degré de Leray—Schauder.
Le résultat a été étendu en 2016 par Lemarié-Rieusset (Lemarié-Rieusset, 2016) pour
des solutions & données localement L. L'observation cruciale a ce stade est qu'une
donnée auto-similaire (homogene de degré —1) et localement L? est automatique-
ment uniformément localement L2.

En 2017 et 2018, Bradshaw et Tsai (Bradshaw and Tsai, 2017) et Chae et Wolf
(Chae and Wolf, 2018) ont exploré le cas des solutions auto-similaires pour un sous-
groupe discret de dilatations et ils ont donné une réponse positive. Une donnée
initiale localement L% n’est plus nécessairement uniformément localement 12, donc
les idées précédentes de Lemarié—Rieusset ne pouvaient pas étre appliquées. Dans
le travail de Chae et Wolf, ot ils considérent des hypotheses tres faibles pour la
donnée initiale, juste étre discretement auto-similaire et localement L?, une inégalité
d’énergie modifiée a été introduite dans les définitions, un détail corrigé en (Brad-
shaw and Tsai, 2019a). Un beau résumé de la série de résultats en rapport avec la
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notion d’auto-similarité et d’auto-similarité discrete est donné en (Bradshaw and
Tsai, 2019b).

Nous observons a ce point le fait suivant : si on considére un nombre A > 0
fixé et u un champ de vecteurs tel que Au(Ax) = u(x), alors u appartient a L?((1 +
|x])~7dx) pour tout y > 1. Cette remarque et les travaux récents de recherche autour
des solutions auto-similaires nous ont amené a développer dans (Ferndndez-Dalgo
and Lemarié-Rieusset, 2020b) une extension de la procédure de Leray (pour obtenir
des solutions faibles) de L? a L?((1 + |x|)~7dx) avec 0 < 7 < 2; on a aussi révisité
les résultats en rapport avec les solutions discretement auto-similaires.

Des améliorations et des raffinements ultérieurs de ces résultats ont été obtenus
plus récemment, voir par exemple (Bradshaw, Kukavica, and Tsai, 2019). Nous
présentons dans ce mémoire les résultats ultérieurs.

En rapport avec les solutions axisymétriques, nous savons que Ladyzhenskaya
(Ladyzhenskaya, 1968) a utilisé un controle d’énergie sur la vorticité pour démontrer
I'existence d’une solution axisymétrique globale sans tourbillon pour une donnée
initiale appartenant & H'. Bien que ce contrdle soit sous-jacent a la structure des
champs de vecteurs axisymétriques sans tourbillon, il est raisonnable de chercher a
adapter des résultats analogues pour des espaces a poids radial. C’est ce qu’on a fait
en (Ferndndez-Dalgo and Lemarié-Rieusset, 2021).

1.2 Organisation du document

Nous dédions la premiere partie de cette thése, le Chapitre 2, a exposer les résultats
obtenus en (Ferndndez-Dalgo and Lemarié-Rieusset, 2020a) qui donnent une carac-
térisation du terme de la pression dans un contexte assez général pour étre appliquée
aux solutions d’énergie infinie étudiées jusqu’a présent.

Dans le Chapitre 3, en suivant (Ferndndez-Dalgo and Lemarié-Rieusset, 2021),
nous développons une procédure générale, pour obtenir des solutions faibles dans
des espaces L? a poids. Cette procédure générale se base en certaines propriétés du
poids qui permettent de contrdler le terme de la pression. L'importance de ces résul-
tats se met en évidence dans le chapitre suivant.

Nous présentons des résultats récents d’existence de solutions réguliéres ax-
isymétriques sans tourbillon dans le Chapitre 4, o1 nous considérons de données
initiales appartenant a des espaces L? a poids et dont la vorticité elle aussi appar-
tient a un espace 1% a poids. Les contrdles obtenus dans le chapitre précédent, le
Chapitre 3, sont cruciales parce que les hypotheses sur les poids permettent de con-
sidérer des poids avec une plus grande décroissance a l'infini, par rapport a des
controles obtenus précédemment.

Pour l'étude de l'existence des solutions discretement auto-similaires nous dé-
dions le Chapitre 5. Nous remarquons que dans le théoreme d’existence intervient
les espaces a poids L?*(w,dx), avec w, = (1+ |x|)™7 et v > 1 et la condition
v > 1 est optimale dans le sens qu'une donné initiale discrétement auto-similaire
non nulle n"appartient pas a L?((1 + |x|) ~'dx), Ces résultats ont été présentés dans
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(Ferndndez-Dalgo and Jarrin, 2021a) dans le contexte des équations de la magnéto-
hydrodynamique.

Dans le chapitre 6, nous revenons sur plusieurs résultats, obtenues pour les équa-
tions de Navier-Stokes dans les chapitres précédentes, mais cette fois dans le con-
texte des équations de la magnétohydrodynamique. Nous aussi ajoutons un nou-
veau résultat d’unicité fort-faible qui considere des espaces L? a poids.

Dans la suite, nous allons décrire de maniere plus précise quelques-uns des ré-
sultats les plus importants.

Nos premiers efforts visent a donner une formule pour le terme de la pression
dans des conditions tres générales. Les conditions qu’on a trouvées sont décrites
dans le théoreme suivant :

Théoreme. Considérons la dimension d € {2,3} et 0 < T < +oo. Soit F(t,x) =
(E(t, x))1<l.j<d un tenseur qui appartient a L' ((0, T), L*(RY, wy,1 dx)).
Soit u une solution du problem

dmu=M—-V-(u®u)—-S+V-F
V-u=0, VAS=0, u(0,x)=uy(x)

qui satisfait : w appartient a L*((0,T), L3, | (RY)), lim; s u(t,.) = ug € L2, | dans D’ et
S appartient a D'((0, T) x RY).
On considere ¢ € D(IRY) telle que ¢(x) = 1 dans un voisinage de 0 et on note

Aijp = (1—9)3:9;Gy.
Alors, il existe g(t) € L((0,T)) telle que
S =Vp,+dg
avec

Py = Z(?aiade) * (ujuj — Fij)
ij

+ 5 [ (Aijole = 1) = A (—y) it y)us () = Fij () dy.
L]

En plus,
o Vp, nedépend pas du choix de ¢ : Si on change ¢ par 1, on obtient

po(t,x) —py(t,x) =) / (Aijy(=y) = Aijp(=y)) (it y)uj(t y) — Fij(t,y)) dy.
L]

e Vp, est l'unique solution du probleme de Poisson
Aw = -V (V- (V- (u@u—TF))

qui satisfait
lim e™w = 0.
T—r+00
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* Si on suppose que F appartient a L*((0, T), L3, (R%)) et u € L*((0,T), L2, (RY)),

Wy
alors on a que g est constante et on peut prendre ¢ = 0, et Vp, = Vo oil

Po = Z(@ala]Gd) * (uiu]- — Fi,j) + Z((l — (p)a,a]Gd) * (uiu]- — Fi,j)/
ij ]

po ne dépend pas du choix de ¢ et on pouvait définir po = Y, ;(0;0;Gg) * (uiu; — F; ;).

Dans le chemin pour arriver a cette caractérisation du terme de la pression, on

passe par 'étude de deux problemes de Poisson, et cela nous améne a un corollaire

intéressant par rapport au projecteur de Leray. En effet, on obtient que la définition

suivante nous donne bien un projecteur sur les champs de vecteurs a divergence
nulle.

Définition. Soit H € L'((0,T), LY(RY, wy, 1 dx)) un tenseur et soit w = V -H. Le
projecteur de Leray P (w) de w défini par

Pw =w— Vp,
oit Vp, est 'unique solution de
—AVp =-V(V - w)

telle que
lim e™*Vp =0,

T—+00

est un champ des vecteurs a divergence nulle.

Une fois qu’on a éclairé la relation entre le terme de la pression, la vitesse et la
force extérieure, nous procédons a établir des controles uniformes dans des espaces
a poids pour les solutions du systeme régularisé de Navier—Stokes.

On consideére dans un premier temps, un bilan d’énergie pour la vitesse, ce qui
nous permet d’obtenir des solutions globales pour des données initiales appartenant
a des espaces L? a poids. Afin de rendre ces controles sur la vitesse réutilisables,
pour obtenir des contrdles uniformes pour la vorticité dans des espaces a poids, et
ceci sans perte de généralité dans 1’ordre de décroissance du poids, nous considérons
les propriétés suivantes pour les poids :

Définition. Soit ® une fonction sur R? (2 < d < 4). On dit que ® est un poids adapté si
D est une fonction Lipschitz continue et satisfait :

e (HI)0<®<1.
e (H2) Il existe C; > 0 telle que |V®| < C1P2

o (H3) Il existe r € (1,2] telle que " € A, (oit A, est la classe des poids de Mucken-
houpt). Pour d = 4, on a besoin de la condition r < 2.

o (H4) Il existe C, > 0 telle que P(x) < ®(%) < CoA*P(x), pour tout A > 1. En
particulier, ® est décroissante.

Nos exemples de base, des poids adaptés, sont :

e d=2,P(x)= oul < y<2

1
(T [x])7

ed=30ud=4d(x)= —-ou0<y<2
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o d=23®x) = (1J3r)7 our=,/xi+x3et0 <y <2

Notre résultat principal d’existence globale dans le cadre de régularité locale L2
pour la donné initiale, s’écrit de la maniere suivante :

Théoreme. Considérons la dimension d € {2,3,4} et un poids adapté ®. Soit uy un
champ de vecteurs i divergence nulle appartenant a L>(® dx, R?). Soit F = (F;;(t, x));,
un tenseur appartenant a L2((0, +00), L2(® dx, R?)).

Alors, il existe une solution globale u du probleme

ou=Au—(u-V)u—Vp+V-F
(NS)
V-u=0, u(0,.) = uy

qui satisfait :
o u appartient a L*((0,T), L?(®dx)) et Vu appartient a L2((0,T), L?(Pdx)), pour
tout T > 0,
* p=Yacijea RiRj(uiuj — Fj),
* la transformation t € [0,4+o00) > u(t,.) est faiblement continue de [0, +o0) dans

L?(®dx), et fortement continue en t = 0,

e l'inégalité d'énergie locale pour d € {2,3} : il existe une mesure positive localement
finie y telle que

[u? Juf?

(0 = &) = 1va =9 - (B ) (v ) -

et dans le cas de la dimensiond = 2 ona yu = 0.

En plus, on obtient que

t
5t ) 2oy +2 | 1V © (5, B2 g
t t
SH”OH%Z(q)dX) —/ /V(|u|2)-V<I>dxds+/ /(|u|2u+2pu)-V<I>dxds
0 JO

t
o ZZZ/O /Fi,j”jaicI> + F;,j0juj® dx ds.
L)

Dans un deuxiéme temps, nous étudions un bilan d’énergie pour la vorticité, afin
d’obtenir dans le cadre des solutions axisymétriques, des solutions globales pour
une donnée initiale appartenant & un espace L? a poids et dont la vorticité elle aussi
appartient a un espace L? a poids.

Ainsi, nous arrivons a notre résultat principal d’existence globale dans le cadre
d’ une donnée initiale de régularité locale H'. Nous observons que les poids ®(x) =

(e H) et¥(x) = i +1 7oz avec 0 <6 <y <2 satisfont les hypotheses du théoreme :
Théoreme. On consideére un poids ® qui satisfait (H1) — (H4). On assume que ® ne
dépend que de r = \/x? + x5 et qu'il existe un poids ¥ qui est une fonction continue qui ne

dépend que der, tel que ® <¥ < 1,Y € Aj et il existe C; > 0 tel que

VY| < CiVOY and |A(VF)| < C1V .
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Soit uy un champ de vecteurs a divergence nulle sans tourbillon, tel que uy appartient
a L2(®dx) et V @ ug appartient a L2(Ydx). Alors, il existe une solution globale u du
probleme
o =Au— (u-V)u—Vp
(NS)
V-u=0, u(0,.) = up

telle que

* u est axisymétrique sans tourbillon, u appartient a L= ((0,T), L>(® dx)), V @ u ap-
partient a L*((0,T), L2(Y dx)) et Au appartient a L>((0,T), L*>(¥ dx)), pour tout
T >0,

e les transformations t € [0,4+00) — u(t,.) et t € [0,+00) — V @ u(t,.) sont
faiblement continues de [0, +o0) dans L*(® dx) et dans L*>(¥ dx) respectivement, et
sont fortement continues en t = 0.

Apres, dans le Chapitre 5 nous analysons les solutions auto-similaires. Il vaut
mieux introduire d’abord les notions suivantes :

Définition. On considere A > 1.
On dit que ug € L% _(R®) est un champ de vecteurs A-discretement auto-similaire (A-
DSS) si
Aug()\x) = ug(x).

Un champ de vecteurs dépendant du temps u € L2 ([0, +o0) x R?), est appelé A-DSS
sl vérifie
Au(A%t, Ax) = u(t, x).
Un tenseur de force F € L2 ([0, +o0) x R3), est appelé A-DSS si

loc
A2F(A%t, Ax) = F(t, x).

Nous remarquons que dans les contrdles a priori étudiés pour obtenir des solu-
tions discretement auto-similaires, on considére des espaces convenables pour opti-
miser 1'intégrabilité des solutions obtenues.

On va se rendre compte que 'espace L}O/ 3110/3 apparait souvent dans cette anal-
yse et c’est cet espace qui nous permet d’obtenir 7 proche de 1 dans le théoreme ci-
dessous. L'utilité de cette espace L}°/*L10/3 est un peu naturel comme il est I'espace
LPLP plus régulier qui contient 1'espace d’énergie naturel pour les équations de
Navier-Stokes, L°L? N L?2H!.

Un détail important c’est que, comme dans toutes les démonstrations précé-
dentes de l'existence des solutions auto-similaires pour des grandes données ini-
tiales, nous faisons intervenir la théorie du dégré de Leray—Schauder. Le résultat est
le suivant :

Théoréme. Soit v € (1,2) et A € (1,400). Siug est un A-DSS champ de vecteurs a

divergence nulle qui appartient i L?U7 (R3) et si IF est un A-DSS tenseur de force F(t, x) =

(E’,j(f, x)) 1<ij<3 qui appartient a L2 ((0,400), L%UW), alors les équations de Navier—Stokes

avec vitesse initiale u,
omw=AM—(u-V)u—Vp+V-F

(NS)
V-u=0, u(0,.) = ug
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ont une solution globale u qui satisfait les propriétés suivantes :

® uest un A-DSS champ de vecteurs
e pourtout 0 < T < +oo, u appartient a L*((0,T), L%%) et Vu € L*((0,T), L%"v)

o la fonction t € [0,+0c0) > u(t,.) est faiblement continue de [0, +00) dans L3, , et
fortement continueen t =0

e u est adaptée : il existe une mesure positive localement finie y sur (0, +00) x R3 telle
que

|ul® [ul®

() = a5~ vup = (g e (V) -

Dans le dernier chapitre, le Chapitre 6, nous étudions le systeme couplé des équa-
tions de la magnétohydrodynamique :

du=Au—(u-Vju+(b-V)b-Vp+V_-F,
dtb=Ab—(u-V)b+ (b-V)u—Vyg,
V-u=0,V-b=0,

u(0,-) =up, b(0,-) = by.

(MHD)

Ce systeme décrit le comportement d"un fluide conducteur du courant électrique en
présence de champs électromagnétiques. La vitesse du fluide est notée u et b est un
champ magnétique.

La structure des équations (NS) et (MHD) est vraiment tres proche. C’est clair
que si b = 0 on obtient les équations de Navier Stokes. En plus, ces deux équa-
tions ont le méme scaling, c’est a dire : Si A > 0 alors (u, b) est une solution du
probleme de Cauchy pour le systeme (MHD) sur (0, T) avec donnée initiale (up, by)
et tenseur de force I, si et seulement si, (uy,by)(t,x) = (Au(A%t, Ax), Ab(A%t, Ax))
est une solution du probléme de Cauchy pour le systéme (MHD) sur (0, T/A?) avec
donnée initiale (up,, bg)(x) = (Aug(Ax), Abg(Ax)) et tenseur de force F)(t, x) =
A?F(A%t, Ax).

C’est surtout sur le bilan d’énergie que nous sommes intéressés a savoir comme
ces deux équations, (NS) et (MHD), se ressemblent. En fait, ce qui nous sera utile
c’est que la condition d’étre une solution adapté pour le systeme (MHD) fait in-
tervenir des termes en forme de divergence pour pouvoir controler les termes qui
proviennent de la partie non-linéaire des équations ou qui proviennent du terme de
la pression.

Comme nous allons voir, on va considérer des solutions du systeme (MHD) pour
lesquelles g = 0 et qui satisfont la propriété suivante :

e Lasolution (u, b, p) est adaptée : il existe une mesure positive localement finie
u sur (0, +00) x R telle que

w2+ b |ul*+b]* 2 2
3t(f)—A(f) |Vu| |Vb| \Y (74‘7)“

— V- (pu)+ V- ((u-b)b)
+u-(V-F)—pn.



1.2. Organisation du document 11

Ces remarques essentiellement vont nous permettre d’étudier le systeme (MHD)
en suivant les mémes idées utilisées pour analyser (NS).

Un résultat du dernier Chapitre qui est nouveau méme dans le contexte des équa-
tions de Navier-Stokes, est un résultat d'unicité fort-faible dans le cadre des espaces
a poids.

Théoreme. Soit 0 < ¢ < 2et w, = (1+ |x])77. Soit 0 < T < +oco. Soient
ug, by € L%U7 (R%) = L2((1+ |x|)~"dx) deux champs de vecteurs a divergence nulle. Aussi,
on considere un tenseur de force F(t,x) = (F;;(t, x))lgi,j§3 € L*((0,T), L3, )-

Soient (u,b, p) et (i1, b, p) deux solutions du systeme (MHD) telles que :
o u,b, i, bappartient a l'espace L*((0, T), L, ) et Vu, Vir, Vb, Vb € L*((0,T), L3, )

e les transformations t € [0,T) — (u,b)(t,.) et t € [0,T) — (i1,b)(t,.) sont faible-
ment continues de [0, T) dans qu7 (R3), et sont fortement continues en t = 0

et (i1, b) sont adaptées: il existe deux mesures positives localement finies y et v

(u,b)
(0, T) x R telles que

ur

ul? + b
2

u2+ b2 2 2
| | 2| | )_|Vu|2_|Vb|2_v<(|2| +|2| +P)u>

+V.-((u-b)b)+u-(V-F)—ypy,

9 ( =A(

et

7 b it +|b? 3 - a2 |pPF
e S I R e O (G S

+V - ((-b)b) +it- (V-F)—

Siu,b € LPLY, avec = —|— 3 =1etpc (2 +00)alorsonaque (u,b,p) = (i,b, p).

Dans le Chapitre 6, nous introduisons aussi les espaces de Morrey locaux :

Définition. Pour v > 0 et p € (1,00). On note BY(R?) I'espace de Banach de toutes les
fonctions u € LY, (IRY) telles que :

1 1/p
H“HB" = sup (R“/ /( . lu(x)|? dx) < 400,

Nous notons BYLF (0, T) I'espace de Banach de toutes les fonctions u C (L} LY)100([0, T] x
R?) telles que

1
1 T P
u =s — u(t,x)|? | dxdt < +oo.
lullgsron =sup (g5 [0 [ 10601

Bf;,o est défini comme le sous-espace de toutes les fonctions u € B telles que

1

1 .
Jim o [B o [N dx =0

On note aussi B% = B,.
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L'intérét des espaces B}, c’est qu'ils sont trés proches des espaces a poids L2((1 +
|x|)~7dx), qui nous ont déja été utiles. En particulier, pour 2 < § < 400, on obtient
les inclusions continues

2 2 2
sz C BZ,O C B2 C Lw(;'

Une fois qu’on connait le résultat d’existence globale d"une solution pour une
donné initial qui appartient a L2((1 + |x|) ~2dx) c’est naturel d’essayer a démontrer
le résultat pour des données initiales qui appartiennent a By. On fait cet étude et cela
conduit au résultat ci-dessous.

Théoreme. Considere 0 < T < +oo. Soient ug, by € Bo(IR?) deux champ de vecteurs a
divergence nulle. Soit F un tenseur qui appartient a BoL?(0,T). Alors, il existe un temps
To € (0,T) tel que le systeme (MHD) admette une solution (u,b,p,q), avec q = 0, qui
satisfait les propriétés suivantes :

o u,bappartient a L*((0,Ty), B2) et Vu, Vb appartient a Bo12(0, Tp)

la pression p est liée a u, b et [F par la formule :

p = Z Rﬂz]'(uiuj — blb] — Fi,]')

1<i,j<3

la transformation t € [0,T) — (u(t,-),b(t,-)) est x-faiblement continue de [0, T)
dans By(IR%), et pour tout compact K C R3,

lim | (u(t, -) —uo, b(t,-) — bo) || 2(x) = O

t—0

la solution (u, b, p) est adaptée : il existe une mesure non-négative localement finie p
sur (0, T) x R3 telle que

uf P

2 2 2 2
ul-+1b u b

5~ v = 19 - 9 - (B + B )
+V-[(u-b)b]+u-(V-F)—pu

at(

A(

On obtient aussi que pour 0 < t < T,

max{ | (u, ) (t) 15, IV (1, 0) [13,120,7, }

t
< Cll(m0,bo) I3, + CIIF I3, 12(0,) + C/O (2, B) ()15, + II (1, b) (5) |3, d.

En plus, si les données vérifient :

lim R2 o (x)|* + |bo(x)|>dx = 0
R—+o0 ‘X‘SR

—+00
lim R—Z/ / F(t, x)[2 dxds = 0,
R—+o0 0 Jix|<R

alors on obtient une solution faible globale (u,b, p).
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Chapter 2

The pressure term

The goal of this chapter is to study the auxiliary unknown Vp in the Cauchy problem
for the Navier-Stokes equations on IR?

ou=Au—(u-V)ju—Vp+V_-F
V-u=0, u(0,.) = uy,

more specifically, we seek to propose a formula for the pressure. This term is usually
interpreted as a Lagrange multiplier for the constraint of incompressibility.

Remark 2.1. We use the following notation : u denotes a vector field (u1,uy, ..., uy), F =
(Fij)1<ij<d is a tensor. V - I denotes the vector (;9;F;1,Y;9;F;2, ..., Y; 9iFiq). Thus, for
a vector field b such that V - b = 0, we have (b-V)u =V - (b Q@ u).

In order to not assume differentiability of u in our calculations, it is convenient
to rewrite the equations as

ou=Au—-V-(u®u)—Vp+V-F
(NS)
V-u=0, u(0,.) = ug
If we take the Laplacian in the equations (NS), in view of the identity
—AWw =V A(VAW)=V (V- -w),
we find

0= —AVp — V(V . (V . (u®u — IF)) = —AVp — V( Z aiaj(uiuj — Fi,]’))

1<i,j<d

and
A = Nu+VA(VAV-(u@u-—TF))).

Then, we can see that the rotational free unknown Vp obeys a Poisson equation.
We denote G; the following fundamental solution of the operator —A (which
means —AG; = §):

1 1
- — In(— - -
G2 27 n | x| ) G 47t|x|’
we obtain formally
VP = Gd * V( Z aiaj(uiuj — Fl‘,]‘)) + H (2.1)

1<i,j<d
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where H is harmonic in the space variable, in other words AH = 0. In the literature,
we usually find the hypothesis Vp vanishes at infinity, which is read as H = 0.
Another way to write this assumption would be

atu = Gd x* VA (V/\atll)

The operator
]P:Gd*V/\<V/\.)

is named as the Leray projection operator and the decomposition (if it is well-defined)
w=Pw—-G;*V(V-w)

the Hodge decomposition of the vector field w.

Thereafter, a relevant issue when dealing with the Navier—-Stokes equations is to
analyse whether in formula (2.1) the first half of the right-hand term is well-defined,
and if so what can we say about the second half.

In order to give meaning to the formal convolution G4 * V9;9;(u;u;) or to the
term (V9;0;G,) * (u;1j), we should demand u; to be locally L7L2 (to make u;u;j a
distribution) and to have small increase at infinity, since V0,0;G; has small decay at
infinity (far from the origin, it belongs to L' N L™ and is controlled as O(|x|~(@+1)).
We thus will analyse solutions u which belong to L?((0, T), L>(R%, wy., 1 dx)) with

wy(x) = (T4 [x])77.

As we will see F;; plays a role similar to u;u;, thus we will take F belonging to
LY(0,T), L1 (R, wy1 dx)).

The main results in (Fernandez-Dalgo and Lemarié-Rieusset, 2020a) are described
in this chapter. We first present a Lemma just to clarify the meaning of Vp in the
Navier-Stokes equations, and a definition to be rigorous :

Lemma 2.1. Let the dimension d € {2,3} and consider a real number v > 0. Let
0 < T < +oo. Let u(t,x) = (ui(t,x))1<i<q a divergence free vector field which belongs
to LY((0,T), LY(R?, w- dx)), and let H = (H;;(t,x)) be a tensor such that H(t,x) €
LY((0,T), LY(R?, w, dx)).

We define the distribution S as

S=Au—-V-H-ou.

Then, the following statements are equivalents:
(A) Sis curl-free: VNS = 0.
(B) There exists a distribution p € D'((0,T) x R?) such that S = Vp.
Remark: to cover the case of the Navier—Stokes equations, we consider H = u @ u — I,
with the hypothesis u € L2((0,T), L>(R?, w, dx)) and F € L*((0,T), L'(RY, w., dx)).

In order to write accurately we introduce a definition, which can be found in
(Lemarié-Rieusset, 2002).

Definition 2.1. Consider an increasing sequence of compact intervals [ay, by|, with a, <
by, such that (0, T) = Uyen|an, bu]. Let T, the Frechet space of the functions f € C*((0, T) x
RY) such that suppf C [ay, by] x R? and the the semi-norms

LB or
sup sup x5 S (1, )|

an<t<by xeR4
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are finite, where &, B € N? and p € N.

Let us denote T((0,T) x R?) = U,enTy the space of test functions on (0, T) x R?
which are compactly supported in time and have fast decay in space. We consider the topo-
logical structure of T as inductive limit of the Frechet spaces T,,. We denote T' the dual space

of T.

The elements of T' are then the distributions w on (0, T) x RY, such that for all [a,b] C
(0, T) there exists C > 0 and N € N such that for all ¢ € T with supp(¢) C [a,b] x R?,

we have 5
of oF
< o — 0.
e = Clle 5ZI';<N I OxP atpf(tIX)H

For f € T, we define the Fourier transform with respect to the spatial variable as

FF(1,E) = /Nd £t x)e " dx.

We can define the Fourier transform with respect to the spatial variable for a
distribution w € 7" as usual by duality.

Our principal result with respect to the pressure term in the Navier—Stokes equa-
tions is the following one :

Theorem 1. Consider the dimension d € {2,3}. Let 0 < T < +oo. Consider a tensor
F(t,x) = (Fi/f(t'x))l<ij<d belonging to L1((0,T), LY(R?, wy, 1 dx)). Let u be a solution
of the problem o

omu=AM—-V-(u®u)—-S+V-F
(2.2)

V-u=0, VAS=0, u(0,x)=uy(x)

which satisfies : u belongs to L>((0, T), L%Ud“ (R)), lim; o u(t,.) = up € Lzzudﬂ in D" and
S belongs to D'((0, T) x R¥).
We consider ¢ € D(RY) such that ¢(x) = 1 on a neighborhood of 0 and we denote

Ai,j,ga = (1 — QD)ala]Gd

Then, there exist g(t) € L'((0, T)) such that

S =Vpy+aig
with
Po =) (90,0;Gg) * (ujuj — F;j)
i,j
+ Z/(Ai,j,q)(x —y) — Aij (=) (wi(t,y)u;(t,y) — Fj(t,y)) dy.
ij
Moreover,

o Vp, does not depend on the choice of ¢ : If we change ¢ by ¥, we find

po(t,x) —py(t,x) =) /(Ai,j,t,b(_y) = Aijp(=y)) (it y)ui(t,y) = Fij(t,y)) dy.
L]
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o Vp, is the unique solution of the Poisson problem
Aw=—-V(V- (V- (uu—T))

which satisfy

lim e®w=0inT".
T—+00

o If we assume that IF belongs to L'((0, T), L}, (R)) and u € L2((0, T), L3, (R%)),
then we find that g is constant and we can take g = 0, and Vp, = V pg where

pPo = Z((pala]cd) * (uiuj — F,',]') -+ Z((l — gﬂ)ala]Gd) * (uiu]- — Fi,]'),
1,] L]
po does not depend on ¢ and we could define po = }; j(9;9;Ga) * (ujuj — Fyj).

We remark that the same or similar splits for the pressure term have already
been studied by many authors, under different hypothesis, for exemple we refer to
(Chemin, 1995) and (Bahouri, Chemin, and Danchin, 2011). In the literature, we can
also find other formulas for the pressure which are useful to deduce more precise
controls, for exemple in the two-dimensional case, Gallay gives in (Gallay, 2017) a
formula where vorticity intervenes.

If F = 0, the case g # 0 can be seen as a referential change of the case ¢ = 0, this
fact is known as the extended Galilean invariance of the Navier-Stokes equations :

Theorem 2. Consider the dimension d € {2,3}. Let 0 < T < 4-o0. Let u be a solution of
ou=~M—-V-(uu)—S
(2.3)

V-u=0, VAS=0, u(0,x)=uy(x)

which satisfies : u belongs to L2((0,T), L%UM (R)), lim o u(t,.) = up € L3, in D', and
S belongs to D'((0, T) x R4*1).

We take ¢ € D(IR?) such that ¢(x) = 1 on a neighborhood of 0 and we denote
Ai,j,gp = (1 - go)alade

We decompose S as

S =Vpy+aig
with
Po = Z(q’aiade) * (uu;)
ij
+ 5 [ (Aijole =) = A () it y)us () dy
ij
and
g(t) € LY((0,T)).
We define
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and
w(t,x) =u(t,x — E(t)) + g(t).

Then, w is a solution of the following Navier—Stokes equations
dw = Aw—V - (w@w) - Vg,

V-w=0, w(0,x)=up(x) 2.4)

9p = Y (99i9;Ga) * (wiw;) + 3 [ (Aijg(x = y) = Ajg(=y) (wi(t, y)w;(t,y)) dy
1,] )

with initial data ug.

2.1 Curl-free vector fields

Below we prove the Lemma 2.1 which clarify the meaning of the curl-free vector field
occurring in the Navier Stokes equations, more precisely we prove that the curl-free
vector field occurring in the Navier Stokes is necessarily a gradient :

Proof. Let take a partition of unity on (0, T),

Y wj=1
jez
where wj is supported on (22T, 2/T) for j < 0, on (T/4,3T/4) for j = 0 and on
(T —27IT, T —2-U+2)T) in the case j > 1. We let

t
Vi = —wju+ /0 wiAu — w;V - H + (diwj)uds.

Therefore V; is a sum of the form A + fot AB + V - C + Dds where A, B, C and D
belong to L!((0, T), L!(R%, w, dx)) (the fact of belonging to L! in time is stable by
integration); so that, by the Fubini theorem, we can see this distribution as a time-
dependent tempered distribution.

We have 9;V; = w;S, V; is equal to 0 for ¢ on a neighborhood of the origin, and
V A'V; = 0. Furthermore, S = Z]EZ 0tV

We take ® € S(RY) such that the Fourier transform of ® has compact support
and is equal to 1 on a neighborhood of 0. Then, ® * V; is well-defined and V A (& *
V;) = 0. Let us write

Thus,
1
Y=V <AV . Y]>
and by Poincaré’s Lemma,
1

X; = V(/O x - Xi(t, Ax)dA).

Therefore, we conclude that S = Vp with

1
p=3 L ([ xXj(t,Ax)dA+ 19.v).
jez 70 A
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2.2 The Poisson problem —AU = 90,0k
In this section we consider a simple but crucial Poisson problem :
Proposition 2.1. Ifh € L'(R?, (1 + |x|)~@+Vdx), then
U= U + U = (9(93;0;Ga)) ¥ h + 9((1 — 9)9:9;Gy) * h.
is a distribution, Uy belongs to L' (RY, (14 |x|) ="V dx) and U is a solution of the problem
—AU = 39:9;h.
In fact, U is the unique solution in S' such that lim_oe™U = 0in S'.

Proof. We can verify that 9;G, satisfies
—+00
0Ga= | oWt
0

x|2
where W;(x) is the heat kernel W;(x) = (47‘£t)_%e_%. In particular, on R \ {0}, we
have

Xj —1 +oo 1 du
0,G;=c with ¢ 7/ e —ro
Ga = Cayga With e = 5o ez

Remark that U; = (9x(¢9;9;Gy)) * h, is well-defined since 9 (¢9;9;Gy) is a com-
pactly supported distribution. In order to control Uy, let us write

// 1+|x| d+1|ak(( 9)9i9;Ga(x —y))|[h(y)|dydx

C
< // (1+ ’x|)d+1 (1+‘x_y|)d+1’h<]/)|d]/dx

, 1
<C /W‘h(y)’dy

where the last inequality is justified by the following fact

/ 1 1 0
(T A (14 |x —y[)*!

1 1 1

< dx

/|x|>y (L+ [x[)a+t (1+!x—y!)d“ /Ix yl>4 (1+\X\)d“ (L+ [x —y|)at?

2d+1 1 2d+1
< dx /
= (L [yt / (1+ [x —y)? (1+ [y)*H 1+\X| d“
1

C——.

- (X y)t

As U is well-defined, we compute —AU. We find —AUj is equal to

(—A0(99,0;Gy)) ¥ = 0 (90;0;h) — 0k ((A@)0:0;Gg) xh—2 ) 9k((0190)9;0:9;Gy) * h.

1<I<d
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To calculate —AU,, we verify that it is possible to differentiate under the integration
sign to obtain

—AlU, = ak((l — (p)ala]h) + ak((Ago)ala]Gd) *h+2 Z ak((a,q))ala,a]Gd) * .

1<I<d

Therefore, U is a solution of the Poisson problem.

A computation for e™AU shows that
e™AU = (e™0¢0,0;G4) * h,

hence

U < C [ e )l dy

By dominated convergence we find lim;_, 1o e™U = 0 in L1(R?, (1 + |x|)~@*+Vdx).
We suppose that V is another solution of the Poisson problem with V € S’ and
lim; s 00e™V =0in S, then AU—~V) =0and U~V € &, sothat U —Vis a
polynomial; since the assumption lim;_o e™ (U —V) =0, we deduce that this poly-
nomial is 0. o

If we consider better integrability of i1, we expect to enhance integrability of Us.
For instance, we find :

Proposition 2.2. Ifh € L'(R?, (1 + |x|)~%dx)) then
UQ = ak((l - Q))ala]Gd) x N
belongs to L1(R?, (1 + |x|)~%).

Proof.
We know that

[ | G (= 0020, Galee = ) () dy

1 1
<c| | T a ol s

For |y| <1, we just observe that

1 1 1
< —— dx<
| armrar ey < arpet=©
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1 1

while for |y| > 1, as the real number f| X<l Wmdx does not depend on y, we
Iyl

can write

/ 1 1 i
(T [x))? (T + [x —y[)4+!

IN

1 1 dx+/ ! L dx
>4 (14 [x])4 (14 |x —y|)d+! <l (14 [x])4 (14 |x —y|)d+

A

AR (NS EANU S I S S
R A R O e
1 1 1 1 1
<C +C =
T+ lyD? " W+ DT Tyl i<y T e = P
1
<C
(+1y)?

This fact proves the proposition. o

dx

2.3 The Poisson problem —AV = 9;0;h

Proposition 2.3. Let h € L'((1+ |x|) =¥~ 1dx) and let A, = (1 — ¢)0;0;G,. Then,
V=Vi+V, = (¢0i0;Gq) * h + /(Aw(x —y) = Ayp(=y))h(y)dy

is a distribution such that V, belongs to L*((1+ |x|)~7), for v > d + 1, and V is a solution
of the problem
—AV = 0;0;h.

Proof. We know that V; is well defined because ¢d;d;G, is a compactly sup-
ported distribution. Below we verify that V; is well defined.
For |y| <1, we have

1

Y W RS P Py g

For |y| > 1, by the mean value inequality we obtain

1 1 | x|
— A — 1Y) — Ap(—y)|dx < Ci/ —_—d
/X|<Z (1+|x|)7’ <P(x y) (P( y)| X = ’]/|d+1 ‘x‘<% (1—|—]x|)7 X

and the other part can be controlled in the following way
1 1 1 1
———|Ap(— dx<C—/ — < C—
g A1 < [ e <

2
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and for ¢ > 0 such that vy — e > d 4+ 1, we have that

1 1 1
— A — dx < C
/x|>z Ay e S C o R AT k=)

1 1
x>y x| |x —y|d-e

1 1 1
< Ci,/ 7 dx
e K P i

1
!
<Oy

ddx

2.4 Characterisation of the pressure term.

We slightly generalize Theorem 1 in order to make it applicable to other classi-
cal incompressible equations as the magnetohydrodynamics system or the Euler
equations. Remark that for p € (1,+00), LF(R?, wy,1dx) C L'(RY, wy,qdx) but
LP(R%,wy dx) is not contained in L' (IRY, w, dx). The theorem of characterisation is
stated as follows:

Theorem 3. Consider the dimension d € {2,3}. Let 0 < T < +oo. Consider a tensor
H(t, x) = (H;j(t,x)) belonging to L1((0, T), L'(R?, w41 dx)). Let u be a solution

of

1<ij<d
Ju=Au—V-H-S
2.5)
V-u=0, VAS=0, u(0,x)=uy(x)
which satisfies : u belongs to L*((0, T), LY, (R)), S belongs to D'((0, T) x R%), and u(t)

Wd+1

converges to ug € Ly,  inD',

We consider ¢ € D(R?) such that ¢(x) = 1 on a neighborhood of 0 and we define
Aiip = (1—9)0,0;Gy.
Then, there exist g(t) € L'((0, T)) such that
S =Vpy+0ig
with

Po = L(990,Ga) + (Hij) + 1 [ (Aijolx = y) = Asjg(=) (Hij(t,)) dy.
1,] L]

Moreover,

o Vp, does not depend on the choice of ¢ : If we change ¢ by ¥, we find

Pt X) = py(tx) =) /(Ai,j,t/;(_y) = Ao (=) (Hij(t,y)) dy.
2

o Vp, is the unique solution of the Poisson problem

Aw = -V (V- -H)
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with
lim e®w=0inT".
T—r+00
o If we assume that H belongs to L'((0, T), L, (R?)) and u € L'((0, T), Lk, (R?)),
for some p € [1,+00), we have g is constant and we can take g = 0, and Vp, = Vpg

where
po =) _(93i9,Gs) * (H;j) + E ¢)0;0;Gq) * (H;j),
ij

po does not depend on ¢ and we could define po = }; ;(9;9;Gq) * (Hj ;).
Proof. Taking the divergence in the differential equation
Joou=Au—-V-H-S,

we find
— ZaiajHl,j —-V-S=0
ij

and

—AS = V(Y 9,0;(H;
i
We denote A;;, = (1 — ¢)9;0,G4. By Proposition 2.3, we can define

Po = Y(92:0,Ga) *hwz/ (X = ¥) — Asjo(—y)hij(y)dy
i

and

u-= U1 + u?_ =V Z((palade) * I’lz‘,]' +V Z((l — gﬂ)aza]Gd) * hi,]' = VP(P
i i
We can define U = S — U. First, remark that AU = AS so that AU = 0, thus U is
harmonic in space variable.

Now, we consider a test function &« € D(IR) such that a(t) = 0 for all |t| > ¢, and
a test function g € D(R3). For t € (¢, T — €) we have

U(t) *tx (@ B) =(ux (—ata®ﬁ+w®Aﬁ) (—H)-*(a® VB))(t,-)
—Z V(90:9;Gy) * (a @ B)))(t,-) — (Ua x (a @ B))(t, ).

By Proposition 2.1, we conclude that U * (« ® B)(t,.) belongs to L'(R?, (1 +
|x[)79~1), and then it is a tempered distribution. Since it is harmonic it must to be a
polynomial. Belonging to the set L' (IR, (1 + |x|)~¥~1) this polynomial is constant.

If H belongs to L*((0, T), Ly, (R?)) and u belongs to L'((0, T), L%, (R?)), we have
that this polynomial is identically equal to a constant k = (ky, ..., k;) € R? and be-
longs to L}, (R?) 4 Lk, (R?), and now we prove that k is zero.

We suppose that k is non zero. We have k = x+y, with x € L}, (RY) and y €
Lh, (RY).

Asx € Ly, (R?) and k does not belong to L}, ’ (R?%) we have y = k — x does not

belong to L}, (IR?), thus we have two cases : f‘k_x|> K (1“;';") dz = +o0 or

=
S X<l Arprdz = T
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If f|k w14 (1“;"(") dz = +o0, as for |k — x| > M we have |k — x|P > ci|k — x|, for

some constant ¢, > 0, we deduce f\k N (|1k+|’z(‘|; dz = 4oco and then y = k — x does

not belong to L}, (R?) which is a contradiction.
If f|k7x\<‘k| (1“_1‘;‘% dz = 400, as the condition |k — x| < @ implies |x| > |k| —

|x — k| > |x — k|, we deduce f‘ x|z 4 (1—0‘—\‘2\) dz = +o0 and then x does not belong to

Ly, (R%) which is a contradiction.

Thus, we have k = 0.

Now, using an approximation of the identity ®; = La(t)B(%) and taking the
limit when € goes to 0, we obtain a similar result for U. We thus have S = Vp, +
f(t), with f(t) = 0 if H belongs to L'((0, T), L}, (R?)) and u € L!((0, T), L%, (R?)).

As f does not depend on x, for a function B € D(IRY) such that [ fdx = 1 we
have f = f x, B; then we can write

f(t):at(uo*ﬁ—u*,3+/0tu*A,B—(u®u—IF)-*V‘B—p(p*Vﬁds)zatg.

Since 0;9;¢ = 9;f = 0y 9;¢(0,.) = 0, we find that ¢ depends only on t; moreover,
the formula above shows that g € L1((0, T)). o

The proof of Theorem 2 is classic, and this property is called the extended Galilean
invariance of the Navier-Stokes equations :

Proof. We have assumed that
d
du=Au—(u-V)u—Vp, — ag(t),

with ¢ € L1((0, T)). We define

E(t) = /Otg(/\)d/\ and w = u(t,x — E(t)) + g(t).

Then, we compute d;w to find

ow =dwu(t,x — E(t)) — g(t) - Vu(t,x — E(t)) + %g(t)
=Au(t,x — E(t)) = [(u- V)u(t,x = E(t)) = Vpy(t, x —E(t)) — 78(t)

—g(1) - Vu(t,x — (1) + S(0)
=Aw — (W-V)w — Vp,(t,x — E(t)).

If we define q,(t, x) = py(t,x — E(t)), then we obtain

99 = }_(99i9,Gq) * (w;w)) +}:/ b (X =) = Aijo (=) (wilt, y)wi(t,y)) dy,
ij

which proves the theorem. o
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2.5 Some Applications
Proposition 2.1 and 2.3 have a nice implication. We may define the Leray projection
operator on the divergence of tensors that belong to L!((0, T), L' (R?, wy1 dx)) :
Definition 2.2. Let H € L'((0,T), LY(RY, wy,1 dx)) and w = V - H. The Leray projec-
tion P (w) of w on solenoidal vector fields is defined by

Pw =w— Vp,
where Vp, is the unique solution of

—AVp=-V(V - w)

such that
lim eTAVp =0.

T—+00

Remark Note that Proposition 2.3 implies V - IP(w) = 0.

After applying the Leray projector, the Navier-Stokes equations take the follow-
ing special form :

(MNS) ou=Au—PV:-(u®u—TF), u(0,.)=up.

Then the following integro-differential equation arise
t
u = euy— / IAPY - (u @ u — F)ds,
0
where a solution u can be seen as a fixed point of an application on a suitable space.

The study of the convolution operator e(!"*)AIPV- is the core of the method of
mild solutions of Kato and Fujita (Fujita and Kato, 1962). The kernel of the operator
P is called the Oseen kernel. Thus, we will call equations (MNS) a mild formula-
tion of the Navier-Stokes equations.

The mild formulation together with the local Leray energy inequality has been as
well a key tool for extending Leray’s theory of weak solutions in L? to the setting of
weak solutions with infinite energy. We may propose a general definition of suitable
Leray-type weak solutions :

Definition 2.3 (Suitable Leray-type solution).

Consider F € L2((0,T), L>(RY, W)) and ug € L*(IRY, W) with V -uy = 0.
We consider the NavierStokes problem on (0, T) x R? :
du=A—-P(V- - (u@u—T))
(2.6)
V-u=0, u(0,x)=up(x)

A suitable Leray-type solution u of the Navier—Stokes equations is a vector field u defined
on (0, T) x R? satisfying the equations above and such that :

e uislocally L2H. on (0, T) x R
® supyr [ |”(t/x)’2(1+‘iw dx < 400

* ff(O,T)x]Rd Y% ®u(t,x)\2W dx dt < +o0
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e the application t € [0,T) — [wu(t,x) - w(x)dx is continuous for every smooth
compactly supported vector field w

o for every compact subset K of R?, lim;_o [ [u(t, x) — uo(x)|*dx = 0.

o defining p as (the) solution of —Ap, = Y, ;0;0;(u;u; — F; ;) given by Proposition
2.3, u is suitable in the sense of Caffarelli, Kohn and Nirenberg : there exists a non-
negative locally bounded Borel measure y on (0, T) x R? such that

uz u2
)= 2"y 1V @uP ~ (2 4 ppyu) 4 ue (V)

Juf®

9t ( >

Remarks :

a) Under those hypotheses, p, belongs locally to L%Z and u belongs locally to

L}, so that (% + py)u is well-defined as a distribution.

b) Caffarelli, Kohn and Nirenberg in 1982 (L. Caffarelli and Nirenberg, 1982) in-
troduced suitability to get estimates on partial regularity for weak Leray solutions.
Suitability is a local assumption. When we consider a solution of the Navier—Stokes
equations on a small domain with no specifications on the behaviour of u at the
boundary, the estimates on the pressure (and the Leray projection operator) are no
longer available. However, Wolf described in (Wolf, 2017) a local decomposition of
the pressure; he could generalize the notion of suitability to this new description of
the pressure. We refer the paper (Chamorro, Lemarié-Rieusset, and Mayoufi, 2018)
for more information on the equivalence of various notions of suitability.

¢) In the case of uniformly locally square integrable solutions, the relationship be-
tween the mild formulation (MNS) and the system (NS) described in Theorem 1 has
been studied in (Furioli, Lemarié-Rieusset, and Terraneo, 2000; Lemarié-Rieusset,
2002), other paper we refer is (Dubois, 2002). Their results show the equivalence
between (NS) and (MNS) in the case when u and [F decay at infinity (more precisely,
when u belongs to the closure of test functions in (L?L2) . and when FF belongs to
the closure of test functions in (L} L) ). Earlier results for mild solutions in Lf Ll
with % + g <landd < q < +0oo, were proved in 1972 by Fabes, Jones and Riviere
(Fabes, Jones, and Riviere, 1972), it is a simpler case where the theory of singular
integrals may be directly applied.

d) Non-decaying solutions has been discussed in (Kukavica, 2003) for the study
of the Cauchy problem with initial value in L* and in (Kukavica and Vicol, 2008)
for the study of the Cauchy problem with initial value in BMO ™. The systems (NS)
and (MNS) are no longer equivalent and if IF = 0, general solutions are better de-
scribed through the extended Galilean invariance of the equations. In this paper, we
find again such a description in the case of more general weak solutions, for which
the integral formulation does not provide any existence or uniqueness results, in
contrast to the case of solutions in L* or BMO™~! data. More precisely, a suitable
Leray-type solution (u, p) arise to the (MNS) formulation if and only if Vp = Vp,
while for general weak solutions we may have solutions such that Vp = Vp, + f(t).

We list here a few examples to be found in the literature :
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1. Solutions in L? : in 1934, Leray studied the Navier-Stokes problem (NS) with

an initial data uyp € L? and a forcing tensor F € L?L2 (Leray, 1934). He found
solutions belonging to u € L®L?* N L?H!. Leray’s construction by mollifica-
tion provides suitable solutions which are automatically a solution of the mild
formulation of the Navier-Stokes equations (MNS).

. Solutions in L1211 oc - In 1999, Lemarié-Rieusset studied the Navier-Stokes prob-

lem (MNS) with an initial data ug € Lfﬂo . (Lemarié-Rieusset, 1999; Lemarié-

Rieusset, 2002). He obtained (local in time) existence of a suitable solution u
on (0, Tp) x R satisfying

sup sup lu(t, x) > dx < +o0
xo€Rd 0<t<Tp ¥ B(x0,1)
and
Tp )
sup / / |V @u(t,x)|"dx < +oo.
xoERA 0 B(x0,1)
Remark that we have u € L%((0, Tp), L*(IRY, W dx)) but u does not be-
long to L2((0, Tp), L%(RRY, (1+1W dx)); thus, in this setting, problems (NS) and

(MNS) are not equivalent.

Various reformulations of local Leray solutions in L2, have been provided,
two examples are those of (Kikuchi and Seregin, 2007) and (Bradshaw and Tsai,
2019a). However, as we have seen the formulas proposed for the pressure are
actually equivalent, as they all imply that u is solution to the (MNS) problem.

Basson proved in 2006 that, for d = 2 the solution u is indeed global (i.e. Tp =
T) and is unique (Basson, 2006b) .

. Solutions in weighted L? spaces will be studied in the following chapters. For

such solutions, (NS) and (MNS) are equivalents, and the fact that Vp = Vp,
can be deduced from the weighted integrability of the solution. In particular
we will expose the results in (Ferndndez-Dalgo and Lemarié-Rieusset, 2020b)
where the data satisfy ug € L?(R3, w, dx) and F € L2((0, +0), L2(IR3, w, dx))
with 0 < 7 < 2. They proved (global in time) existence of a suitable solution u
such that, for all Ty < +o0,

sup [ |u(t,x)|?w,(x)dx < +o0
0<t<Ty

and

T
/0 0/|V®u(t,x)]2w7(x),dx < fo.

By Theorem 1, we can see that the formula proposed by Bradshaw and Tsai
for the pressure can be derived from the weighted integrability of the solution
and u is a solution of the (MNYS).

. Homogeneous Statistical Solutions : in 1977, Vishik and Fursikov considered

the (MNS) problem with a random initial value ug(w) (Vishik and Fursikov,
1977). The statistics of the initial distributions were supposed to be invariant
through translation of the arguments of ug, more precisely : for every Borel
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subset B of 1.2

loc

(R3) and every xq € R3,
PT’(llo(~ — Xo) S B) = PV(UO S B).

Another crucial assumption was that ug has a bounded mean energy density :

lug|? dx
ey = E (flx<1 < —+o0.

Jixjza dx

Then, we have
Pr(up € L>and u # 0) = 0

while, for any € > 0,
pr( [ P L dx < 4oo) =1
(1+ |x[)3te '

In (Vishik and Fursikov, 1988), they solved the Navier-Stokes equation for
almost every initial value up(w), and the solution belonged almost surely to

the space L;"’Li(W dx) withV@u e L%Li(m dx).

Basson gave a description of the pressure in those equations (which is equiva-
lent to our description through the Leray projection operator). He proved the
suitability of these solutions as well (Basson, 2006a).
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Solutions in weighted L? spaces

We place ourselves in the context of the weighted L? setting, in dimension d with
d € {2,3,4}, when the weight ® satisfies some basic hypothesis that allow us to use
the Leray’s projection operator and energy controls.

First, we recall the definition of Muckenhoupt weights : for 1 < g < 400, a

positive weight w belongs to A, (R?) if and only if

1-1

1
1 / )ﬂ < 1 / _ 1 > q
su S dd S O T4 < 4oo.  (3.1)
xew};’w(w(x,p)r s ) \IBGp)| Jaiep) I

Definition 3.1. Let ® be a function on R* (2 < d < 4). We say that ® is an adapted
weight function if it is a continuous Lipschitz function such that :

e (HI)0<®<1.
o (H2) There exists C; > 0 such that |V®| < C;P?

e (H3) There exists r € (1,2] such that " € A, (where A, is the Muckenhoupt class
of weights). For d = 4, we require r < 2 as well.

o (H4) There exists C; > 0 such that ®(x) < ®(§) < CA*®(x), forall A > 1.

We can verify that w, = m belongs to A,(R?) if and only if

—d(g—1) <y <d.
Then, ® = w, is an adapted weightif 0 <y <2and y <d.

To analyze weights that depend only on some variable, it is convenient replace
in inequality (3.1) the balls B(x, p) by the cubes Q(x,p) =]x1 —p, x1 +p[X - - X]xg —
0, Xq + p[.

Thus, it is easy to verify that if ®(x) = ¥(x1,x2) and 1 < g < +0c0, we have
@ € A (R%) if and only if ¥ € A, (R?). In fact, for I; =|x; — p,x1 + p[, b =]x —
p, X2+ p[, Is =]x3 — p, x3 + p[ we have

</Q(xp)<bdy>3</Q( T dy) i =2p([  Way)i([ wTTy)

x,p) Il ><Iz Il><12

Q=

As corollary, ®(x) = ﬁ, where r = |/x? 4+ x3, is an adapted weight on R? if
and only if 0 < ¢ < 2.
In summary, the following slowly decaying functions are adapted weights :
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. d:2,¢(x):mwhere0§’y<2

e d=3o0rd=4,d(x) = where 0 < ¢ <2

1
(1+[x)7

. d:3,d>(x):ﬁwherer: \/x¥3+x3and 0 <y < 2.

Our main result in this chapter concerns the existence of weak suitable solutions
belonging to a weighted L? space. Observe that the weight allows us to consider
initial data with a weak decay at infinity.

Theorem 4. Consider the dimension d € {2,3,4} and an adapted weight ®. Let ug be a
divergence free vector field which belongs to L*(® dx,R?). Let F = (F;;(t,x));, be a tensor
such that F € L2((0, +00), L2(® dx, R?)).

Then, there exists a global solution u of the problem

omu=A—(u-V)u—Vp+V_-F
(NS)
V-u=0, u(0,.) = uy
which satisfies

e u belongs to L™((0,T), L?(Pdx)) and Vu belongs to L>((0,T), L?>(Pdx)), for all
T>0,

* p = Yi<ij<a RiRj(uiuj — Fyj),

o themapt € [0, +00) — u(t,.) is weakly continuous from [0, +o0) to L2(® dx), and
strongly continuous at t = 0,

e the local energy inequality for d € {2,3} : there exists a locally finite non-negative
measure y such that

2 2 2
|u2|):A(|uZ|)—|Vu|2—V- (Mu—pu>+u-(V-IF)—y,

9 ( >

and in the case of dimension d = 2, we have y = 0. Moreover, we find

t
[t ) R +2 [ 1V 9 05,32 45
t t
§Hu0||%2(®dx)—/ /V(|u|2)-V®dxds+/ /(|u|2u—|—2pu)-V<I>dxds
0 0

t
- ZZZ/O /Fi,j”jaiq> + F; jojuj®dxds.
L

3.1 Some lemmas on weights.

As a consequence of the Holder inequality, we have A, (R?) C A,(R?) if g < r.

Lemma 3.1. If ® € A then for all 6 € (0,1), we have ®° € A, where 6 = Pl In

S

particular, if we suppose P to satisfy (H3), we obtain & € A, with p = 1+ =1 =
2—% < 2, and then ® € A,.
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Proof. We use the Holder inequality, as % = % + S;—Sp we have

The behavior of adapted weights in the Sobolev espaces W' is favorable :

Lemma 3.2. Let O be a weight satisfying (H1) and (H2) and let 1 < r < +oo. Then :
a) VOf € H ifand only if f € L>(®dx) and V f € L>(Pdx); and we have

Vsl = ( [0l 95 ax)

b) @f € WY ifand only if f € L'(®" dx) and Vf € L"(®" dx); and

[P f lwrr = (/@r(|f|r+ ’Vf\r)dx)l/r

Proof. We just need to observe that |[V®| < C;®%? < C;® and |V (V)| =
1V G < 10, /D, o

It is well known that for a weight w € A, (1 < g < +o0), the Riesz transforms
and the Hardy-Littlewood maximal function are bounded on Li(wdx), we refer to
(Stein, 1993). In our setting the following inequalities will be useful :

Lemma 3.3. Consider the dimension d € {2,3,4} and let ® be a weight satisfying (H1),
(H2) and (H3). Then :

a) for j = 1,...,d, the Riesz transforms R; satisfy that |VORf|2 < C|[V®f||, and
IVERfll i < CllVOf |1,

b)forj =1,...,d the Riesz transforms R; fulfills || ®Rf||, < C||®f||, and [|®R;f||y1r <
Cl|Pf [

c) if P is the Leray projection operator then for a vector field u we have ||/®Pu|,
C||vV/®ul|2 and ||/ OPul|;n < C||vV/®u p;

d) for a vector field u we have

IN

VO ul|gp ~ |VOullz+ [|[ VOV - ullz + || VOV Aul,.

e) Let 6.(x) = 6%9(%), where § € D(RY), 0 is non-negative and radially decreasing and
f 6dx = 1. Then, there exists a constant C, which does not depend on € nor f, such that

V@ (0 % f)ll2 < CIV® fllz and [V® (0 * f) i < CIVP fllr2 + [V V£]12).

Proof. a) Since dx(R;f) = R;(dxf) and using ® € A; and Lemma 3.2 we obtain
the inequality.

b) Using ®" € A, and Lemma 3.2 we can conclude the inequality.

¢) Can be obtained from a) since for v = IPu, we have v; = Y, R Ry (u).

d)If R = (R4,...,R,;), we have the identity

—Au=VA(VAu —V(V-u)



32 Chapter 3. Solutions in weighted L? spaces

so that
Jdiu = RyR A (V /\u) - RkR(V -u),

then applying a) we obtain d)

e) We recall the classical inequality (see Theorem 2.1.10 in Chapter 2 of (Grafakos,
2008)) which states that we have |0, * f| < M £, where M is the Hardy-Littlewood
maximal function of f, and, similarly, [ (6 * f)| < My s. Then, as @ € A, and
using Lemma 3.2 we conclude e). o

Our assumptions on adapted weights, also imply slowly decaying at infinity :

Lemma 3.4. Let ® be a weight which satisfy (H1) and (H2). Then there exists a constant
Cs such that

1
< C3.
(T4 [a)? = 7

Moreover, if d = 3 and ® depends only on r = |/x% + x2, then we obtain
1
s < C3P.
T+D2 =

Proof. Let us denote xp = —x and g(A) = ®(Axp). We remark that

]
g (A) = xp- VO(Axg) > —C(P(Ax0))¥? = —C19(A)¥2,

Therefore,
A
Cin > — [ (g 2dp = 2(s(0) 72 - 5(0) )
and hence c
®(x) 2 < @(0) + x| < V/Ca(1+ Jx]).

If ® depends only on r, we just need to observe that

1
s < C3®@(x1, X2, 0) = C3d(x).
(L+1r])?

Proof of Theorem 4

3.2 A priori estimates

Consider ¢ € D(RR?) a real-valued test function which is equal to 1 on a neighbor-
hood of 0 and let ¢ (x) = ¢(ex). Let

upe = P(¢peup) and Fe = ¢cF.

Then, ug is divergence free and since ® € A, ug converges to ug in L2(® dx).
We also check, by dominated convergence, that IF. converges to the tensor F in
L%((0,T), L2 (®dx)).

Let 6.(x) = e%@(g), where § € D(IR?), 8 is non-negative and radially decreasing
and [0dx =1.
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Observe that ug . belongs to L2. Then, a classical result for the mollified Navier—
Stokes equations gives the existence of a unique global solution u, of the problem

atue — Aue — ((ue * 66) . V)UQ — vpe + V . ]Fe
V cUe = O, ue(o/-) - u0,€

which belongs to C([0, +o0), L2(R%)) N L2((0, +c0), H' (R?)).
For the dimension d € {2,3}, we look to demonstrate that

t
IVBue(t): + [ VOV © el ds
0 (3.2)

t
< | VButge [ + €l Ve 0,y )+ Co [ 1VBuelE + | Vbue | ds,

where Cg does not depend on € nor on ug. When d = 4, we will obtain the next
useful variant of this inequality, which holds under the assumption ||[v/® u.|» < €
with Cep < % where C > 0 is a fixed constant; the variant is

t
VUl + [ VOV @ uelfads
’ (33)

t
< V@l el VEENRa oy + Cor [ Vel ds.

Let us denote b, = u * .. As we have seen v®, V/® € L®, then pointwise
multiplication by v/® maps boundedly H! to H' and H~! to H~'. Thus, we know
that vV®u. € L?H' and v/®d;u. € L2H™}, so that we can calculate [ 9;ue - ue® dx
and more precisely we find :

2 t
/'“e(tz'x)’cde/ /|V®u€|2 ®dx ds
0

:/Wq)dx_/()t/(v®“e) (VO ®u.)dxds

t 2
+/O /(]u2€| be + peue) - VO dx ds

t
_ Z 2/0 /Fe,i,jue,jaiq) + FG,i,jaiug,jq) dx ds.
i
We use the fact that |[V®| < Co®? < Co®, in order to control the following term

!—/Ot/(V@vue) (VO @ u,)dx ds|

1 ot t
§§/o H\/5V®ue||iz+c/0 V@ u |2,

and also we can easily control the term
t
- EZ /0 / Fe i juic,j0i® + Fe i jOitte, i dx ds|
t]

1 rt t t
<3 [ IVoVeulh+e [ VIR +Ca [ [VEucl
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Now, we analyze the integrals containing the pressure term. Strategically, we
distinguish two cases :

e Casel:d =2andr € (1,2,ord =3andr € [§,2],ord =4and r € [3,2). We
observe that for those values of d and » we have

Ogé—iglandH%’%CLzy
2 2r

and

r

0< 1andHr_’ LT,

ﬁ\&
N\&

Using the continuity of the Riesz transforms on L"(®"dx), we observe that

t u-%b t
AR ) (9@ dxds < [ 0(ucl el + DIl V@],
t
< C [ IV@uelar [ Vb ]| V| 1, ds

Using the Sobolev embedding H §=% C L%, the fact that |V\/5 |<C /@, and
the continuity of the maximal function operator on L?(®dx), we obtain

H\/>beHZr
d 1

< C|[V@b |, *F HV®(\fb)H2 ¥
d

d i
< C'[|V®be |y ¥ (||VBbe ||y + VOV @ bel2) i #
_(d_d
< CV@ucly T (|VBullz + VOV @ ucll)fF,

and

E i d_d
[V@ucllor < CIVBucll,” > (| Vuc o + VOV @ uc)F 5.

Using the embedding H? % C L1, we also have
H\/Eueuﬁ
_(d_d)
< CIV@ucl, YV © (Vauo)| s
1-(4-4
< CIV®uc ;" (|[VOucl + VOV @ el 12)

*\&.

_d
2

&
m

d_d
ro2,

Therefore,

Eorolue?|b
[ [ ]y (v avas

£ _d
< C [ IV®uclly  (1Vucl + VOV @ uel2)* ds.
Using the Young inequality, we then find ford =2 ord = 3

f uezbe
[ LR ey (90 s

1 t
<§/0 VOV @ uc2, ds+Cq>/ VDUl + [|VBue| 3 ds,
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where, we have 12=2¢ = 24 since d € {2,3}.

When we consider d = 4, provided that || v/® uc||» < € with Cep < § we find

Eorouel?|b
[Pl ey 9@ dxas

1 gt 1t
<5 | VOV @ulfds+ g [ IVPucl as,

e Case2:d =3andr € (1,%), ord =4andr € (1,%). Letg = %; for those
values of 4, r and g, we have
WY c L
2r

0 gd—f <1and HY(—3) ¢ L5,

and

d d

;—f—lglandH%’%’chﬂ%.

0<

Using the continuity of the Riesz transforms on L"(®"dx), we can observe that

Eoroue?|b
[ [P ) (v avas
t t
< [ 1@fuc Pl V@be s ds + [ @plly|VPu] 1 ds

t t
<C [ 19 el i [VDbel| o s+ 1 [ 9Dl |V ue| s ds.
7

We remark that
| Db itte,j|| wrr
@b+ 3ot Pl + 19 byt o+ 1 ey ke )
<C(IV@ue| 2o | VObe|l2 + Vel 2 VOV @ ue||2 + [[VPue|| 2 VOV @ be|2),
<C'(IVPuelliz + VOV @ uelli2) (IVBue | s 5, + [VBbell o ).
and
IV®be| s 1)

< CH\/abeH;(di%)HV ® (\/Ebe)ug*?

< V@bl 7 (Vb2 + VO © be )

< O VDUl (| VBuellpz + VOV @ ue12)* .

Therefore, we get

Y @b jute jll e + [P [[war
ij

1—(d—14 _d
< CIV®u |y (VO 12 + VOV @ ug][12) .
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On the other hand, we have

|V ®be|l 2,

_(d_d d_d__
< Vb5 "V e (Vaby|l;

o_(d_d d_d_
< O IVou > (|VDu 2 + VOV @ ug|,2) 4

Hence, we find again

't lue?|b
[ ) (vl avas

t _d
< C/o IVPu |2 2 (| VBuc|2 + VOV @ ugl|2)? ds.

and we conclude in the same way as for the first case.

In the Case 1 and Case 2, we have found for d € {2,3},

Eorolue?|b
[ ) (vl avas

1/t 1t
<5 [ VOV @uclfuds + ¢ [ VUl + [[vDuc| 3 ds

and for d = 4, under the assumption ||V ® uc||2 < e with Cep < % where C > 0is a
fixed constant, we find

toroluel?|b
[ [P e (s

1 st t
<5 | IVOV @ uclfads + Co [ | VOu|:ds.
From these controls, we get inequalities (3.2) and (3.3). Next, we will see that
these inequalities give us a control on the size of ||v/® u.||> on an interval of time
that does not depend on € :

Lemma 3.5. Suppose that « is a continuous non-negative function on [0, T') which satisfies,
for three constants A, B € (0, 4c0) and b € [1,0),

a(t) <A+ B/Otzx(s) + a(s)b ds.

e Forb>1,let0 < Ty < Tand Typ = min(Ty, 3bB(Ab—1Jlr(BT1)b—1))' Then, we have, for
every t € [0, To|, a(t) < 3A.

e We suppose b = 1. Then, we have, for every t € [0, 75, the estimate a(t) < 2A.

Proof. First, consider b > 1. We seek to estimate the first time T* < Ty (if it exists)
for which we have

a(T*) = 3A.
We have
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We thus find BT
#(T*) < 2A+BT*(3A4)" (1 + (<))

which implies
BT*3Y (AP + (BTy)" 1) > 1.

Now, consider b = 1, so that
t
a(t) §A—|—2B/ a(s
0

We look to estimate the first time T* < T (if it exists) for which we have
a(T*) =2A.

We have
2A =a(T*) < A+2BT*2A

which implies

<

Applying Lemma 3.5 to the inequalities (3.2) and (3.3), we thus find that there
exists a constant Co > 1 such that if Tj satisfies

o ifd =2, Co (1+ w0l + 120,10 12(000))) T =1

2
0 ifd =3,Co (1+ [w0l2ap) + a0 ooy 20y ) To =1
e ifd =4and
2 F 2 < 1
co([[woll72(@ax) T ITENT2((0,400), 12 (@ix))) < Co’
with Cep Ty = 1, and where ce > 0 is a constant such that for all € > 0,

HUOeHLz ®dax) T CHIFeH%Z((O,—i-oo),LZ(dDdx)) < C®(||“OHL2 Pdx) T HIFH%Z((O,—&-oo),Lz(QDdx)))’

then

sup et ) o + [ 19 © velzio e s

0<t<T

(3.4)
< Co(l[uollF2( azy + IFlT2((0,4.0),2(dx)))-

3.3 Passage to the limit and local existence

We know that u, is bounded in L®((0, Tp), L?(®dx)) and V ® u, is bounded in
L?((0,Tp), L*(®dx)). This will alow us to use the following version of the Aubin-
Lions theorem :

Lemma 3.6 (Aubin-Lions compactness theorem). Let s > 0, g > 1and o < 0. Let
(fu)n e a sequence of functions on (0, T) x RY such that, for all Ty € (0,T) and all ¢ €
D(RY),
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o ¢f, is bounded in L>((0, Ty), H°)
e 0 fy is bounded in L1((0, Ty), HY) .

Then, there exists a subsequence ( fy, ) such that f,_is strongly convergent in L2 ([0, T) x

IR?), more precisely : if we denote fw the limit, then for all Ty € (0, T) and for all Ry > 0,

To
lim / / — fulPdxdt = 0.
LNy A - | fre — fool

For a proof of the Lemma, we refer the books (Boyer and Fabrie, 2012; Lemarié-
Rieusset, 2016).

We want to verify that ¢d;u. is bounded in L*((0, Tp), H®) for some s € (—o0,0)
and some & > 1.

In Case 1, we have seen that ®b. @ u. and Pp. = Y7, 2;’:1 RiR;(beitie,j) are
bounded in L*1((0, Ty), L"), where a; = %, sothata; € [2,00)ifd =2, a1 € [%,4]
ifd=3and a; € (1,2]ifd = 4.

In Case 2, we have seen that @b, ® u, and ®p, are bounded in L*2((0, Tp), W),
where ap = Hﬁﬁ and thus it is bounded in L*2L1, with g = %. We observe that if
d=3thena, € (3,2) andifd = 4 thena, € (1,2).

Let ¢ € D(R?). We have that gu, is bounded in L*((0, Ty), H'), it is the first
assumption to apply the Aubin-Lions theorem. Now, writing

drue = Aue — ( aj(be,jue) +Vpe) +V - Fe

=y

1

J

d_d

and using the embeddings L" C H?=% ¢ H™! (in Case 1) or Li% ¢ H-(-2-1 ¢
H~! (in Case 2) we see that @dru is bounded in L% ((0, Tp), H™2).

Thus, by the Aubin-Lions theorem, there exist u and a sequence (€)ren con-
verging to 0 such that u, converges strongly to u in L2 ([0, Tp) x R?): for every
T € (0, Tp) and every R > 0, we have

T
lim / / lug, —ul*dxds = 0.
k—=+o Jo J|y|<R

Then, we have that u,, converges *-weakly to u in L*((0, Tp), L?>(®dx)), V ® ug,
converges weakly to V @ u in L2((0, Tp), L?(Pdx)), and ue, converges weakly to u in
13((0, To), L3(®3dx)). We deduce that b, ® u,, is weakly convergent in (L/5L/5),,.
to b ® u and thus in D’((0, Tp) x R?); as in Case 1, it is bounded in L% ((0, Tp), L"),
and in Case 2 it is bounded in L*((0,Ty), W'"), it is weakly convergent in these
spaces respectively (as D is dense in their dual spaces).

By the continuity of the Riesz transforms on L'(®'dx) and on W7 (®"dx), we
find that in Case 1 and Case 2, p, is convergent to the distribution

We thus have obtained

Jdu=Au+ (u-V)u—Vp+V-F.
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Moreover, we have seen that d;u is locally in L'H2, and thus u has represen-
tative such that ¢ — u(t,.) is continuous from [0, Tp) to D’(R?) and coincides with
(O, ) + fot atu ds.
In the sense of distributions, we have

t t t
u(0,.) —I—/ druds =u= lim u,, = lim wugg, +/ oruy,, ds = u0+/ oruds,
0 k—+o0 k —+00 0 0
hence, u(0,.) = up, and thus u is a solution of (N§S).
Now, we want to prove the energy balance. In the case of dimension 2, we remark
that, since v/®u € L*L2 N L?H!, we have by interpolation that v/®u € L*L*, and
then we can define ((u - V)u) - u. Then the equality

juf? juf?

2
a5 = a5~ 1vup - v (B ) vue(9m)

can be proved.
Let us consider the case d = 3. We define

|ue? |ue|? _ 2
7)+A(7)_v 2 ue—peue +u€(VF€)—|V®u€|.
Remark that, as u, is locally strongly convergent in L2L?; and locally bounded in
L®L2, it is then locally strongly convergent in LP'L?, for all p’ € [2,4). Then, as
VOV @ u, is bounded in L2((0,T),L?), by the Gagliardo-Nirenberg mterpolatlon
inequalities we obtain u,, is locally strongly convergent in L¥ L7 with 2 T + > 2
In Case 1, we know that p, is locally weakly convergent in L*1 L" and We know
by the remark above that u,, is locally strongly convergent in L L#1, and hence

Pe,Ue, converges in the sense of distributions.
In Case 2, we know that p, is locally weakly convergent in L*2L7 and by the

R
observation above, ug, is locally strongly convergent in L®2~'Li-T, and hence p, ue,
converges in the sense of distributions.
Thus, A, is convergentin D’((0,T) x R?) to

u2 2
)+ 805 - v (I pu) +u ()

and A = limy_, o |V ®ug,|% If 6 € D((0,T) x RY) is non-negative, we have that
VOV ® u,, is weakly convergent in 1212 to v/OV ® 1, so that

/ Afdxds = lim //Aek(?dxds: lim //|V®uek|29dxdsz//\V®u|26dxds.

€—r+00 k—+o0

Hence, in the case d = 3, there exists a non-negative locally finite measure p on
(0,T) x R® such that A = |Vu|? + , i.e. such that

2 2 2
(5 = a5~ 1vul - v (Bupa) +u (7B -
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3.4 Convergence to the initial data

Let us consider inequalities (3.2) and (3.3), together with the inequality (3.4). On
(0, To) we have a uniform control, in € and ¢, of ||uc(t, Thus, from (3.2)
and (3.3) we get

T2 (@)

[ue(t, )HLZ @ dx) < HquHLZ (@dx) Cot(1+ HuO‘ 12(@dx) T HIF| 2((0,40), L2(d>dx)))

We remember that ug, is strongly convergent to ug in L?(®dx). Moreover, as
U, = Uge, + fot drue, ds, we observe that u,(t,.) is convergent to u(t,.) in D’(IRY),
and we can deduce that it is weakly convergent in L?(®dx) (as it is bounded in
L?(®dx)), so that

lu(t, )2 vy < 0172 vy + Cot(1+ [u0l|F @ 4x) + IFITE (0100 20y )-

This remark implies

lim sup ||u(t, )HLz odv) = HuOH%Z(CI)dx)'
t—0

For reciprocal inequality, we recall that u is weakly continuous in L?(®dx), therefore
[01R oy < Timinf a(t, )22

We conclude that HuoHL2 ody) = M0 llu(t,.)|? 12(@dx) 1t allows us to turn the

weak convergence into a strong convergence in the H11bert space. o

3.5 Global existence using a scaling argument

We fix A > 0. Then u, is a solution of the Cauchy initial value problem for the
approximated Navier—Stokes system (NS.) on (0, T) with initial value ug . and forc-
ing tensor [F. if and only if u. (¢, x) = Auc(A%t, Ax) is a solution for the approx-
imated Navier-Stokes equations (NS).) on (0, T/A?) with initial value ug . (x) =
Mg (Ax) and forcing tensor Fe 5 (x) = A2F¢(A%t, Ax). We shall denote up, = Aug(Ax)
and IF) (x) = A’F(A%t, Ax).

We have proved that for d € {2,3},

ot
H\/aue,)\(t)uiz-i—/ VOV @ ue |22
< VBl + CIVORr ey i2) + Co [ IVBuea -+ [[VBuc 2 s

where Co does not depend on €, A nor on ugp. When d = 4, under the assumption
[V @ uel|2 < €9 with Cep < § where C > 01is a fixed constant, we have found

t
H\/5um(t)|\%z+/ VOV @ u |2, ds
< ku%AHLZ"‘CH\F]FeAH ((0,+0),L2) +C®/ H\Fue,\Hdes

By Lemma 3.5, we thus found that there exists a constant Cg > 1 such that if T
satisfies
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o ifd=2Co (1 + (|00, 1222y + |\1FA||§2((0,+00),L2(¢dx))) T, =1

2
o ifd=3Co (1 + w0172 @ay) + H]F/\||%2((0,+oo),L2(<I>dx))> n=1

e ifd =4and

1 .
(H”MHLZ ddx) T HIFAH%Z((O,-‘-OO),LZ(‘Ddx))) < Co withCo Ty =1

then

sup. e (1)o7 e o 45

0<t<T,

< C<I>(||“0,A’|L2(q>dx) + ||IFA||L2((o,+oo),L2(q>dx)))-

It permits to deduce that the solutions u. are controlled, uniformly in €, on
(0,AT}). In fact, we get for t € (0, Ty),

[ leatt0Po) dx = [ a2y Po)n-"dy = 22 [ |uc(h%,x)Po(x) dx

and
T, AT, p
/0 /[V ® ug (t,x)|*D(x) dx dt = / /[V ®ue (s, ]/)\ZCID()\)}\2 dy ds

> 24 / / IV @ ue(t, x)[2D(x) dx dt.
0

Moreover, we get
lim ATy = 40

A—+00
when?2 <d <4,andifd =4,

2 _
Jm w0 12 ax) + 1A E2((0,100), 2(01x)) = O-

Indeed, we observe that

Achy)c) D(x)dx

/Azyuo (Ax) 2D (x) dx = A2~ d/|u )P () dx = A d/|u )2

and

+oco +o0
/ //\4|]F(A2x,)\x)|2d>(x) dx = Az‘d/ /|]F L) 2e(5)
0

=A% d/ /|]F (t,x) 2A2q>§‘))q)(x)dx.

. @
Since Azé()) < min{Cy, A2¢(x

gence that [[ug [/ 12(pav) = o(A'7" ) and also [|Fa |20, +c0), 12(@dx)) = =o(A'7" ), so that
lim/\_>+oo /\ZT/\ = 400,

Therefore, if we consider a finite time T and a sequence €, converging to 0, we
may choose A such that AT, > T (if d = 4 we demand A to satisfy cq (|| ug || 12(@dx) T
IFAN 2((0,4-00),2(@dx))) < €0 as well). As we have seen, we obtain a uniform control

} by hypothesis (H4), we find by dominated conver-
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of u. and of V ® u, on (0, AZTA), hence a uniform control of u. and of V ® u, on
(0, T). We thus may exhibit a solution on (0, T') using again the Rellich-Lions theo-
rem, by extracting a subsequence ¢, . A diagonal argument conducts then to exhibit
a global solution.

Thus we have proved Theorem 4. o

3.6 Global Regular Solutions in dimension 2

In dimension d = 2, we can treat the existence problem in higher regularity, while,
in the case d = 3, one will restrict the analysis to the case of axisymmetric flows with
no swirl which will be treated in the following chapter.

Theorem 5. Consider d = 2 and a weight ® satisfying (H1) — (H4). Let ug be a divergence
free vector field, such that uy, V ® ug belong to L*(®dx). Let F = (F;;(t,x)) be a tensor
such that F,V - TF belong to L2((0,+o0), L?>(®dx)). Then, there exists a global solution u
of the problem

omw=AM—(u-V)u—Vp+V-F
(NS)
V-u=0, u(0,.) = ug
such that

* uand Vu belong to L°((0, T), L>(®dx)) and Au belongs to L>((0, T), L*(® dx)),
forall T >0

e the mapst € [0, +c0) — u(t,.) and t € [0, +00) — Vu(t,.) are weakly continuous
from [0, +00) to L?(Pdx), and are strongly continuous at t = 0.

In the case of dimension d = 2, the Navier-Stokes equations are well-posed in
H! and we don’t need to mollify the equations. More precisely, we may approximate
the Navier-Stokes equations with the system

drue = Aue — (ue - V)ue — Vpe + V- Fe
(NSe)

V-u =0, uc(0,.) = upe

where
Uge = ]P(gbqu) and Fe = ¢.F.

Observe that the vorticity we = V A u, is solution of
atw€ - Aa]e - (u€ N V)WQ + v A (V . IFe)
V cWe = 0, we(ox ) = WO,e

where
wO,E - v /\ ((Pello).

Since ug belongs to H 1 we know that we have a global solution u.. We then
just have to prove that, for every finite time To, the norms ||we|| 1 ((0,1y),02( dx)) and
IV @ell12((0,1),12(@ dx)) are uniformly controlled.
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We can compute f 0twe - weP dx, which gives

2 t
/"”E(t'x)'cpd”/ /|Vw€|2 Ddx ds
2
_/|“’0€ ®dx — //v ""€|)  Vdx ds

2
+/ /| we| u. - V®dxds
0 2

t
+ /0 /(v Fo)a(—diwe @ — 1@ we)) + (V- Fe )1 (3a0e ® + 9,0 e )) dx ds,

where (V - F,); is the j-coordinate of V - [Fe, more precisely (V - F¢); = }; 0;

As
o wel? ! >
//7u€ -Vd)dxdsg/ IV Dwe |2 [|[VBue|
0 2 0 L3
t
S/O(I!@welliﬂllv(\ﬁwe)||1/4) |V ®u]| s
we obtain
t
IV@we(t)f: + [ IVOVewel:
4
< [V@woellf2 + CIVE(Y - Fe) 20,1 o0) 12) +C<1>/ IV @we|[7- (1 + ||V ®ucl|},) ds
We can conclude that, for all T > 0 and for all t € (0,T),
t
V@@t + [ IVETwel:

. 4
< (IV@woell72 + CIVE(Y - Fe) 720, 00),12))¢ oCosup_ fy (14 V®uc 4)3 ds

Thus, we have uniform controls on (0, T). o
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Chapter 4

Regular Axisymmetric Solutions
without swirl

4.1 Axisymmetry.

We consider the usual coordinates (x1,x2,x3) in the Euclidean space R3, and the
cylindrical coordinates (r,6,z) provided by the formulas x; = rcosf, x, = rsin6
and x3 = z.

Let us denote (ey, e, e3) the usual canonical basis

e;1 = (1,0,0), e, = (0,1,0),e3 = (0,0,1).
We attach to each point x (with r # 0) another orthonormal basis

X . 10x . dx
e =5 = cosbe; +sinfe;, ey = Py —sinfe; +cosfe;, e, = 5, =

Let us consider a vector field u = (uy,up, uz) = uje; + uze; + uzes. Then, we
find their coordinates in the new basis

u = (u1cos0 + upsinf) e, + (—uq sin 6 + up cos ) eg + us e..

We denote (uy, ug, u,), the coordinates of u in the basis (e, eg, e;). In what fol-
lows in this chapter we will consider axially symmetric (axisymmetric) vector fields
u without swirl and axisymmetric scalar functions a4, which means that

u=1u,(rz)e +u,(r,z)e;, and a=a(r,z).

Our goal is to adapt the energy estimates in weighted spaces to the framework
of axisymmetric solutions of the Navier-Stokes equations. We look to generalize the
following well known result is due to Ladyzhenskaya, we refer to (Ladyzhenskaya,
1968; Lemarié-Rieusset, 2016).

Proposition 4.1. Consider a divergence free axisymmetric vector field uy without swirl
which belongs to H'. Then, the problem

o =Au— (u-V)u—Vp
(NS)
V-u=0, u(0,.) = up

has a unique solution u € C([0,+o00), H'). This solution is axisymmetric without swirl.
Moreover, u, V & u belong to L®((0, +0), L?), and V @ u, Au belong to L2((0, +o0), L?).
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Ifug € H? then the following inequality is fulfilled

w(t)|? wol?
/’ 52” dx§/|rg’ < IV & w3

This result is our starting point.

The uniqueness of the solutions in the statement above can be seen as a conse-
quence of the Serrin’s Weak-Strong uniqueness criterion. The problem of the unique-
ness of solutions, when we treat with weighted spaces, is non-trivial and we leave it
as an open problem.

Below, we present our main results with respect to axisymetric without swirl
solutions :

Theorem 6. Consider a weight O satisfying (H1) — (H4). Assume that ® depends only

onr = \/x? + x5 and there exists a continuous weight ¥ (that depends only on r) such that
O <Y <1,VY c A,and there exists C; > 0 such that

VY| < GV Y

Let ug be a divergence free axisymmetric vector field without swirl, such that ug belongs
to L2(® dx) and V ® ug belongs to L?>(¥ dx). Then there exists a time T > 0, and a local
solution u on (0, T) of the problem

o =Au— (u-V)u—Vp
(NS)
V-u=0, u(0,.) = up

such that
* u is axisymmetric without swirl, u belongs to L*((0, T), L>(P dx)), V ® u belongs
to L®((0, T), L2(Y dx)) and Au belongs to L?((0,T), L?(¥ dx)),
o themapst — u(t,.) and t — Vu(t,.) are weakly continuous from [0, T) to L>(® dx),
and are strongly continuous at t = 0,

Remark: If the vorticity is more integrable at time t = 0, it will remain in positive times as

well.
Example : The weights ®(x) = ﬁ and ¥(x) = ﬁ with) <5<y <2
fulfill these hypothesis.

If we suppose the weight ¥ to be a little more regular, we obtain a global exis-
tence result. The next theorem precise these conditions on the weight.

Theorem 7. Consider a weight O satisfying (H1) — (H4). Assume that ® depends only

onr = \/x% 4 x3 and there exists a continuous weight ¥ € W= (that depends only on r)
suchthat ® <Y <1, Y € A, and there exists C; > 0 such that

VY| < G VY and |A(VY)| < C1VO.

Let ug be a divergence free axisymmetric vector field without swirl, such that ug belongs
to L2(®dx) and V @ ug belongs to L?(¥dx). Then there exists a global solution u of the

problem
o =Au— (u-V)u—Vp
(NS) {
\%

'uZO, u(0/~):u0
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such that

* u is axisymmetric without swirl, u belongs to L*((0, T) L*(®dx)), V @ u belongs
to L°((0,T), L2(¥Y dx)) and Au belongs to L>((0,T), L2(¥ dx)), forall T > 0,

o the maps t € [0,+00) — u(t,.) and t € [0,+0c0) — V @ u(t,.) are weakly con-
tinuous from [0, +o0) to L>(®dx) and to L?(Y dx) respectively, and are strongly
continuous at t = 0.

(1+1)0/2 with0 < <y <2

fulfill the hypothesis of the last theorem. Remark also that W is equivalent to
1

(1+4r)°"

Example : The weights ®(x) = (1+r) and ¥(x) =

4.2 A priori controls and local existence

Let us take a real-valued radial function ¢ € D(IR?) which is equal to 1 on a neigh-
borhood of 0 and let ¢ (x) = ¢p(e(x1, x2)). For € € (0,1], we denote

Uy = ]P((Peuo).

Thus, ug is a divergence free axisymmetric without swirl vector field and ug, be-
longs to H'. We have

woe = V Auge = VA (Pettg) = Ppewo +€(V)(ex) Auo.

Then, using the fact that ® € A and [eV(ex)| < CL1,. 1 < C'1,. 1 VP, we can
= Ce =Ce
conclude that

lim [[ug — woel[12(0ax) + lwo — woell 12w ax) = O
e—0
Let u, be the global solution of the following approximated problem
atue — Aue - (ug N v)ue - Vpe
(NSe)
v cUe = O, ue(of-) = u0,€
given by the Proposition 4.1. We denote w. = V A u,, therefore
drue = Aue + (ue - V)ue — Vpe

and
atCUe - Awe + (CUE ° V)ue - (us N v)w€ (4.1)
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Since vV¥w, € L2H! (because V¥, V¥ € L®) and V¥0;w. € L2H™!, we can
compute [ 0swe - we'¥ dx. More precisely, using (4.1) we find

2 t
/""e(tz'x)’wx+/ /\V@weyz Y ds
2
/’woez( )P Ydx — //V ]w€| ) - V¥dxds
2
e
// we - V)we) - ue Ydxds
/’woe ‘I’dx+8/ /|V®we|2 ‘Fdxds+C/ VY we |3 ds
+C [ IVF @V el Ve s s
//(we )-ue Ydxds
|wo,e (%) ' 2 ' 2
< 7%”4 IV @ wel* Ydxds +C [ [|[VY wel3ds
0
+C'/ VY wel 3V @ue s + (|| VOue37°) ds

/ / we - V)we) - ue ¥dxds

As we = we g €9, we obtain

Wel”

— (we - ue)we - V¥ dx

2
w
€0
We - vw€ - — €.
r

Then, in order to control ue - (we - Vwe), we split the domain of integration in
two parts, one where r is small and the other one where 7 is large. The support of ¢
is contained in {x / ¥ < R} for some R > 0, and the support of 1 — ¢, is contained
in the set {x / ¥ > Ry} for some Ry > 0. We observe that

inf ®(x) = inf  ®(xy,x,0) >0
SRR o 8

and
inf ¥(x) = _inf  ¥(x1,x2,0) > 0.
r<R VX3 +x3<R

On the other hand, we see that

inf ?®(x) = _inf (2] +x3)P(x1,x2,0) > inf [x]*®(x) > 0.
1’>R0 /x1+x2>RO 1 2 \x\>R0
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Then, we write :

—/Ot/((cu€ -V)we) - ue Ydxds
:/Ot/(pl((we-V)ue) -we)‘I’dxds+/0t/(we-ue)(we-V(pl)‘Fdxds
—|—/0t/4>1(w€-ue)we~V‘f’dxds
—/Ot/(l—gbl)(ue-(we-Vwe))‘I’dxds
SC/Ot/]w€|2|V®u€]‘I’3/2dxds+C/Ot/|we|2|ue|\/E‘Fdxds.
Since ¥ € Ay we have ||[vV¥V @ uc|)2 & ||v/¥we||2; moreover, we know that

IV @ (V@ue)ll2 < C(IIVPuel2 + [ V¥ ewel|2)

and

IV @ (V¥we)ll2 < C(IIVFwell2 + VIV @ well2).

Therefore, we get
t
—/0 /((aJ€ -V)we) -ue Ydxds
<C [ IVEY @ uelia IV Fee o |V Fewel 5
+C [ IV@uell Vel Ve s
< [ IVEl oV Fwel 2 + VIV @ el ) ds
+0 [ VBl IV Fwe a1V Tl 2 + VIV @ o) ds
< [ (1V@ucla + V@) [V Fwel3 + |V Fewe |+ ||V e [
i [ VIV s
and finally,
WVFwuOl + [ IVEY @ welfads
< V@0l +C [+ [V Buclls + (1V@ucl§%) |V Fewe 3 ds

t
+C/0 ([VOuel2 + [[VPucll3?) |[V¥we |3 + [ VFwe |3 + || VFwe|S ds
< H\/\?WO,GH%Z

t
+c’/0 (14 [[VOuell2 + [[VOue|[3?) |VE¥we 3 + | VE¥we S ds

We already know that the quantity ||v/®uc(t)||;» remains bounded (indepen-
dently of €) on every bounded interval. Therefore, we may again use Lemma 3.5
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to control .
0
sup || @elt, ) Baqean + | IVl Ezgpan) 95

0<t<Ty

for some Ty, independently of €. After, this control is transferred to the limit w since
w = limwe, = lim V A u,. We thus have proved local existence of a regular solution
and Theorem 6 is proved.

4.3 Very regular initial value.

Next, we present an apparently more restrictive result than our main Theorem (The-
orem 7), however we will see that it implies almost directly our main Theorem.
Proposition 4.2. Consider a weight ® satisfying (H1) — (H4). Assume that ® depends

onlyonr = \/x3 + x5 and there exists a continuous weight ¥ (that depends only on r) such
that ® <Y <1, Y € A, and there exists C; > 0 such that

‘VT’ < Cl\/a‘{f and ’A(\/‘?)’ < Cl\/a

Consider a divergence free axisymmetric vector field uy without swirl, such that ugy be-
longs to L?(®dx), and V @ ug, Aug belong to L>(Ydx). Then there exists a global solution
u of the problem

o =Au— (u-V)u—Vp
(NS)
V-u=0, u(0,.) = uy
such that

* u is axisymmetric without swirl, u belongs to L*((0, T), L>(® dx)), V ® u belongs
to L®((0,T), L2(Y dx)) and Au belongs to L2((0,T), L>(¥ dx)), forall T > 0,

 the maps t € [0,+00) — u(t,.) and t € [0,+00) — V @ u(t,.) are weakly con-
tinuous from [0, +00) to L?>(®dx) and to L*(Y dx) respectively, and are strongly
continuous at t = 0,

Proof. We retake the notation used in the proof of the last theorem. Ladyzhen-
skaya’s inequality for axisymmetric fields with no swirl gives

2 2
[y, o [lencty,

r r

Since
0iWo,e = Pediwy + €9;P(ex)d;wo + €(VP)(ex) A dug + €2(V;¢) (ex) A uy,

we obtain that
lim ||V ® woe =V @ woll 1209 4x) = 0.
e—0

As
. 2
/degC(/ |V®wo,€—V®wo|Z‘i’dx+/ wo,e — wo|*¥ dx),
r Jo<r<1 1<r<4oo
we also find | ‘2
. Wp,e — Wo .
E}% de =0.



4.3. Very regular initial value.

We have observed that

2 t
/|we(t’x)|‘i’dx—|—/ /|V®w€|2 Ydxds
2
_/""06 ¥ dx — //v |“’€|) - V'¥dx ds
2
+/ /’w26| u. - V¥dxds
0

t t
—/ /(w€ ‘Ue)we - V¥ dxds —/ /ue(we -Vwe) Ydxds.
0 0

Therefore,
Ve 3z +2 [ IVFVeel:
< H\/‘?wo,GHLH—Z/O IVFwe| 2| VIV wel| 2
t
+ [ IV@uel o |V
tl ’
+/ ~ Juy| | we PF dx ds
or
Now, we have

[0 avds < [ 1y@ucllsllyFeee

and
[P0 o2 s < € 145 VPl | e
Moreover,
w
1802 < I 12 < COIVEwoelliz + IVET @ woelr2)
< C'(|V®uoll 12 + |V ¥woll12 + | VEY @ woll12)
and

IV¥ue|fe < CIV @ (V¥ue) [2|A(V¥ue) |2
< C(IIVPuell 2 + [ V¥wel 2 + VIV @ wel12)*.

Let us denote Ag = ||V @ugl|;2 + [|[VFwoll 2 + [|[ VIV & wyl| 2. Then, we find
Vel + [ VIV el
< VF el + C [ VP
+Co [ IVFwelfal1 + Ao + 43+ | VBucls + [V Puc ) ds
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We can thus conclude that, for all T > 0 and for all t € (0, T),

t
IVEOI:+ [ IVEV @ wel

T t
SV Fenelft + Coup [ [V Bue ) =ipenn A5 Pl /ouly) o

e>0

Therefore, we can obtain a solution on (0, T) using the Aubin-Lions Theorem. A
diagonal argument allows to get a global solution. o

4.4 Existence of global regular axisymmetric solutions

Proof of Theorem 7

Theorem 6 permits to find a local solution v on (0, Tp) with initial value ug, which
is continuous from (0, Tp) to D’. Then, we take T; € (0, Tp) such that V ® (V A
v)(Ty,.) € L?(®dx). Using Proposition 4.2, we get a solution w on (T, +c0) and
initial value v(Tj ). Our global solution is then defined asu = von (0, T;) andu = w
on (Ty, +o0).

In fact, if ¢ is a test function of IR?, then 9;(¢v) belongs to L' H~! and ¢v is contin-
uous from [0, T;] to H~1. Similarly, for the solution w on t > Ty, with v(Ty) = w(Ty),
we have that ¢pw is continuous from [T, +oo[ to H™ L.

Then, for a test function (¢, x) we find

//t<T1 Vo dtdx = — //t<T1 porv didx + /V(Tllx)l/)(TLX) dx
d

an

// W didx = —/ lpatwdtdx—/v(Tl,x)l[J(Tl,x) dx,
t>T t>T

so that for u = 1,7, v+ 1~y w, we have

Jiu = 1t<TlatV + 1t>T18tw.

Thus, Theorem 7 is proved. o

In summary, we have generalized the Ladyzhenskaya’s result (Proposition 4.1),
on axisymmetric solutions with initial data in H!, and we preserve the local regular-
ity properties. However, note that we do not address the uniqueness problem, de-
spite having good local regularity properties for these new axisymmetric solutions.
We leave it as a nice open problem.

The difficulty of this problem is that the weight is no longer derived in the esti-
mation of the bilinear term and thus we cannot conclude directly without additional
hypothesis.



53

Chapter 5

Discretely Selfsimilar Solutions

In this section, we propose a new simple proof of the results of Chae and Wolf (Chae
and Wolf, 2018) and Bradshaw and Tsai (Bradshaw and Tsai, 2019a) on the exis-
tence of discretely selfsimilar solutions of the Navier—Stokes problem (and of Jia and
Sverak (Jia and Sverak, 2014) for self-similar solutions)

We specify the concepts related to the notion of self-similarity.

Definition 5.1. We consider A > 1.
We say that ug € L (IR®) is a A-discretely selfsimilar (A-DSS) vector field if

Aug()\x) = ug(x).

A time dependent vector field u € L2 ([0, +o0) x IR®) is called A-DSS if

loc
Au(A%t, Ax) = u(t, x).

A forcing tensor F € L2 ([0, +00) x R3) is called A-DSS if

loc
AF(A%t, Ax) = F(t, x).

We speak of selfsimilarity if ug, u or IF are A-DSS for all real A > 1.

The next examples permit us to link the discretely selfsimilarity notion with the
weighted spaces L1207 = L%((1 + |x|)~7dx). We observe that a very important feature
of the weights w, (x) = (1 + |x|) 7 is the control of their gradients : if v > 0 then

V()] = 772

In particular, |Vw, (x)| < C w4 (x),and if ¥ < 2 then we have |Vw, (x)| < Cywsz, (x).
2
Examples :

loc
exist two positive constants, A, ) and B, ), such that

e Lety > 1land A > 1. Then, if ug € L2 (R3) is A-DSS, then ug € L?U7 and there

Ay |u0(x)|2dx < / |u0(x)|2w7(x) dx < B, ) |u0(x)|2dx.

1<|x|<A 1<|x|<A

wo ()

|x]

e uy € L? is self-similar if and only if it is of the form uy = with wy €

loc

12(82).

e Consider v > 1. IF belongs to L?((0, +c0), quw) is self-similar if and only if it is

of the form F(t, x) = %IFO(%) with [ |IF0(x)|2|17| dx < +oco.
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Proof.
e If upis A-DSS, we have for k € Z
, Ak
//\k<x<Ak+1 [00(x) oy (x) dx < (1+AR)7 /1<|x<A|uO(x) [

and we know that ) ;. 1+Ak) < 400 fory > 1.

e If uy is self-similar, we find up(x) = E ‘u0(| ‘) Thus, forall A > 1

/1<|x<)\ \uo(X)|2dx =(A-1) /sz !uo(a)\z do.

e If FF is self-similar, we find F(¢, x) = %IFO Then,

().

/()+Oo/|IF(t,x)|2w7(x) dxds:/+oo/|]F0(x)|2w7(\/fx) dxf/ti
=C /‘IF() ‘2 ’x|

teo 1 < 4o0. o

0 (1+V6)7 \f

Our main result in the context of discretely selfsimilar initial data is the following
one.

where C, =

Theorem 8. Let v € (1,2) and A € (1,+400). If ug is a divergence free A\-DSS vector field
which belongs to L, (R®) and if IF is a A-DSS forcing tensor IF(t, x) = (Fi,]-(if,x))lgl.’].§3
)

belonging to L2 ((0, +o0), L%Uw>’ then the Navier—Stokes equations with initial data uy,
ou=A—(u-V)u—Vp+V-F
(NS)
V-u=0, u(0,.) = up
have a weak global solution u which satisfy the following properties :
* uisa A-DSS vector field
e Forall0 < T < oo, ubelongs to L*((0,T), L7, ) and Vu belongs to L*((0, T), L7, )

o The function t € [0, 400) +— u(t,.) is weakly continuous from [0, +c0) to L%W and
strongly continuous in t = 0

e u is suitable : there exist a locally finite non-negative measure y on (0, +00) x R3
such that

[ul® |ul® [ul®

() = o)~ 1vup = (g v (V) -

5.1 A priori estimates for the linearized problem

In this section, we investigate a priori controls for the linearized Navier-Stokes prob-
lem, also known as advection-diffusion problem.
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Lemma 5.1. Let 0 < v < 2and 0 < T < +oo. Let uy € Lz%,7 (R3) be a divergence-
free vector field and let F be a tensor F(t,x) = (Fi,j(t,x))1<i].<3 € L*((0,T),L3, ). Let
a € [3, %] and letv € L*((0,T), L%, ) be a time-dependent divergence free vector-field.

Wy /2

Let (u, p) be a solution of the following advection-diffusion problem

dmw=AM—(v-Vu—Vp+V-F,
(LNS) V-u=0, u(0,-) =u

which satisfies :
e ubelongsto L°((0,T), L%UW) and Vu belongs to L2((0,T), L%UW) andp € D'((0,T) x
R3)

e the map t € .[O, +o0) > u(t) is weakly continuous from [0, +o0) to wa and is
strongly continuous at t = 0

e the solution (u, p) is suitable : there exist a non-negative locally finite measure y on
(0, T) x R® such that

|uf?

)= VP -V (2

Juf? Jul?

at(T) =A(—— 5 v) =V (pu)+u-(V-F)—u (61

Then we have the following controls:

o If0 < 7y <2, for almost every T > 0, and for T = 0, we have forall t > T,
()2, +z/ |Va(s) |12, ds
< |lu(t / /V u|?) - Vw, dxds
—|—/ / ]u\zv+2pu)-Vw7dxds

-2 ¥ //F”au] wydxds—k// 9i(w,) dx ds),

1<6,j<3

(5.2)

and the map t — u(t) from [0,+00) to L%UW is right strongly continuous almost
everywhere and

(o), + [ IVu(s) I,
(5.3)

<o)y, +Cy [ IEG) IR, ds+ Can [ Io)IE? lu(s) B, ds.
o Ify =0, for almost all T > 0 and for T = 0, we have for all t > T,

lu(t) 2+2/ Vu(s)|2ds < ()| —2 ¥ //Fljau] dx ds,

1<6,j<3
and the map t — u(t) from [0, +o00) to L? is right strongly continuous almost every-
where.

Proof. We consider the case 0 < ¢y < 2 (the changes required for the case v = 0
are obvious).
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First, remark that we know a formula for the pressure. And by the continuity
of the Riesz transforms we even can write p = }; Z]' RiRj(uiuj — Fi,j). In fact, we

prove below that : for € (3, 1¢%:) C (3,3) and a verifying 2 + % = 2+ 3 (hence
= (2 20« ))
75094 /)7

> RiRj(uw)) € L((0,T), Ly, (RY)) (5.4)
1<i,j<3
and
Y. RiRjE,; € L*((0,T),L3, ), (5.5)
1<i,j<3

so that the pressure given by Theorem 1 is necessarily p = Y, }_; RiR(uiu; — F;j).
As discussed in Section 3.1, we know that the Riesz transforms are continuous
on L1(wsdx) for 0 < 6 < 3and q € (1, +c0). Then, as yB < 3 we have

H RiR;j(u;v;)

< o
Lo((0,7) L, (R?)) C%ﬁuulvf”L"((O,T),Lim(lm))’

so, taking @ and b such that 1 = % + % and % = by the Holder inequalities,

1,

E
?'n(c:l1 moreover, as we also have % + % = % (and thus b (4ff5, 4(%) (2,6)), we
in

H“inHLa((O,T), L, (R?)) < Cyplly/w ulHLﬂ (0,T),LF(R?)) /@7 vjll L0110 () < F00

To justify that the right side is finite, remark that we have ,/w,u € L®((0,T), L?)
and ,/w,Vu € L?((0,T), L2) then by interpolation in the space variable, for 4 and
b, such that b€ [2,6]and 2 it 2 = 3 we find

wyu € L7LY) (5.6)
2

in particular
wyu € LNPNLTLY C LAL
Indeed, we have

@y ill a1, e

1
i-2 a

_ a2 T a
<C, i HuHLﬁo((O,T),%(Rs)) (/0 (la(s)llz, (re) + HVH(S)HLZZUW(W))ZL{S) < +oo.

For the remaining term, we directly observe that
| RiRFij |l 120,112, J(R3) S Cll Fij lli2((0,1) ) L3, (R?))-

Remark that under the hypothesis in Theorem 5.1, all the terms in the local en-
ergy balance are well defined. In (5.10) below we will justify that pu € L}

loc*
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Let0 < tp < t; < T, we take a non-decreasing function « € C*(R) equal to 0 on
(—0,3) and equal to 1 on (1,400). For 0 < 7 < min(Q, T — #;), let

t— 1 t—t

: 5.7
” 17) (5.7)

Xytoty (t) = D‘(

Observe that ay, 1, +, converges almost everywhere to 1, ;) whenn — 0and d:ay; 1, 1,
is the difference between two identity approximations, the first one in tg and the sec-
ond one in £;.

Consider a non-negative function ¢ € D(IR®) which is equal to 1 for |x| < 1 and
to 0 for |x| > 2. We define

Pr(x) = 9(%). 68

Fore > 0, we let w, . = W(f’y 0, weletw,=1).

We have a1, (£)pr (%)W, (x) € D((0,T) x R?) and a1y 4, (1) Pr (%) Wy, (x) > 0.
Thus, using the local energy balance (5.1), we find

ul?
a / / |2|attx”’t"’tl(l)Rw%€ dxds + / / [Vul? a1, PRW- el ds

3
S o Z // alu ’ u[xi’/,to,tl (w')/,ealch + ¢Ralw7,€) dx dS
i=1

3 ul?
+ Z / / [(u)vi + putifay to 1y (Wr,cOiPR + PROjW-¢) dx ds

// U0y b 1y (Wq,c0iPR + PROW. ) dx ds + // i0illj &y o 1 PR dX ds).

1<i,j<3

We denote
Ae(t) = [ lult,) P (), (x) d.

Since

ul? 1
— // ’;at“n,to,h PRWq e dx ds = ) /af"‘mfo'flARfe(S) ds,

we find for all ty and t; Lebesgue points of the measurable functions Ag,

2
lim — //’ vty e dx s = - S (Are(t) = Arc(to)).

n—0

Thus, letting # goes to 0 to find

n—0

2 t
— lim // ‘l;‘ataq,to,tlfpliw%e dxds—i—/l/\Vu\z PrRW~ edx ds
to
3 t
< - Z/ /(ai“ 1) (W,,e0ipR + PrO;W. ¢ ) dx ds
i=1"to
SR
+) /t / ()0 + pui) (wy,Dipr + PrOiTwsc) A ds
i=1"to

t 3
_ Z (/t /Fi,juj(w’y,eaipr + PrO;W~ ) dx ds +/t /Fi,jaiuj Prdxds).
0 0

1<i,j<3
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By continuity, we can let fy goes to 0 and thus replace ty by 0 in the inequality.
Moreover, if we let t; goes to t, then by weak continuity, we find that

Are(t) < hmmfARe(tl)

t1—t

so that we may as well replace t; by t € (to, T). Hence, for almost every T € (0, T),
also fort = 0,and forallt € (7, T) :

t
(Are(t) — Are(T)) + / / Vul? pravs,cdx ds

N[ —

3 t
(0 c0; 0;W¢)dxd
;// iw- 1) (W,c0ipr + PrOW. ¢ ) dx ds
[uf? (5.9)
+ Z/ /[(7)01‘ + puti] (Wy,eiPR + PRIjWy ) dx ds

- / /E]u] wwaq)R-l-(PRaww)dxds—/ /FZ]B uj prdxds),

1<i,j<3

Note that all terms in the right side are dominated. In fact, we will treat the most
difficult term. Note that as y < 2, there exists C, > 0, which does not depend on
R > 1 noron ¢ > 0, such that

wy(x)

|Wq,0iPR| + [PRO; WA, €| < Cvm < Cywsy a(x),

thus we have
uf?

()21 + pui] (wy,cdipr + PR e)| < C(Juf* v| + |p] [u])wsy,

where we must study the expression in the right side. For the term (|p||u|)ws,, by
2
(5.4) and by (5.5) (for B € (4, 10+a) and a such that 2 + = =2 -+ 2) we have
wyp € L°LP + L2

Thereafter, by (5.6) taking b such that 1 B + % = 1 and 4 such that % + % = % we get
wylu| € 138 A 1212 L LT (1212, Thus,

p||ulws, € L. (5.10)

2
a P
Similarly, for the term |u|? |v|ws,, as |v| |[u|lw, € L7LP, and wylu| € LeTLFT, we
2
conclude |u|? |v|ws, € L.
2

Thus, by dominated convergence, letting R goes to +oo and then € goes to 0, we
find the energy control (5.2). We let t goes to T in (5.2), so that

limsup [u(t)[|3; < [[u(t)l;,

t—=T



5.1. A priori estimates for the linearized problem 59

Also, as u is weakly continuous in L%, ,
Y
2 . 2
a(0)IR, < timinf a(t)]2, .
Thus Hu(T)H%%w = limy_¢ Hu(t)H%%m.

It is known that in a Hilbert space X, if x, converges weakly to x, and ||x,||»
converges to ||x||, then x, converges strongly to x, in effect we can take the limit
when 1 goes to o in the equality

e = x5 = Il 1% = 2 (0, 2) x + [l
By the weak continuity of the map t — u(t) € L7, and as lim; .+ [[u(t) H%%vw =
a()IR; .
continuity almost everywhere, and continuity at the initial time 0.

for almost every T € [0, T), and for T = 0, we conclude the right strongly

Now, in order to obtain (5.3). Consider the energy control (5.2) and the following
estimates:

t t
‘/ /V\u\z-vadsds §2'y/ /\uHVu\wydxds
T T

1t 2 2 M2
<; [ Ivul?y ds+492 [l ds,
For the pressure, we write p = p; + p, with
3 3 3 3
pl = Z Z RiR]'(UZ'u]' — Cl'b]'), pz = — Z Z RZ’R,](FI,])
i=1j=1 i=1j=1

Since Wz € ./422a the continuity of the Riesz transforms gives the following
2+ +a
control

t ot
//(|u|2v+zp1u)-v%dxds cy/ /(\uyz\v|+2yp1||u|)w§/2dxds

t
<Cay [ [0}/ 2ull s leop vl 2, s
t
L e N s e

We remark that 225 € [5,6]. Thus, using the Gagliardo-Nirenberg inequality we
obtain

3 a3
[wy2ull 20 < Capy [V (@ 20) 3 [ 20,

3 a=3
< Coy([lwy pull2 + [[wy 2 Vull2) « [y pull,*
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. : : 3 20—3 _
and by the Young inequality with 5 + 5= =1,
t
Cuy [ N1yl 2 e, 22 0, 29 s
t 3 a3
< Cuy T(||w7/2u|\2+Hwy/zVqu)any/zqu“ [y j2ull2|[wy 2V ads
1 t
< E/ (lwy 2 Va3 + [[wy 2ull3) ds + Cuyy (wa/Z“Hz Ny 2wl 2v]a) 25 ds
< 16 [ s 2V ulB o+ By ds + Coy / IvIE> lul? ds.
We have found
t
|/ /(|u|2v+2p1u)-V(w7)dxds|
T
1 t
S;L/T(llvu(s)lligw + [lu(s)lz;, )dS+Cm/ [v(s HZ“ 5 Hu(S)H%g]y ds.
On the other hand, since w,, € A, we can write
t
<C, [ [ Ipallufw, dxds
T
<c, [ ulp 2, d
<Cy [ lullzy +lIp2llz, ds
T v Y

t
<C, [ llull?y + I ds.
T Y Y

t
/ pou - Vw,dxds
T

Finally, for the other terms, we have

// 1j(0iuj)wy + Fiju;o;(w,))dxds| < C //|1F| |Vu| + |u|)w, dxds

1<1]<3
_4/ IVuli, ds+C, / lulf; ds+C, / I3, ds.

Hence we have found the estimate (5.3) and Lemma 5.1 is proven. o
Using the Gronwall inequality, the following corollary is a direct consequence of
Theorem 5.1:

Corollary 5.1. Under the assumptions of Theorem 5.1, we have
sup [[ullly +[IVarliz om0z, )
0<t<T

Can(T+THSS o) B2
y o—
A,’Y( + HU”LA((O/T)’L%uy/Z))

< (lnllty, +ColFlonz,) ¢

Another important consequence is the following uniqueness result for the advection-
diffusion problem.

Corollary 5.2. . Let 0 < ¢ < 2. Let0 < T < +o0. Let ug € L2, (]R3) be a divergence-free
vector field and F(t, x) = (F;;(t, x))1< j<s be a tensor such that ]F(t x) € L*((0,T), L3, ).

Let « € [3, %] and let v € L*((0,T), L§, /2) be a time-dependent divergence free vector-
fields. Assume moreover that v € L?LY (K) for every compact subset K of (0, T) x R3.
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Let (w1, p1) and (uz, p2) be two solutions of the advection-diffusion problem

ou=~M—(v-V)u—Vp+V_-F,
V-u=0, u(0,-) = uy,
which satisfies for k € {1,2} :
o uy belongs to L*((0,T), L, ) and Vuy belongs to L*((0, T), L3, ) and py is a distri-
bution on (0, T) x R3
o the map t € [0,4+00) +— u(t) is weakly continuous from [0, +o0) to L%W and is
strongly continuous att =0 :
Then (u1, p1) = (u2, p2).

Proof.
We know that pj satisfy

pe= ), RiRj(uriv; — Fj).

1<i,j<3

Letw = u; —up, p = p1 — p2. Then we have

ow =Aw — (v-V)w —Vp,
V-w=0, w(0,-) =0,

Consider B € (%, %) and a verifying % + % = g + % For all compact subset K of
(0,T) x R®, we have w ® v to L?L2(K), and to L*((0, T), LE%) by (5.4).

We will verify that d;w is locally L>?H~!. Let ¢, € D((0,T) x R®) such that
¢ = 1 on the neighborhood of the support of ¢. We write

op = RO R(Y(vewW)) + 9RO R((1 - p)(vew)).

We get
[¢R @ R(p(v @ W))|[1212 < Copllp(v @ W)I| 1212 (8upp(y)) < +00
and
IR @ R((1 = 9)(v @ w))llr < Copllv@w)l g < +eo
Y
with
5\ 1%
L+ y)7\ 7t
Cow < Cllgllall =yl sup | [ (! < tos
o l v xeSuqu) yeSupp (1-¢) ‘X _y‘S

where we have used the fact that (3 — ’y)% > 3. Thus, we may take the scalar
product of d;w with w in order to find that

[wi? [w/?

W2
() a5 - [wwk =7 (5Ew) = v pw)

The assumptions of Theorem 5.1 are satisfied then we use Corollary 5.1 to find that
w = 0 and consequently p = 0. o
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We will use the following control.

Corollary 5.3. Assume the hypothesis of Theorem 5.1. If v is controlled by u in the following
sense: for every t € (0, T),

3_3
14

23— (-
Iy, < Consllu(®l7y :

N\'—‘

(I, + V], )

then there exists a constant Cy ., > 1 such that if Ty < T satisfies

Cun (1 1ol + [ 11T, a5) <1

we have

To
sup (1)l + [ Va9t ds < Cun1 4 ol + [ IEIR, d9)

0<t<T,
Proof. Since (5.3),
(@), + [ Ia)13, ds
<Iu(O)I; +Cy [ IF(s)IR, ds+Cuy [ Ivts ES la)R;, ds
As we have
3(a—2)

[lv( )Hz“ o S Comgllull 3™ iy, + IVl )™ &,

S5a—12
2(2a—3

and using again the Young inequalities with (2a 3) + y = = 1 we obtain

20
HV(S)HE%;;Z||u(5)|’%gu <Cuy|lull 2“3(Hulli2 + || Vul%, )22« 2

1 ) 2(7a—12)
<ol + IVuly )+ Coy 77
Thus, we find
(o), +5 [ IVal?, ds

2(7a—12)

t )
< Huollﬁgu7 +C7/O H]FH%% d5+cwrr/0 H“”%% +afl 7 ds.

As % < 6, and moreover, using Lemma 3.5 with the function a(t) = [Ju(t)[|?, +
wy

5 fo |Vu||?, ds, we get for a constant C, ,, > 0, if
Wy
1
2
Can (1+ Iy, + J5° IR, s )

Tp <
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then

sup (O + [ V(o) ds < Cun1+ ol + [ IEIR, a9)

0<t<Tp

5.2 Solutions to the advection-diffusion problem

In this section, we establish the existence of solutions for the linearized problem.
First, we consider the following stability result:

Theorem 9. Let 0 < < 2. Let0 < T < +o0. Let g, € L3, (IR®) be divergence-free vec-

tor fields. Let F, € L2((0,T), Li)y) be tensors. Let o € [3, 1] and let v,, be time-dependent
divergence free vector-fields wich belong to L*((0, T), L%, ).

zUzY'y/Z
Let (uy, pn) be solutions of the following advection-diffusion problems

oty = Auy, — (vn : v)un — v}?n +V - F,,

(LNSx) Vou, =0, uy(0,-) = upp

verifying the same hypothesis of Theorem 5.1.

If ug , is strongly convergent to ug o in Lw , if the sequence F, is strongly convergent
to Fe in L2((0,T), L%,W), and moreover, if the sequence vy, is bounded in L*((0,T), L% ),

Wy /2
then there exists U, Voo, Poo and an increasing sequence (ny)xeN with values in IN such that

® u,, converges *-weakly to u in L°((0,T), Lfvv), Vuy, converges weakly to Ve, in
L2((0,T), L,)).

® vy, converges weakly to ve in L*((0,T), Ly, ), pn, converges weakly to pe in

L*((0, To), Lg,w) + Lz((O To), L2 v, ), for a parameter B € (3, &%) and for a pa-
rameter a verifying % + ﬁ =243

e uy,, converges strongly to ue in L ([0, T) x R?) : for every Ty € (0,T) and every
R > 0, we have

To
1. - HBoo\vy zd d = U
koo Jo /y<R|unk(S’y) teo(5,y) s dy = 0

Moreover, (o, Poo) is a solution of the problem

(LNSOO) v ‘U = O/ u00<01 ) = u0,00/

and verifies the hypothesis of Theorem 5.1.

Proof.
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By Theorem 5.1 and Corollary 5.1, we know that u,, is bounded in L*((0, T), L%"v)
and Vu, is bounded in L2((0, T), L%UW). In particular, writing p, = pn1 + pn2 with

pnl—ZZRR Unzun] ZZRR n1]

i=1j=1 i=1j=1

we obtain, by (5.4) and (5.5), that p,,1 is bounded in L*((0, T), Lg,m) and p, is
bounded in L2((0, T), L%,W).

Let ¢ € D(R%). We have that the sequence gu, is bounded in L?>((0,T), H').
Moreover, by the controls for p,, we get that pod;u, is bounded in 212+ [2W 1B 4

L*H~! c L?((0,T), HTB) C L%((0,T), H"2). Thus, by a Rellich-Lions lemma there
exists ue € L2 ([0, T) x R?) and an increasing sequence (1y)reNn With values in IN
such that u,, converges strongly to u in L2 ([0, T) x R?) : for every Ty € (0, T) and

every R > 0, we have

To
li / s, 1Y) — Ueo(s,y)|?>dyds = 0.
LN A [un, (5, Y) — ueo(s,y)|" dy

As u, is bounded in L*((0,T), L w ) and Vu, is bounded in L?((0,T), L2 DAY
have that u,, converges *-weakly to u. in L*((0,T), sz) and we have that Vunk
converges weakly to Vue, in L*((0, T), L3, ).

Using the Banach—Alaoglu’s theorem, there exists v, such that v, converges
weakly to ve in L*((0, T), Lg, /2). In particular, we have that the term v, ;u,,; is

weakly convergent in (L% 5L6/ )1oc and thus in D’'((0,T) x R3). As by (5.4), this
term is bounded in L?((0, T), Lg)m ), it is weakly convergent in L*((0, T), Lg,m).

Let us write peoo = Poo1 + Poo2 With

3

3
Poot = Y ) RiRj(Vaojittenj), P2 = Z ZR iRj(Feoif)

i=1j=1 i=1j=1

As the Riesz transforms are bounded on the spaces Lg,m and L%W we find that

P, 1 is weakly convergentin L?((0, T), L8 )to Peo,1, and moreover, we find that p,, »

Wey

is strongly convergent in L2((0, T), L%,V) t0 Poo2.
With those facts, we obtain that (U, peo) verifies in D'((0, T) x R3):

Ol = Ao — (Voo * V)Uoo — VPoo + V - Foo, V - uee = 0,

In particular, d;us belongs locally to the space L?H, 2, and then this function has a
representative such that t — us(t, ) is continuous from [0, T) to D'(IR?) and coin-
cides with us (0, ) + fot 01U ds. We have necessarily ue (0, -) = 1, and thus u is
a solution of (LNSc).
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Following, we define

2 2
-V (p”kunk) + Uy, - (V : ]Fnk)/

uy u,, |? u, |?
Ank:_at<! k|>+A(| k!)_v_<(| il )Vnk>

and in order to take the limit when 7 goes to co, we remark that, as u, is locally
strongly convergent in L?L?; and locally bounded in L*L?, it is locally strongly con-
vergent in L”'L2, for p’ < co. Then, since w3V @ uy, is bounded in L*((0,T), L?), by
the Gaghardo-N1renberg mterpolat10n 1nequal1t1es we obtain u,, is locally strongly
convergent in L? L7 with 2 5 + 3 7> 3.

We know that py, is locally weakly convergent in L?LP and uy, is locally strongly
a B
convergent in L#1LFT since 2(1 — 1) +3(1 — %) = 2 -2 > 3 then p,u, con-
verges in the sense of distributions.

With these remarks we conclude that A,, converges to A in D' ((0,T) x R%)
where

[ueo

Aoo - _at( 7

U |? Uoo|?
)+A(’ 2|) V-((’2|)voo>—V-(poouoo)+uoo-(V-lFoo).

Moreover, by hypothesis there exists y,, a non-negative locally finite measure on
(0, T) x R3 such that

Since the definition of A, we can write A, = |Vuy, ]2 + pn,, and thus

Aw = lim |Vuy, >+ uy,.

Np—>=+00
By weak convergence, we have for a non-negative function ® € D((0, T) x R?)

/ Aw®dxds = lim //Ankcbdxds > lim sup //[Vunk]2®dxds

Hg—r+0 Ng—+00

2//|Vuoo|2<l>dxds.

Thus, there exists a non-negative locally finite measure pc on (0, T) x R? such that
Asw = |Vug |2 + Jieo, and then we obtain

|ueo e |?

uooz
55 —a ™) < jvucp - v (B5hee)
— V (Poolico) + Uoo * (V- Foo) — Yoo-

As in (5.9) with the functions (u,,, pn,) and with a = 0, and moreover, taking the
limsup when n; — 400 we have
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lim sup </ ‘u”"(tx”(prwdx—k/ /\Vunk\ ¢Rwyedxds>

Ng—>+00

/ ’uOoo (,b Wey e dX
- 1221/0 /aiuw “Uoo (W,c0iPR + PROIW- ¢ ) dx ds
L i

- / /Pwl]uoo](wwagblg+4>R8w7€)dxds—/ /Pooz]a Uco,j PR AX ds).

1<i,j<3

2
)voo,i + Poouoo,i] (w’y,eaiqu + (PRaiw’)/,e) dxds

t
Now, recall that u, = ugy, +/ druy, ds and then we see that for all t € (0,T),
0

uy, (£, -) converges to u(t, -) in D’'(IR®). Moreover, as uy, (t, -) is bounded in L%U7 (R3)

we get that uy, (¢, ) converges to us(t, ) in L2 (IR®). Then, we have obtained that

loc

(Ex)2 0|2
/W(I;Rw%e dx < limsup/WCPRw%S dx.

Ng—r—+00

On the other hand, as Vu,, is weakly convergent to Vue in L? Lw , we have

t 2 t
/0 /WQbRw%sdxds < ﬁmsup/ /|vunk|2¢Rw’7,€dXdS'
0

Ng—r—+00

Thus, taking the limit when R — 0 and € — 0, for every t € (0, T) we get :
s ()12, +2/ |Vue(s)]; ds
<lwowly, ~ [ [(Viaal) Vo, dxds
+// | oo! Vwa,dxderz/ /pmuw Vw,dxds

- (/ /lei,j(aiuoo,j)ww dx ds+/ /Foo,z-,]-uooriaj(wy) -Vw., dxds).
1<i,j<3 0

Now, in this estimate we take the limsup when t goes to 0 in order to find
: 2 _ 2
lim [lues (62, = fJuoeel;

which implies strongly convergence of the solution to the initial data (since we have
weak convergence and convergence of the norms in a Hilbert space). The proof is
thus finished. o

Theorem 10. Let « € [3, %] and v € [0, 8). Let ug be divergence-free vector fields such
that uy € L%U7 (R3). Let IF be a tensor such that F € L?((0, +o0), L%UW). Let v be a time

dependent divergence free vector-field which fulfills for every T > 0, v € L*((0,T), Ly, ,)-
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Then, the problem

ou=AM—(v-V)u—Vp+V_-F,

(LNS) V-u=0, u(0,) = u,

has a solution (u, p) which satisfies the assumptions of Lemma 5.1.

Proof. For the initial data ugr = IP(¢prup) € L2(IR3), for the forcing tensors Fr =
¢rF € L2((0,T),L?), and for vg = P(¢rv), we consider the solution (ug ¢, pr.e) of
the approximated system

8tuR,€ = AuR,Q — ((VR * 95) . V)uR,E — VPR,E -+ \vE IFR,

V-ure =0, ure(0,-) = uor,

where ug. € C([0,T),L*(R?)) N L%([0, T), H'(R3)) for every 0 < T < +oo, and
(ure, pre) verify all the assumptions of Theorem 5.1 (with energy equality). Since
L < 3, we have

(5.11)

VR *Bellieqory iy, ) < ClVRILs, < Clivi

« .
/Lw“,y/ Wy /2

Let R, be a sequence converging to +oco and €, a sequence converging to 0 and
let us denote up,, = ugr,, Fy = Fgr,, v, = Vg, ¥ €, and u, = ug, ¢, -
As ug, is strongly convergent to ug in L%W IF, is strongly convergent to IF in

L2((0,T), L%UW), and moreover, as v, is bounded in L*((0,T), Lg, ,) (since we have
(5.11)), we can apply Theorem 9, so there exists (u, V, p) and there exists an increas-

ing sequence (1 )ken With values in IN such that:

* u,, converges *-weakly to u in L*((0, Tp), L7, ), Vuy, converges weakly to Vu
in L*((0, To), L3, )-

4
Wy /2

weakly to pin L?((0, Tp), Lg,w) + L%((0, To), L%UW), for a parameter B € (3, %)
and a parameter a verifying 2 + % =243

e v, converges weakly to V in L*((0,Ty), L% ), the sequence p,, converges

e u,, converges strongly touin L2 ([0, Tp) x R3),
and moreover, (u, p) is a solution of the advection-diffusion problem

du=Au—(V-V)u—Vp+V_-F,
V-u=0, u0,-) =up.

which verifies:

e the map t € [0,Tp) — u(f) is weakly continuous from [0, Tp) to L%,W, and is
strongly continuous at t = 0.

e there exists a non-negative locally finite measure y on (0, T) x R3 such that we
have the local energy balance

VAL i LS
2

[uf?

| %
2

9t ( >

V)-V.(pu)+u-(V-F)—pu



68 Chapter 5. Discretely Selfsimilar Solutions

If we verify that V = v the proof is finished. As v, = 0, * (v, — V) + 8¢, * v, then
we verify that v, is convergent to vin D’((0, Ty) x R?). Thuswehave V=v. ¢

5.3 The mollified linearized problem.

We fix 1 < A < +o0.
Let 0 be an radially decreasing function in D(IR®) with [ 6dx = 1, in particular 6
is non-negative. We define

1 X

vy evi

We look for a discretely selfsimilar solution of the mollified problem

Be(x) = ) (5.12)

atue - Aue — ((ug * Ge,t) . v)ug - vpg + V . IF,
(NSe) V-u. =0, u(0,-) = uy,

we refocus the problem in the search of a fixed point for the application v — L(v)
where L¢(v) is a solution of the mollified linearized problem

oru=Au— ((vx0e)-V)u—Vp+V_-F,
(LNSc) V-u=0, u(0,-) = uy,

Lemma 5.2. Let a € [3, 2] and vy € [1,%). Let ug be a A-DSS divergence-free vector field
which belong to L3, (R®). Let IF be a A-DSS tensor wich satisfies IF € Lj, ((0,+00), L3, ).
Moreover, let v be a A-DSS time-dependent divergence free vector-field such that for every
T>09veL*(0,T)Ly, ,)-
Then, the linearized mollified problem (LNS,) has a unique solution (u, p) which satis-
fies all the conclusions of Theorem 10. Moreover, the function u is a A-DSS vector field.
Proof. As we have [v(t,.) * 0c¢| < My, ), we find

’

) < Capllvllsomyis -

[V (t) * Oc || L (0,7, L o2

Wy /2

Theorem 10 provides a solution (u, p) on the interval of time (0, T). Moreover, as
v x 0.+ belongs the space to L?LY (K) for every compact subset K of (0, T) x R?, we
can use Corollary 5.2 to conclude that this solution (u, p) is unique.

We will prove that this solution is A-DSS. Let @(t, x) = %u(ﬁ, 1) and p(t,x) =
%p(%, £). Remark that v « 0 ¢ is A-DSS. In fact,

1 Yy
AV %0, ) (A2E Ax :A/ V(A2 Ax — 0 d
( E,f)( ) R ( y)(e\/E>3 (6 /\Zt) y
1 Ay

3
e et

_ /R V(A2 Ax — Ay)

_ Y
= oVt e
= (vx0e4)(t, x).
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Then, we get (@1, f), is a solution of (LNS¢) on (0, T). Thus, we have the identities
(@, p) = (u, p) from which we conclude that (u, p) is A-DSS.
o

5.4 The mollified Navier—Stokes equations.

Fora € [3, 2] and for v € L*((0,T), L% ) the terms u of the solution provided by

'(U/Q

Lemma 5.2 belongs to L*((0, T), L%, ) by interpolation. Then the map Ley : v — u

Wy v/2
where L. ,v = u is well defined from

Xrya ={veL*(0,T),Lg, ,) / vis A —DSS}

to X7,,4. At this point, we introduce the following technical lemmas:

Lemma 5.3. For v > * — 2, X1, i a Banach space, and the norms o[ «(o,1) 15 orys)
2

and ||v||La ((0T/22)xB(0,1)) AT€ equivalents.

Proof. Using a change of variables, we get

/ / v(t,x)|*dxdt = A>~ "‘/ / v(t,x)|* dx dt
B(0,1)

and, for k € IN,

T
' v (b x)|* dx dt = AG-® (k1) [0 [v(t, x)|* dx dt
k-1 k ’ 1 1 ’ ’
0 JARI<x|<A 0 72<M<X

then splitting the integral in spatial variable we find

HVHM (OT)L8,, ,,)

+oco T
= b %) |“Wy o dx dt // ) fwn o dudt
/0 /B(Oll) vt )l Way/208 +Z M1 x| <Ak [v(t,x)| Way/2 0%

< /\S—a—%HvHa 1 —|—C 2/\ (5—a—")(k+1) Hszx

“((0,T/A%),xB(0,3)) ((0,T/A2),xB(0,1))
Since v > 1070 —2wehave5 —a — %1 < 0. Thus, };"% AG—a=F)(k+1) « 4 oo and
HVHL'X (onLy, ) ) S C"vHaa((o,T/)LZ),XB(O,%))'

The other estimate is clear

HVHO‘ ((0,T/A2),xB(0, < HVHLA ((0,T),L% /2)
Remark 5.1. In the condition y > 1 — 2 in Lemma 5.3, we observe that values of a close

0 % permit to consider values of <y close to 1.

Lemma 5.4. Let « € [3, %) and v € (22 —2,8), the mapping Le, is continuous and

o
compact on Xt 4.

Proof. Let v, be a bounded sequence in X7, , and let u, = L 4v,. Remark that,
as ”‘2—7 < 3 the sequence v,(t) * 0, is bounded in Xt ,. Using Theorem 5.1 and
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Corollary 5.1 we have that the sequence u, is bounded in L*((0, T), L%,Y) and more-
over Vu, is bounded in L*((0, T), L3, ).

Thus, by Theorem 9 there exists U, Poo, Voo, and an increasing sequence (1 )xeN
with values in IN such that we have:
e u, converges *-weakly to ue in L®((0, T),L%Uy), Vu,, converges weakly to
Vue in L*((0, T), L3, ).

o v, * 0 converges weakly to Vo in L*((0, T),

wmﬂ)

e py, converges weakly to pin L*((0, Tp), Lg,vﬁ) + LZ((O To), 27),foraparameter

Be (3 10+a) and a parameter a verifying 2 + 3 3= =243

e u,, converges strongly to ue in L2 ([0, T) x R®) : for every Ty € (0,T) and

every R > 0, we have

loc

To
]-. / 7 - WUoo oy 2d d :O/
N A L

o = Ao — (Voo - V)tueo — Vpoo + V - F,

Ve =0, upe = up.

We will prove the compactness of Le . As before /@, u, is bounded in L/3((0, T) x
IR?) by interpolation hence strong convergence of u,, in L2 ([0, T) x R®) implies the
strong convergence of uy, in L C((0 T) x R3).

Moreover, we have that u, is still A-DSS (a stable property under weak limits).
With these information we obtain that u, € X7,/ and

lim / / 1 lun, (s,1) —ue(s,y)|*dsdy =0,
A

Ni—+00

which proves that L, is compact.

Now, we prove the continuity of L¢ 4. Let v,, be such that v, is convergent to v,
in X7,y 4. Then if we take a convergent subsequence of u,;, = L4V, with limit u., we
necessarily have uew = Leq (Voo ), thus the relatively compact sequence u,, can have
only one limit point which is L¢ 4 (Ve ), hence uy, is converges to Le 4(Veo). Then L 4
is continuous. o

Lemma5.5. Letw € [3,%). Let y € (2 —2,8). If y € [0,1] and u solves u = pLcq(u)
then
]| x7,, < CugFrya

where the constant Cy a1, depends only on ug, IF, v, &, T and A (but not on y nor on
€).

Proof. We let it = %u, so that

—((ux6es) V)a—  Vp+V-F,
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where Vp = V(L ¥ RiR;j[(w; * 0c ¢ )u;] — pFj).
Multiplying by i, we obtain
oru =Au— ((ux6et) - V)u—Vp+ V- uF,
V-u=0, u(0,-) = puy.

We consider the constant C, , given in the Corollary 5.3, and we take Ty € (0, T)
such that

T, 2
Ctx,'y <1 + HuOHizv’y +/0 H]FH%%W dS) TO S 1,

which implies

To 2
Con (14wl + [ InE13; ds) To<1,

then we have the controls

sup ||u(t) iz +/ V| 2 ds

0<t<Ty

< Con(U4 2wl +12 [ IEIR, do)
< Can(1+ w3, + / IF|3, ds)

In particular, by interpolation

Ty
| ity as

is bounded by a constant Cy, F,,,» and we can go back from T to T, using the self-
similarity property. o

Lemma 5.6. Let a € [3,%)). Let v € (12 —2,8). There is at least one solution ue of the
problem ue = Le o (ue).

Proof. The uniform estimates for the fixed points of the application pLe for 0 <
u <1 given by Lemma 5.5, and Lemma 5.4 permit to apply Leray-Schauder princi-
ple and Schaefer theorem to find a solution of the problem ue = L¢ 4 (ue). o

5.5 Existence of discretely self-similar solutions.

Proof of Theorem 8

As v € (1,2) we know that uy € L%W We take a € [3,%) such that y € (L —
2,9,

7w
We consider u, solutions of the problem ue = L¢(ue) given by Lemma 5.6.

Lemma 5.5, shows that ue * 6, ¢ is bounded in L“((0, T), L% ). Theorem 5.1 and

W/z

Corollary 5.1 allow us to conclude that u, is bounded in L*((0, T), Lz207> and Vug is
bounded in L*((0, T), L3, ).

Theorem 9 provides u, v, p and a decreasing sequence (€x)xeN converging to 0,
such that
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e u., converges *-weakly to uin L*((0,T), L%Uy), Vug, converges weakly to Vu
in L2((0,T), L2, )

® u, 0+ converges weakly to vin L*((0, T), Lg, y )

e p., converges weakly to p in L?((0, Ty), Lb, ﬁ) + LZ((

To), L ), for a parameter
Be (3 10+a) and a parameter a verifying 2 + 3 3= =243

e u,, converges strongly touin L2 ([0, T) x R?)

e and
ou=Au—(v-V)u—Vp+V-F,
V-u=0, ug = ug.
The proof is finished if v = u. As we have uek % 0ct = (Ug, — W) *Oc ¢ + kO, ;. We

remark that u * 6 ; converges strongly in L2 ((0,T) x IR®) as € goes to 0 and then
. * O¢, + converges to u in D'. o
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Chapter 6

The incompressible
magneto-hydrodynamics equations

It is natural to look for extend the results obtained for the (NS) equations to the more
general setting of the coupled magneto-hydrodynamics system:

ou=Au—(u-Vju+(b-V)b-Vp+V-F,
b =Ab— (u-V)b+(b-V)u— Vg,
V-u=0,V-b=0,

u(0,-) = ug, b(0,-) = by.

(MHD)

where the fluid velocity u : [0, +o0) x R*> — R3, the fluid magnetic field b : [0, +-00) x
R3 — R3, the fluid pressure p : [0, +00) x R* — R, and g : [0, +00) x R?> — R are
the unknowns. On the other hand, the data of the problem are given by the fluid
velocity at t = 0: ug : R3 — R3; the magnetic field att = 0, by : R3® — R3; and the
forcing tensor IF.

Observe that Theorem 3 gives sufficient conditions to determine the pressure
terms through the formulas

p = ZRI'R]'(L[Z‘M]‘ — bzb] — Fl',]')
i

q= ZRiR]'(ujb]' — b,'u]') =0.
ij

Note that the proofs in this chapter also work if one introduces different con-
stants in front of Au and Ab.

6.1 DSS solutions

It is not complicated to verify that the theory developed for discretely self-similar
solutions in the Chapter 5 can be generalized to the case of (MHD) equations. We
will only give a light about how it works.
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First, we look for solutions of the linearized system

du=Au—(v-V)u+(c-V)b—-Vp+V_-F,
db=Ab— (v-V)b+ (c-V)u—Vy,
V-u=0,V-b=0,

u(0,-) = ug, b(0,-) = by.

(MHDL)

Proposition 6.1. Let a € [3, 2] and y € [0, ¢). Let u, by be divergence-free vector fields
such that ug, by € L%,,7 (R3). Let F = (F;;)1< j<3 bea tensor belonging to L*((0, +o0), LZZUW).
Let v, ¢ be time dependent divergence free vector-fields such that, v,c € L*((0,T), L% ),

ZU,X,},/Z

for every T > 0. Then, the advection-diffusion problem (MHDL) has a global solution
(u,b, p, q) which satisfies

o u,b belong to L*((0,T), L, ) and Vu, Vb belong to L*((0,T), L7, )

* The distributions p and q are related with u, b, v, c and F by
p = ZRiRj(Ui”j — Cib]‘ — Fi/]‘)
if

and
q= ZRzR](Uzb] — ciu]-)
ij

o themap t € [0, +00) > (u(t),b(t)) is weakly continuous from [0, +c0) to L7, , and
is strongly continuous at t = 0 :

e the solution (u,b, p,q) is suitable : there exists a non-negative locally finite measure
pon (0,+00) x R such that

>+ b2 PR o2 op [u]> | [b?
=V (pu) =V - (qb) + V- ((u-b)e)
+u-(V-F)—pu
(6.1)
Sketch of the proof

We consider the mollified problem
diuge = Aure — ((VR*0¢) - V)ure + ((cr % 0¢) - V)bre — Vpre + V - Fg,
atbR,e = AbR,e - ((VR * 96) : V)bR,e + ((CR * 96) : v)uR,e - VQR,ez
V'uR,e :0, v'bR,e :O,

UR e (O/ ) == uO,R/ bR,e(Ol ) = bO,R/

where (ugr, bor) = (P(¢prug), P(¢rbo)) € L?(R3), Fr = ¢rF € L2((0,T),L?), and
(VR, CR) = IP(¢RV,¢RC).
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We find solutions (ug ¢, bre) € C([0,T), L2(R%)) N L2([0, T), H'(IR®)) which sat-
isfy the following energy equality, where we omit the subscripts,

ul? 2 ul? 2 ul? 2
ou( L IBE) A MBI wupe - wbp - v (E 4+ By
=V (pu) = V- (qb) + V- ((u-b)(c*b))
u-(V-F)

Then, we pass to the limit when R goes to +co and € goes to 0, using the a priori
controls, described in the following Proposition, and compactness. o

To simplify the notation, for a Banach space X C D’ of vector fields endowed
with a norm || - || x, we denote

1w, v)I% = lullk + v, and  [V(u,v)[% = [Vulk + Vvl

Proposition 6.2. Let 0 <y < 2and 0 < T < +oo. Let ug, by € L, (R?) bea divergence-
free vector fields and let F € L2((0,T), L%UW) be a tensor. Consider o € [3, ] and v,c €
L*((0,T), Ly, ,) two time-dependent divergence free vector-fields.
Let (u,b, p,q) be a solution of the following advection-diffusion problem (MHDL).
which satisfies :

o u,b belong to L*((0,T), L, ) and Vu, Vb belong to L*((0,T), L7, )

* p, qare distributions on (0, T) x R®
o themapt € [0,+00) — (u(t),b(t)) is weakly continuous from [0, 4o0) to L%U , and
is strongly continuous at t = 0

e the solution (u,b, p,q) is suitable : there exists a non-negative locally finite measure
pon (0,+00) x R3 such that

ul? + [bf>

) ul* + [b|?
2

u2 2
AR - v - v (('2' T "’2'>)
SV (pu)— V- (gb) + V- (- b))
u-(V-F)—pu.

9 (

Then we have the following controls:

o If0 < vy < 2, then for almost every T > 0, and for T = 0, we have for all t > T,
t
[ b)O1, +2 [ (19@b)E)R; )ds
t

<o) — [ [ V(ul+[bP)- Vo, dxds

wWey T

t ’u|2 ’b‘z t
—|—/ /[(T—FT)U] -vadxds+2/ /pu-an,dxds 6.2)
t t

+2/ /qb-Vzw,dxds%—Z/ / [(u-b)c| - Vw, dxds

-2 ) // (0514) wydxdsvt//FZ]u]awﬂ,dxds)

1<,j<3
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the map t — (u(t),b(t)), from [0, 4+00) to L%U , is right strongly continuous almost
everywhere, and moreover

I (u HLz +/ |V (u,b )H :, ds

<l v)(OlF; +C, / B2, ds 6.3)

+Ca'y/ H v, C HZa S/ZH(u,b)(S)H%gM ds.
o Ify =0, then for almost all T > 0 and for T = 0, we have for all t > T,

) (1) +2 / (19 b)) 22)ds
<|wb) (D) +2 ¥ //Pl,au] dx ds,

1<i,j<3

the map t — (u(t),b(t)), from [0, +00) to L%U , is right strongly continuous almost
everywhere.

Sketch of the proof

As all the terms of order three in the right side of the energy balance are written
in a divergence form, we can introduce the weights w., as for (NS) to obtain a priori
controls.

We will just to illustrate how to pass from (6.2) to (6.3). The rest is very similar to
the case of the Navier-Stokes equations.

First, remark that the gradient terms (Vp, Vq) are necessarily related to (u, b, v, c)
and [F through the Riesz transforms R; = \/a_LA

Vp=V ( Y. RiRj(uivj — bicj — Fz',j)) :

1<i,j<3
and
Vg=V < Z RiRj(Uib]' - C,’Mj)) ’
1<i,j<3
where :

For B € (3, 18%) C (3 3) and a verifying 2 —|—% =24 3 (sothata € (2, 2%.))
we have

: Z SRiRj(uiU]’ — biC]') S L”((O, T) Lﬁm(]Rd)),
<ij<
Y RiR;(vib; — ciuj) € L*((0,T), LE, (RY)).

1<6,j<3

and
Z RiR]'Fi,j S Lz((O, T), Li@)'

1<i,j<3
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We write p = p; + p» where
3 3 3 3
pP1= E 2 RZ‘R]'(ZJZ'M]' — Cz'b]'), p2 = — Z E RZ‘R]'(FL]'),
i=1j=1 i=1j=1

Since w2, € A 2 We have the following control
2+a +a

‘/Tt /(\u\2v+ Ib>v +2((u-b)c) + 2p1u + 2gb) - V., dx ds
<Cy /:/(\u\z\vl + [b2[v] + 2Jul[bl[c| +2[p1|[u] + 2|q1|[b]) w3/? dx ds
<Cary /Tt 0y 2ull 2 (lfwoy vllull] 2o + [y ] [b]] 2 ) ds

+Cay /Tt 0y2b ] 2 (g [BIVIl] 2o + lleog ] [u]] ) ds
<Cus /Tt o0y 2] 22, (llwy r20ll2]l20 2V ]| + 1wy /2b]l2 [[wyella) ds

t
+Cuc,7/T [y /2bl| 20 ([ 2b[2]|wy s2V]la + [[w0y /20|20y /2¢]|) ds.

At this point we need to estimate each term above but, for the sake of simplicity, we
will only treat one term in the right side since the other terms follow the same esti-
mates. We remark that -2 € 5, 6], thus, using the Gagliardo-Nirenberg inequality
we find

3 a3
[wy2ul 2 < Can[[V (w5 20|35 [[wy 20"

3 a=3
< Cay(llwy s2ull2 + [[w, 2 Vull2) @ |wy oul[

2u

-3
2

=1 we obtain

and then, using the Young inequalities with 5= +
t
Cuy [ Nwy2u] 2 [0y 2Bl ac] s
t 3 )
< Cay | (wy/2ull2 + [l 2Vall2)e Jwy 2ull,* flwy2bllallwy 2cllads

1 f f a3 20
< 16 [ U2 Vul + oy 2u3) ds + Cuy [ (g 2ully” 1y bl g 2clla) 25 ds

1 t t 20
< 6 [ U Vul + oy zul3) ds + oy [ IIclE® (lullfy + b2, )ds.

wy/2

Treating the other terms in the same way we are able to write
t
| / /(yu|2v+ b2v +2((u-b)c) +2pru+2q:b) - V(w, ) dx ds|
T
1 gt
<5 [UV@BEE: + b)), )ds
T v wy

t 2w
+Cor [N @IE 1w b)), ds
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On the other hand, since w., € A, we can write

t t
/ /pzu-Vdexds §C7/ /|p2||u|w7dxds
T T

t
<Cy [ Nl + lpall ds

t
<C, [ (w b3 +IFIE, ds

The other terms are easier to treat.
o
The rest of procedure to obtain discretely selfsimilar solutions works without
significant changes. We apply the Leray-Schauder principle and Schaefer theorem
to find a point fixe of the application L., which sends a pair of discretely selfsim-
ilar vector fields (v, ¢) into the discretely selfsimilar solution (u,b) of the mollified
linearized problem

du=Au— ((vx0et) - V)u+ ((c*0c) - V)b—Vp+V-F,
b =Ab — ((vx60et) - V)b+ ((c*0c) - V)u— Vg
V-u=0, V-b=0,

u(0,-) =up, b(0,-) = by,

(LMHD,)

and we passe to the limit. As in the case of the Navier—Stokes equations, we find
p= ZRZ'R]'(MZ'M]' — bzb] — Fi,]')
ij

and

q= ZRiRj(uibj — b,'uj) =0
ij

Remark that the structure of the function 6, defined in (5.12) permits to transfer
the selfsimilarity property to the solution. Then, we arrive as in the case of the
Navier-Stokes equations to the following conclusion.

Theorem 11. We consider a real number A > 1 and we let ugy, by be two A-DSS vector
fields, and be locally L?.
Let v € (1,2). We consider a A-DSS tensor F which belongs to L2 ((0,+c0), L?UW).

loc

Then, the (MHD) equations has a global weak solution (u,b, p,q), with q = 0, such that :
* u,bare A-DSS vector fields

e the distributions p and q is related with u, b and FF by

p = ZRZR]<L£,L[] — b,b] — Fl',]')
L]

q= ZRiRj<uibj — biuj) =0
i

o for every 0 < T < oo, u,b belong to L®((0, T),L%Uy) and Vu, Vb belong to
L*((0,T), L3, )
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o themapt € [0,4+00) — (u(t),b(t)) is weakly continuous from [0, 4o0) to L%U , and
t =

),
is strongly continuous at 0
e (u,b,p) is suitable : it verifies the local energy inequality (6.1).

In the next section we present a new result which we have not still addressed in
the context of the Navier-Stokes equations.

6.2 Weak-strong uniqueness in weighted spaces

The study of uniqueness of Leray weak solutions for the Navier-stokes equations
remains an outstanding open problem, so research community has attired the atten-
tion to look for supplementary assumptions in order to ensure the uniqueness of
solutions. This kind of statements are known as weak-strong uniqueness results.

We complement the study of the (MHD) equations in the framework of weighted
L? spaces with a weak-strong uniqueness theorem. This result, is obtained in the
setting of the multiplier space Xt which we introduce as follows:

For a time 0 < T < +oo fix, let us denote Et the energy space of the time-
dependent vector fields v belonging to L®((0, T), L?) and such that Vv belongs to
L%((0,T),L?). Er is doted by the norm

VIR, = sup (e )+ [ 19, ) s,

Then, we define Xt the space of pointwise multipliers on (0, T) x R? from Et to
L?((0,T), L?), which is a Banach space with the norm:

[ullx; = sup H“VHLZ((U,T),LZ)-
Ivllep <1

Moreover, we define X(TO)

to € [0, T) we have

the space of multipliers u € Xr such that for every

linth ’|]1(f0,f1)(t)u(t/ ')HXT =0.

t— 0

(0)

The multiplier space X;’ gives us a natural and general framework to prove
a weak-strong uniqueness criterion. More precisely, based on the classical Prodi-
Serrin’s type condition (Prodi, 1959; Serrin, 1962) for the (NS) equations, we obtain
the following result.

Theorem 12 (Weak-strong uniqueness). Let 0 < o < 2. Let 0 < T < Ho0. Let
up, by € L%U (R®) be divergence-free vector fields, and moreover, consider a forcing tensor

F e 12((0,T), 12 ).

Wey

Let (u,b,p) and (i1,b, p) two solutions of the (MHD) system, with initial data uo, by,
forcing tensor IF, and such that :

e u,b,ii, b belong to the space L*((0,T), L%UW) and Vu, Vi, Vb, Vb € L2((0,T), L%UW)
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o themapst € [0,T) — (u,b)(t,.)andt € [0, T) — (i1, b)(t,.) are weakly continuous
from [0, T) to L, (R?), and are strongly continuous at t = 0 :

lim || (u(t,.) —uo,b(t,.) = bo)ll12, =0,

t—0
and )
tim (1) — u0,B(t,2) — bo)[12. = 0.

t—0

e there exist non-negative locally finite measures y and v on (0, T) x R3 such that

2 |pl2 2 4 (p)2 2 |pf?
ou( Ry —a (TR - wop - v (154 B )
+V-[(u-b)b]+u-(V-F)—y,
(6.4)
and
~12 52 ~12 52 B ~12 52
() —a P —wa - wbp - v (15 + B+ pln)
+V - [(@-b)b) +it- (V- -F)—v.
(6.5)

Ifu,b X(TO) and if the product u - V p is well defined as a distribution, in the sense that V
belongs to Lllo . and the pointwise product u - Vp € LY | then we have (u,b,p) = (1, b, p).

loc’

P.G. Lemarié-Rieusset used the space X(TO ) to prove a weak-strong uniqueness cri-

terion of weak Leray solutions (see the Theorem 12.4, page 359 of the book (Lemarié-

Rieusset, 2016)). He proves some examples of embeddings E C X(TO ),

We may observe that we also need the assumption that u - Vj is well-defined in
the distributional sense, which essentially is a technical requirement. However, in
some particular cases this assumption is no longer required. For example, this is the

case of the space LP((0,T),L7) C X(TO) (with2/p+3/g=1and 2 < p < +o0) where

the products above are well defined. Indeed, we remark that Vp € L?((0,T), Lfo o)
11

1 _1_lapndl—q1_1 : 1 _1_ 1,491 _1_1

where 5= 1—3 and j=1—4 To V?I’lfy th,at, let V=P and 7= 2 by
interpolation we find that ,/w,a, ,/w,b € L ((0,T),L7). Then, for a test function
p D (1R3), using the continuity of the Riesz transforms, and moreover, assuming

F = 0 (only for the sake of simplicity) we have

1@V Pl ors < Collwy Vil o < Co Y w0y 0k (ii;) + Ok (Bibj) || ora
i,jk

< Clllvwytll o llv@y Vil ez + /@by g |0y VB 212).
Thus, if u € LP((0, T), L7) then we have u- Vp € L} ([0, T] x R3).

loc

Proof of Theorem 12

By the characterization of the pressure term given in Chapter 2 (with the dimen-
sion d = 3), we know that p can be taken as follows, let us choose ¢ € D(1R3) such
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that ¢(x) = 1 on a neighborhood of the origin and let us denote h;; = u;u; — b;b; —
Fij,and ®;;, = (1 — ¢)0,0;G3, with G3(x) = ‘17‘, then we can take

p=2_(99i0;Gs) * hi + Z/(q)i,j,qo(x —Y) = Pijo(=y))hij(y)dy,
i i

As /Wy, /w,b € L*((0,T),L?) and ,/w,Vu,,/w,Vb € L?((0,T),L?), we
obtain by interpolation that w,u and w,b belong to L7L" with 2 + % = 3 and

4 € [2,+o0]. Taking r € (1, min{%, % ) and 4 satisfying % + % = 3, we get that
RiR;(uinj), RiR;(bibj) € L((0,T), Ly, (R)),
and by the continuity of the Riesz transforms on L3, (R*) we have
RiRjFj € L*((0,T), L3, (R7)).
Indeed, the following estimate holds: taking b given by % + % = 3, we can write

H RiR;(uiu;)

L((0,T) Ly,., (R3))
< C%r||”z‘uj||Lﬁ((0,T),Lf

'wr')/

< C’WH V Wy uiHL""((O,T),LZ(IR3)) ) ” V Wy u]’HU((Q,T),L@(RS))

(R%))

1~ 1+%=
<yiC,, HuHLoo((o,T),L%w(Rs))

1
T a
() i o)+ 19006 i, s )

Thus, as the Riesz transforms are well-defined for all the terms composing the pres-
sure terms, we have necessarily the identity

p = Z RZ‘R]'(MZ'M]' — bzb] — Fi,]').

1<i,j<3

The corresponding identity hold true for the pressure term f.

Now,letv=u—i@,w=b—b,anda = p — p. So, we will prove the identities
v=0,w=0anda=0.

Using the identity
[vI>+ [w> _ ul>+ b |4 +[bf? - :
5 — 5 + > u-i—b-b, (6.6)
we write
v+ wl?y o a4 [bP? [af> + |bJ?
e I A (6.7)

—U'atﬁ—ﬁ'atu—b’atB—B'atb.
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Recall that by assumption, the terms u - o;iiand b - atl:) are well-defined as distribu-
tions so it remains to verify that the terms @ - dyu and b - 9;b are also well-defined in
the distributional sense. For this we have the following simple lemma.

Lemma 6.1. Within the framework of Theorem 12, as we have u,b € Xt then we get
ii-ome Ll ([0,T) xR andb-9;b € L} ([0, T] x R3).

loc loc

Proof. We shall verify that we have @ - d;u € L} ([0, T] x R®). The treatment for
the other term b - 9;b follows the same lines.

Aswehavediu = Au— (u-V)u+ (b- V)b — Vp + V - F, then we formally write
t-du=u-Au—u-((u-V)u)+a-((b-V)b)—a-Vp+a-(V-F),

and we must prove that each term in the right side belong to L} ([0, T] x R®). We
detail the computations for the terms @ - ((u- V)u) and @ - Vp. Let 0 < t < T and
let ¢ € D(R®) be an arbitrary test function. We set ¢ € D(IR®) such that 0 < ¢ < 1

and ¢ = 1 on supp(g).

For the term @ - ((u- V)u), as div(u) = 0 we have (u-V)u = V- (u®u) and
then

gt ((u-V)u)dxds =) @i;0;(uju;) dx ds
ij
= Z q)ﬁiaj(lp u]-ui) dxds,
ij
therefore we can write

/Ot/q)ﬁ-((u-V)u)dxds

t
<CY [ gl 13, 5+ ds
i,j

t
SC/O IV (e)[|2][¥(u@u)ll12ds < Cl[V(pn)]| 212 [lu @ (Vwgu) [ r2p2

<Cyr(lvwyalporz + [y Val i) [l x, | V@ ulle; ds
<Cyr(lv@yall ez + |/, V| 212)
x [ullx; ([lv/@wyull ez + vy Vall 212) < 0.

Now, we study the term @ - Vp. Let us write

(6.8)

Vp =V ( Z RiRj(uiuj — blb] — Pj/j))

1<i,j<3
Y ( Y. RiR;(uu;— bibj)> -V < X RiRj<Fi,j)>
1<i,j<3 1<i,j<3
=Vp1+ Vpa.
The term 1@ - Vp; is easily estimated by the hypothesis on the tensor [F and the com-

putations above. Thereafter, for the term Vp;, following the same estimates per-
formed in (6.8), and using the fact that R;R; is a bounded operator in the space 12,
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we find

-t
[ [ on-Tpraxds| <Conllyamalie + v val )

% (lllxe (| /@7l 0z + /@ V| ag)
+Blxe (| @bl 1z + | /B3 Vbl a1z) ) < +oo.

The lemma is proved.

Once all the terms in (6.7) are well-defined as distributions, we use the locally
energy balances (6.4) and (6.5) to obtain

2 2 2 2
oM oy = aBEEEE) g o
[ul>  |b]?
al2 o+ (b2 ~ a2 b2
+A(|“| + [b] )—|Vﬁ!2—\Vb]2—V-<[|u|+H+ﬁ]ﬁ>
2 2 2
+V-[(@a-b)b]+1i-(V-F)
—u-atﬁ—ﬁ-afu—b-Btf)—f)-atb,
which we order as
v|2 + |wl? ul? + |b]? i|? + |b|?
YR L | s SN L

(1)
—|Vul]? = |Vb|* — |Vi|*> — |Vb|>* —u-0/i —@-0u—b-9;b —b-9;b
2)

RV L Ll RN 1L R LG
V<[2+2+p]u \v4 [2+2+p]u
+ V- [(u-b)b] + V- [(@-b)b]
+u-(V-F)+1i- (V- F).

Now, in order to rewrite that in a most convenient form, we use (6.6) to treat the
terms (1) and (2), so that

2 2
J v = s v wp

—(9su — Au) - @t — (9ii — Adi) -u — (9;b — Ab) -b — (3;b — Ab) - b
@)
u2 2 ﬁ2 -2
v <[’2|—|—“2’+p]u> V. <[|2‘+“’;’+ﬁ]ﬁ>
+V-[(u-b)b]+ V- [(@-b)b]
+u-(V-F)+a-(V-F).
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Thereafter, to study (3) we use the fact that (u,b, p) and (4, b, #) are two solutions
of the equations (MHD). Thus, we find

V2 W2 V2 W2
o (M) v = A g ww?
-V <‘u’2u+’ﬁ’2ﬁ>+((u-V)u) a+ ((@a-Vya)-u
2 2
i (4)
-V <‘b2’2u+ “92|2ﬁ>+((ﬁ-V)B)~b+((u V)b)-b
(5)
LV ((u-v)b) — ((B-V)B)-u—((b-V)b) @
LV ((a-9)B) — (B V)a) b ((b-V)u)-b
— V- (av)

We look for rewrite the right side as a sum of terms of the form

V- ((x-y)z)

where at least two elements of {x,y,z} belong to {v, w}, or terms of the form

(x-V)y) -z

where y € {v,w} and at least one element of {x,z} belongs to {u,b}. As we will
see, this fact will us permit to use the hypothesis u, b € X7 to get a good control and
apply the Gronwall inequality.

For the term (4), we observe that

hence

We treat (5) in a similar way. As

(- V)b) b+ ((u-V)b)-b

we find
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With these identities on (4) and (5), we get

[v[? + [w|?
2

u>+((v~V)v)-u

v|? + |wl?
at<|’ 2| |

B v-(uta) v}
\Y (2 v+ >

W - b W2
( (‘;“’)w | 2' u> +((v-V)w) b
(u-b)b) — ((b-V)B)-u—((b-V)b) @

©)
+V - ((@-b)b) — ((b-V)a) ' b—((b-V)u) b,
)

)+ ut+v=A( ) — |Vv]? = |[Vw|?

-V
1V (

— V- (av).
In order to obtain (6) and (7), remark that

V-((u-b)b) + V- ((ii-b)b)
=V - ((u-w)w) + V- ((u-w)b) )
+V-((v-b)w) =V -((v-b)b) + V- ((u-b)b
) )

6)+ (7) =V - ((u-w)w) +V-((v-b)w) + V- ((u-b)b) + V- ((@-b)b)
—((b-V)b)-u—((b-V)b)-ii— ((b-V)&t)-b—((b-V)u)-b
=V-((u-w)w)+V-((v-b)w)
+((b-Vu)-b)+ ((b-Vb)-u)+ ((b-Va)-b)+ ((b- Vb))
—((b-V)b) - u—((b-V)b)-i— ((b-V)at)-b—((b-V)u)-b
=V ((u-w)w) + V- ((v-b)w) + V- ((v-w)b)
—(w-V)w)-u—((w-V)v)-b
Thus, we get
at(|v]2—;|w\2)+ +V_A(|V’ZJ;|W‘2) V2 — [V
2
v (Y (u+u)v+‘vz|u>—|—((v~V)V) u
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which we rewrite in the following way

(P IWE Y P 1 w4t
t 5 A w u+v
v[> + |w]? v-(uta) w-(b+b) [v]*+|w]
:A(Z)—V-< 112 Wyt 5 v+ 5 u>
Ay
+ V- ((v-B)w+ (u-w)w+ (v-w)b) (6.9)
A,
—((w-V)w))-u—((w-V)v))- b+ ((v-V)v) - u+((v-V)w)-b
As
— V- (av).

We will apply (6.9) to a suitable test function. First, we consider the function a; 4, ,
defined in (5.7), which converges almost everywhere to 1}, ;| when 77 — 0 and such
that 9y« 1, 1, is the difference between two identity approximations, the first one in
to and the second one in #;.

Thereafter, we consider a non-negative function ¢ € D(R3) which is equal to 1
for |x| < 1and to 0 for |x| > 2 and we set

_ 1
Fore > 0, we denote w,, . = RSy We may observe that a; q,s(t) PR (X)Wa,e(x)

belongs to D((0, T) x R®) and &y 4,(£)Pr (x)w-,e(x) > 0. Thus, applying (6.9) to this
particular test function, we obtain

2 2
+ (W
— //|V| 5 [wl Ottty to,t; PRW-,e AX dS + //(‘V"‘z + VW) a0, pr1y eddx ds
< — Z// 0i(V-V+W-W) &yt 1 (Wo,e0ipR + PrOW, ¢ ) dx ds
i
_ Z//(Al + Az)i Xy to, b (w%eai(PR + 4>R8iw%e) dx ds

+ // Az 0y o 1y QRW-y e dX ds

+ Z //(av)i Xy to (Wn,e0ipR + PRO; W, ¢ ) dx ds.
i

In this inequality, we take the limit when 7 — 0. By the dominated convergence
theorem we obtain (when the limit in the left side is well-defined)

. vl|? + (w 2 f
s / Hz”"’f“wortl PRW-e dx ds + /t / (IVV* + VW) pruwyedx ds
t
. Z/ 1 /ai<v VAW W) (wv,eaipr + ¢Raiw7,e) dx ds
i /to
t f
- E/t /(Al + A2); (Wq,c0iPR + PrO; W) dx ds + /t /A3 PRI, ¢ dx ds
i to o

ty
" Z/to /(av)" (Wy,c0iPr + PROjW,¢) dx dis.
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We take tp and t; two Lebesgue points of the measurable function

ARe(t) = /(!V(tIX)\z +|w(t, x)2)Pr (x)wy e (x) dx,

so that we have

v|? + |w|? 1
—//wat“n,ms‘l’Rw%e dxds = —E/at“n,a,sAR,e(s)dsl

and

. v|? + |wl? 1
lim ~ / Hz"ataﬂ,a,sqmw%e dxds = (Are(h) — Are(to)).

Thereafter, the continuity at 0 of v and w allows us to let ¢y goes to 0 and thus we

replace fo by 0 in this inequality. Additionally, if we let t; goes to f, where t € (0,T),

then by weak continuity we know that Ag(t) < li¥n i?f ARre(t1), so that we may
1—

replace f; by t as well. In conclusion, for every t € (0, T) we have

/Iv(t,.)lzzIW(t,.)\Z(PRw%EdH/Of/(WV|z+Ww|z) prio, odx ds
< — Z/Of/ai(v VAW W) (W0, e0iPR + PRO;W, ¢ ) dx ds

- le /Ot / (A1 + A); (wy,e0ipr + PrO;W, ) dx ds

+/0t/A3 wn,dxds+2/0t /‘(a")i(wv,eaiq?Rde)Raiw%e)dxds.

In this inequality, we take now the limit when R — +oo, and after that, the limit
when € — 0 to get:

v(t, - 2+ w(t, - 2 t o,
/| — 2| () wydx+/0/(|VV|2+|VW!2)wwdxd5

t t
§—//V(v-v+w-w)-Vw7dxds—//(A1—|—A2)-Vw7dxds
0 0

L

t t
+/ /A3w7dxds+/ /aV-wadxds.
0 0
I 13

Now, we shall estimate the terms I, I and I3. Recall we denote

JOvE+ wP)wsdx = [y, (v, w)lEs, [(9VP+ [ Vw)wgdx = |9 (v, w) 2

t 1 t
Lemma 6.2. || < C; [ Ily@y(o,w)(s, ) Bads + ;[ IV (o)) R ds.

Proof. As |Vw, | < Cyw;,, we have

top
|Il‘ < C'Y/() /|A1+A2|w3/27dxds.
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Then, as each term in the expression A; + A, writes down as the product of three
vectors: (x-y)z where at least two vectors belong to {v, w} and the third one belongs
to {u,b, 1, b}. So, we will estimate the generic expression (X - y)z, where, we assume
that x,z € {v,w} andy € {u,b,@,b}. Remark that for § > 0 (which we will fix
later), using the Holder inequalities and the Young inequalities we obtain

J 106 y)2lws 2y < [ (famrlx)) (/a5 12]) (/)

<llvwx|lis /a2l s | /oy |12 < 67 I /wyxfs + 6l /wyzllisll oyl
(a)

Interpolation inequalities gives

lv/@yxlfa < 072 /wyx|f2 + 0| /X7,

therefore we can write

(a) < 672|ly/yx|[2 + 8]l /WxII7s + 81l /oy zl sl oyl = ().

At this point, we apply the Sobolev embedding to estimate || /@, x||2, and ||/, 2|,
and we find

(b) < 672l /wyxI[72 + (|l /Wx[I72 + [ /0y Vx| 72)
+0(llv/azllfz + v/, V|| L) | oyl -

Using the previous estimate we get
(b) <67l (v, W) |12 + Co(ll /oy (v, W) |2 + ||y V (v, W)lIZ2)
+ Co([lv/@y (v, w)lIL> + 1@y V (v, w)lI72) ( sup H\/wvnyz> :

0<s<T

We set the parameter J small enough to find

max |C3,C6 | sup ||/w,yl|7. || <1/64,
0<s<T
and thus we finally get

1
/\(x y)z|ws aydx < Coll /oy (v w) 11 + 351y V (v, w12

Integration in temporal variable gives us the desired estimate.
To study I, we use the assumption u,b € Xr.

Lemma 6.3. Forall 0 < t < T, we have
t
|| <Cllu||x, (Oiugt /@ (v, w)(s) |12 +/O /@ ¥ (0,w) (s, )17 dS)
SSS

t
+Clblx, (&“Et IV @ w)s, ) I+ [ v/ w)s) Ik ds) -
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3
Proof. Each term in the expression Aj is written in the form ) | x;(9;z;)y;, where,
ij=1
{x,z} belong to {v,w} and y € {u,b}. By the Cauchy-Schwarz inequalities (in the
spatial and temporal variables) we find

; ¢ 1/2
[ 19215165, s < ([ 1/l s, )1 s
; 1/2
([ vVl i as)

Thereafter, by definition of the multiplier space Xr, and by definition of the energy
space ET we have

t t 1/2
| 192115105 s < Iyl e (vl al(s, )| s
t
<Clyli (v, + 1y Vs )13 ds)

that is the desired estimate.
Finally, we study Is.

t 1 t
Lemma 6.4. || < C [ || y@y(o,w)(s, )2 ds + 5 [ 1@ V(@,w)(s, )R ds
Proof. Remark we have p — p = ZRiRj(uiuj — il — bibj + Eiﬁj). Asv=u—1
ij
and w = b — b, we have

Uiy — Uil — blb] + blb] = vjuj + Uivj — w]b] — blw]

Then, since |Vw, | < C,w 3 the Holder inequalities gives

|| <Cy |[wy <ZRiRj(”i”j — Uiy — bibj + Ei?’ﬂ) . /W vllLs
i,j L5
<Cy ||wy (27%73]‘(01-”;' +i10; — wibj — Ez‘“’ﬁ) Vv s
ij L5

<Cy(llwy(ful + [@D[v] 1 g + [leor (I + B Wl | ¢)ll /v [I1s
<Cyllv/wy (Juf + [al) [ 2ll /@ v [ s ]| /w0y v [| s

+ Cylly/@y (1] + ) 2]l /@07 W [l 15[l y/@04¥ [l 6
<Co |l @y v |31/ ¥ (| ol /20 (] + [@]) ] 2

+ Cyll @y w 12l /@y v || o |/ (1B + [B])]| 2

= (a).
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For § > 0, using the Young inequalities, and thereafter the Sobolev embedding we
find

() <C30 ™ I/ [+ Cyll /vl /a0 (] + 4 I
+ Gy lv/a@yw s + Coll ya vl v (bl + B},
<C673| /v |22 + Cyd (|| /Ty v 122 + [y |V [22)

+Cyd([lvayvilza + Il vy [ Vvl[172) (OS;;ET v/ (Juf + IﬁI)HLz>

+Cy0 72l /waw T2 + Cyd (Il /wawll T + [l y/wy [ Vwl|[72)

+Cyd ([l vllz: + |y Vvl[172) (OZI:ET Iz, (|b] + [b| ||L2> :
We set the parameter § small enough and the lemma is proved.

Now, we resume the proof of the theorem. We consider 0 < tp < t; < T if we
suppose that v =w = 0 on [0, fo}, for all t € [to, t1]. we have obtained

1 t
Iv,w)(t,) |2 +§ | 19wy 3 ds

<c/ (v, w)(s) 3, ds

t
+ Cll Lty 1y ullx ( sup [[(v, w)(s) ’|%%Wd5+/0 IV (v, w)(s) HiguvdS)

0§s§t1

0§s§t1

+ Cll L blx | sup (v, w)(s) Il + Hva)( )7z ds ) -
w'y

We then take the supremum on [0, t;], to get

1 /h
sup [[(v,w) () [, +5 [ 19w, w) I ds

0<t<h

<C/ (v,w) st

0<s<h

+cnn<to,t1>uuxT<sup [v,w)(s) [+ / “VVW)()H%MS)

0<s<h

+cnn<to,tl>quT<sup ww)©) 3 + [ ||va><>||igwds>.

Let us denote

f(t) = sup [[(v,w)(1) |2 +2/ 190w, w)(s) |13, ds

0<t<ty

We take To € (to,T) such that for t; € (to, To) the quantities ||1( ) ul/x; and
H]l(to,tl) b||x, are small enough so that for all ty < t; < Tp:

fimy=c [ s
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The Gronwall’s lemma permits us to conclude (u,b,p) = (4, b,7) on [ty, To]. As
to € [0, T) is arbitrary we have (u,b,p) = (4,b,#) on [0, T). o

6.3 Local Morrey spaces

There exists a slight generalisation of Theorem 4 in the case of dimension 2 and 3.
It is obtained by consider a bigger space than L?(w;,), and close to that. Instead of
dealing with weighted Lebesgue spaces, one may deal with a kind of local Morrey
space, the space B%.

In this section we state some previous results on weighted spaces and local Mor-
rey spaces. We state these results in IRY.

Definition 6.1. For v > 0and p € (1,00). We denote B)(R?) the Banach space of all
functions u € LI, (IR?) such that :

1 1/p
lull g = sup (R7 /( " lu(x)|? dx) < 40

Moreover, for 0 < T < +oo, we define BYLF(0, T) as the Banach space of all functions
u C (LVLE)10e ([0, T] x R?) such that

1
1 T ;

u =sup | — u(t,x)|P | dxdt < +oo.
elsgon =5 (g5 [ [ I00)

To simplify notation in what follows, we will write B3 = B,.

Additionally, B,F;,O is defined as the subspace of all functions u € BY such that

1
RETOO R /];(O,R) ‘M(X)| dx 0.

Similarly, leolf’ (0, T) is the subspace of all functions u € BJLP(0, T) such that

T
lim 1// [t x)|P dx dt = 0.
R—+00 RY Jo JB(O,R)

The following result highlights how Bs is strongly linked with the weighted
spaces qu7 = LP(w, dx), withw, = (1+|x|)~7, which are considered in (Fernandez-
Dalgo and Jarrin, 2021b; Ferndndez-Dalgo and Lemarié-Rieusset, 2020b).

Lemma 6.5. Let vy > 0and v < 6 < 4o00. We have the continuous embedding
p p p P
Ly, C BYy C By C Ly,
and moreover, for 0 < T < +oo,

LP((0,T), Li,) C BY 4LP(0,T) C BYLP(0,T) C LP((0, T), Liy,)-
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Proof. First, consider u € L}, . It is easy to see that H””Bi < 27/P||ul|;» and by
wry
dominated convergence we have

1 W (14 fx)
R Jer ™! ver 437 RV

converges to zero when R — +oco. Then LZ’L7 — BZ o- To study the other part, we
observe that

ulp [ | ul?
——dx = _— 7(136
At 5P = e T WP P & e T+ 1]

1

< ulP dx + 7/ ul? dx
_/x|<1‘ | ng\l (1+20-1)0 zn*gwxwgzn‘ |

< ulPdx +¢ —/ ul? dx
_/x|<1‘ | g\} 20 2’171S|x|§2n’ |

1 1
<(1+c), m)supﬁ/ 3 lu|? dx,

nelN R>1 |x|<R

therefore, Bg - Lz’z,é.
Similarly, for all § > «, BYLP(0,T) C LP((0,T), Lk,).

To prove that L¥((0, T), Lk, ) C B,’i/oU’(O, T). Consider A > 1, n € N and denote
un(t,x) = u(t, A"x). As we have

Ald—y
su u(t,x)|Pdxdt =su / / u(t, \"x)|P dx dt
R>Ii A R / /x<A”R ) R>Ii R7 Jo IXISR‘ ( )
A= [y (1P <ca=r < [ [ futs, )Pt dvat
"IBlLr(0,T) "LrLl, 0 ! (A" + |x])Y !

by dominated convergence we can take the limit when n — 400 and conclude. ¢

Thereafter, we have the following result involving the interpolation theory of
Banach spaces:

Theorem 13. BY can be found by interpolation: for all 0 < y < & < co we have
B"; = [Lp/ LZJ&]%,OO

and || - ”35 and || - H[U“/L%]zm are equivalent norms.
1.

Proof. Consider f € BY. For A < 1, welet fo = 0and f; = f. Then, f = fo + fi
and | fill < CAZ|f -

For A > 1, we denote R = A§ > 1. We write fo = fly<gand fi = fljysr
Then, we find

e
Ifollp < ClIfllgrR? = CAZ||f|
Y Y
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and

ulP
1Ak, = % | g

e /2 1R<|x\<2nR (1+ |x|)

<C

T_
Dei £,

Therefore, By, — [L?, L] 1 o
Now, consider f € [LF, Lz,é] 7 cor then there exists ¢ > 0 such that for all A > 0,
there exist fo € L¥ and fi € Ll such that f = fo + f1,

[follp < cA®  and flls, < cAF T

jo
For each j € IN, we take A = 27 so that

1
— Pdx
m/%ﬁﬂ

1 1
<c(=— Pd p
—C(zﬂ/@ fold 2Jv/| 1Al dx)

<c(glhli+yr [ 00 ¢”CZW/ e

(6— p
< (G Il + 2 Al )
<’
We have found sup;c o Jizj< |fIF dx < +o0 and hence supp..; 2 Ji<r [fIPdx <
+00. o

An important corollary of Theorem 13 reads as follows:
Corollary 6.1. If6 € (0,d) and p € (1, 4o0), then :

* The Riesz transforms R ; are bounded on the space BY:

||ij||B§ < Cp,é”f”Bf;

e The Hardy-Littlewood maximal function operator is bounded on the space B, :

| Myllge < Cpslfllg-

Proof. By Theorem 13 we know that B = [L?, LZ,A ] s for some & < dy < d.
0

Then, we conclude the continuity of these operators on L}, . 4 o
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6.4 Solutions in local Morrey spaces

Local Morrey spaces B3 occur naturally in the setting of homogeneous statistical
solutions, we refer to (Vishik and Fursikov, 1977) and (Dostoglou, 2002) for exemple.

For the (NS) equations, in the paper (Bradshaw, Kukavica, and Tsai, 2019), the
main theorem on global existence given in (Ferndndez-Dalgo and Lemarié-Rieusset,
2020b) is improved with respect to the initial data. We relax the method developed in
the second paper to enlarge the initial data space and thus we generalize the previous
results to the framework of the (MHD) equations.

Our main result in this direction reads as follows:

Theorem 14 (Local and global existence). Let 0 < T < +oo. Let ug, by € By(IR%) be
divergence-free vector fields. Let IF be a tensor belonging to BoL?(0, T). Then, there exists a
time Ty € (0, T) such that the system (MHD) admits a solution (u,b, p) with the following
properties :

u, b belong to L*((0,Ty), B2) and Vu, Vb belong to B,L2(0, Tp)

the pressure p is related to u, b and IF by the formula:

2 RZ‘R]'(MI'M]' — blb] — Fi,]')

1<i,j<3

the map t € [0, T) — (u(t,-),b(t,-)) is *-weakly continuous from [0, T) to By(R?),
and for all compact set K C R3,

lim [ (u(t, -) — o, b(t, ) — bo)ll12x) = 0,

t—0

the solution (u,b, p) is suitable : there exists a non-negative locally finite measure p
on (0, T) x R3 such that

ul2 + b ul? + |bJ? ul?  |b|?

+V-[(u-b)b]+u-(V-F)—pn

9 (

We also obtain for all 0 < t < T,

max{ || (u,b) (1) 15, IV (1, 0) 15, 120,7, }

(6.10)
< C||(mo, bo) I3, + ClIFII3,12 (0 +C/ (1, 8)(s) 113, + [| (u, ) (5)]|3, ds.

Moreover, if the data verify:

lim R™2 |ug(x) > + |bo(x)[>dx =0
R—+o0 |x|<R

—+00
lim R’Z/ / F(t,x)|*dxds = 0,
R—+00 0 lx|<R

then we get a global weak solution(u,b, p).

We prove a global control on the solutions (6.10) which is not exhibited in (Brad-
shaw, Kukavica, and Tsai, 2019). In the setting of the space BQ(IR3), the control on
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the pressure p is a little more technical.

Getting back to the (NS) equations, the global existence and uniqueness of solu-
tions for the 2D case with initial data ug € B,(IR?) was an open problem proposed
by A. Basson in (Basson, 2006b). In Section 6.5 we make a discussion on problematic
arising on the local and global existence for the 2D case, and moreover, we give a
sketch of the proof of a result analogous to Theorem 14 in dimension 2.

Our main theorem bases on results for the equations:

du=Au—(v-V)u+(c-V)b-Vp+V_-F,
db=Ab—(v-V)b+(c-V)u— Vg,
V-u=0,V-b=0,

u(0,-) =ug, b(0,-) = by.

(MHD)

where we will consider (v,c) = (u* 0., b * 6.), where, for 0 < e < 1 and for a fixed,
non-negative and radially non increasing test function § € D(IR®) which is equals to
0for [x| > 1and [ 6dx = 1; we define 6, (x) = 56(x/e).

6.4.1 A priori estimates

Theorem 15. Let 0 < T < +o00. Let ug, by € B, be a divergence-free vector fields and let IF
be a tensor such that F € BZLZ(O, T). Moreover, let (u,b, p, q) be a solution of the problem
(MHDs¢) or a solution of the problem (MHD).

We suppose that:
e u,b belongs to L°((0,T), By) and Vu, Vb belongs to BoL*(0, T).

e Themapt € [0,T) — u(t, ) is x-weakly continuous from [0, T) to By, and for all
compact set K C R® we have:

lim || (u(t,-) —uo, b(t,) — bO)HLZ(K) =0.

t—0
In particular, we can take p and q related to u, b and IF by

p= Z RiR]-(viuj — Cib]' — Fi,]') and q= Z RZR]<Ulb] — c]-ui).

1<i,j<3 1<i,j<3

e The solution (u,b, p,q) is suitable : there exists a non-negative locally finite measure
pon (0,T) x R® such that

[u|? + |b|?
> )=

ul* + [b?
2
+V-((u-b)c+qgb)+u-(V-F)—pn.

2 2
) — \Vu|2 — |Vb\2 -V <(|u| + |b‘)v+pu>

A(

(6.11)

Then, there exists a constant C > 1, which does not depend on T, and not on ug, bo u, b, IF
nor €, such that:
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e We have on [0, T):

max{ || (u,b) (1) 15, IV (1, 0) |15, 120,1}

(6.12)
< C|l(mo,b0) 13, + CIIFI[5,120, +C/ (2, b) (5)115, + | (1, B)(5) [ B,ds.
e Moreover, if To < T is small enough:
2
C (1+ 110, bo) 1, + 1F 13, 1200,7)) To < 1,
then the following estimate with respect to the data holds:
sup max{||(u,b)(t, )15, |V (1, b)[[5, 120}
O=t=To (6.13)

<C (1 + || (uo, bo) |3, + HIFHBZLZ OTO))

Proof. We focus only in the case (v, ¢) = (u*0,, b x 6,), as the case (v,c) = (u,b)
can be treated in a similar way.

We start by proving (6.12). As usual, we look to apply the energy balance (6.11)
to a suitable test function.

Consider the function a4+, defined in (5.7) and take a non-negative function
¢ € D(RR®) which is equals to 1 for |x| < 1/2 and is equals to 0 for |x| > 1; and for
R > 1 we set

x
P (x) = ¢(). (614
Applying the energy balance (6.11) to the test function &, +, +, ¢r, we obtain

lul*  |b? 2 2
_//T ataﬂt0t14)Rdxds+//|Vu\ + Vb a1, prilx ds
2 2
S//’ll’—i_‘b‘“ﬂ,to,tlA(l)R dxds

|“|2 !bP
+Z// 7+701+Pul]06,7t0t184)1{dxd5
i=1

+ Z //[(u -b)c; + qbilay 1,1, 0ipr dx ds

// Uil b, PR dX ds + // 0illj &y o 1 PR dX ds).

1<i,j<3
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We let 77 goes to 0, when the limit in the left side above is well-defined, we obtain by
the dominated convergence :

‘“‘2 Mz 2 2
]7%0/ 7+7at0617t0t1¢12dx‘15+/ /|Vu| +|Vb|* ¢rdxds

2 2
-/ /“"“"'A¢Rdxds
t 2
+Z/1/ |u| Uz+pul]a(dexds
to
£
+ E/t /[(u‘b)ci+qbi]8i¢R dx ds
i=1 1o

t t
_ Z (/1/Fl',]'uja,‘(PRdde—l—/l/Fi,jaiuj (PRdde).
1<i,j<3 o to
We denote
Agr(t) = /(Iu(f,X)l2 + [b(t,x)]*)pr(x) dx
so that ) 5
u b 1
— //(H + u)ammw[{ dxds = —5 /attxmto,tlAR(s) ds,

Thus, if ty and t; are Lebesgue points of Ag(t) we find

. Iul2 \bIZ
lim — // Vostty g1, pr dx ds = Z(AR(tl) Ar(to)).

n—0

As ¢ is a support compact function we can let £y goes to 0 and thus we may re-
place tg by 0 in this inequality. Adittionaly, letting t; goes to t, by *-weak continuity,
Agr(t) < limy,+ Ar(t1), and so we can replace t; by t € (0, T). Therefore, for every

€(0,7T):

2 2 !
u(t,x)| ;|b(f/x)| ¢Rdx+/ / (IVu? +Vb[?) ¢rds dx

2 2 2

2
+2/ / |u| vz+puz]a Prdxds (6.15)

+ Z [ 1w+ gbjaig ax s
_ //Fl]ujachdxds—i—/ [ s prdxds).

1<i,j<3

To estimate the second term in the right-hand side, as R > 1 we write
L (P + P Agrdx < < 24 b)) dx < C([[u|l + |Ib|2
zz | (ul”+ [b[%)Agrdx < o7 B(OR)(IHI + [b|%) dx < C(|[ul[5, + [[b][3,)-

To treat third and fourth terms, we consider first the expressions where the pressure
terms p and g do not appear. By Holder inequalities and Sobolev embeddings we
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obtain:

3

L

=1

g < [l g ol o 1B %o | Vrll

ﬁ

R

7||bHS/4 Hu||3/4 ))U1/4BS/4,

al135 a0,y 1 1 Ca0,0)) 21208 0,00 1P1IZE B

Hu| B(0,R+1))

where we have denoted

1/2
u= (/ |¢2RVu\2dx> + (/ |u|2dx>
|x|<2R
2 12 2
B— / Vb[dx) + (/ b|2d >
([ 1y oRax) " ([ b

Then, by the Young's inequalities for products with 1 = § + £ + § + 3,

1/2

and
1/2

e)al'(l)[{ dx

1 3
R2 L
i=1

lulizeioR) vasa, 1P izce0R) vava U 1/a, B
< /4 3/4 1/4/ D \5/4
< C(F O yo/a RO )3/ 14

G
< Cll(w,b)[|3, +Cll(u,b) 15, + ng / |2rVul® + [y 11) VD[ dx,

where Cy > 0 is an arbitrarily small constant to be fixed later.

Now, we use the following technical lemma which will be proved below, in order
to estimate the expressions where the terms p and g appear.

Lemma 6.6. Under the hypothesis of Theorem 15, p and q belong to Lf’o/cz and there exist an
arbitrarily small constant Cy > 0 and a constant C = C(Cp) > 0, which do not depend on
:T,u, b, ug, by, F nor €; such that forall R > 1 and forall 0 <t < T,

1 St
R2 ;/0 /(p”i+qbi) 0ipr ds dx
<qmmM0t+g/nm $)[13, + 11w, 0) ()15,

+ng//0 ‘(P2(5R+1)V”‘ +|§02(5R+1)Vb\2dx-

Finally, for the fifth term in the right side of (6.15) we have

CO t

R2 Z // j(0iu)pr dx ds| <

1<i,j<3
and

1 t
5 //szua (¢r) dxds| < CI[F|2, 120 +c/0 lu(s)|I2, ds,

1<4,j<3
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where Cy > 0 always denote a small enough constant.

Once we dispose of all these estimates, we conclude that

u(t, x)|? )2 t
[P ODE s [ [ + (967 pedss
</(\u(o P, b, .

+C [l b) (s, B, + lwb) (s,

+ﬁ//0 |P25r41) Vul® + | @25r41) VDI dx,

X
) bz + CIFIR, 1 5

and the desired control (6.12) follows. To finish this proof, (6.13) follows directly
from (6.12) and the Lemma at the end of this section. o

Proof of Lemma 6.6. As in the proof of the theorem above, we consider the case
(v,¢) = (ux 6, b =06;). We focus only on the expression which involves the pressure
p, because the computations for the other expression, where g appears, are very sim-
ilar.

We have

1 St
o2 0 dxds < // dx ds,
R L ) g Il gl s < RsZ Il dxas

then, recalling the formula

Y RiR((ui*0c)uj — (b + 6c)b; — Fyj),

1<i,j<3

we find

1 &t
= 0 dxd
Rszll/O /X<R|Puk|| kPR | dx ds

c 3. st 3
SR3'1<_21/o /xSR i 3 RiR (i + 0c)u;)| dx ds

i,j=1

c 3. gt 3
+ R3k_21/0 /|x|<R i 3 RiR;((bi # 0c)bj — Fij)| dx ds.

ij=1

In view that we have the same information on u and b, it is enough to analyse the
last term above. For R > 1, we define :

p1= ZRiRj<]l\y\<5R(9€ *bi)bj), pa = — ZRiRj(]l|y|25R(9€ * b;)bj),
1,] L]

and

ps = — ZRiRj(]l|y\<5RE,j)/ ps = ZRiRj(]llyIZSRFi,]’)~
1,] L]
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By the Young’s inequalities we get,

c &t
— (b; % 6 )| dxd
R3kZ:1/0 /|X<R|uk Z RiR;((b; * 6:)b; — F; ;)| dx ds

i,j=1
Cc ot
<ﬁ// (Ip1lP72 + 2% + [ul + |ps? + [pal? + [u|?)dx ds,
0 J|x|<R
and next we will study each term.

To study p1, we use the continuity of R; on L2 (R3) and the fact that supp(6.) C
B(0,1) to obtain

/|x|<R!p1|3/2dx < C/ [p1*2dx < C/ | (1558 (6 * b) ® b)[>/2dx

<C (/ |]1\x\<5R(9e *b)|3dx> . (/ |]1y|<5Rb|3dx) .
C (/xﬂ /ngl B (x — z)\b(z)|3dzdx)1/2 (/ ](]l|y|<5Rb)|3dx>
C (/x<5R /z<5R+1 B (x — z)|b(z)|3dzdx>1/2 (/ |(1,y5zb) dx>

C / b2 dz,
|z| <5R+1

so we see that

1/2

IN

1/2

IN

IN

/ uf® + |pa 2 dx < c/ uf® + [b[ dx.
|x|<R x| <5R+1

Using a Sobolev embedding, we find

C 3 3/2 3/2
R3/x§5R+1 lu?dx < —IIuH s0srey 150 5r1)

3
1 1N\ 2
1 2 1 2
3/2 2 2
- R3/2Hu|| B(0,5R+1)) <<R2/|¢2(5R+1)Vu| dx> + (RZ /x<2(5R+1) [ul dx> )
Co
< Cllullf, + Collull3, + 23 [ I#asrs1) VuPdx,
where Cy > 0 is a arbitrarily small constant. Similar estimates works for b.
To study p,. Remark first that there exist a constant C > 0, which does not

depend on R > 1, such that for all x| < R and all |[y| > 5R, the kernel of the
operator R;R; named K;; verifies [K; ;(x —y)| < W% (we refer to (Grafakos, 2009)
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for a proof), and then we may write:

2/3
(focare)
|x|<R

3/2 2/3
< C; (/XKR (/ Kij(x = y)[[(0e * bi) (v)bj(y)| L}y >5r dy) dx)

<cC / </ L (6. «b ®bd> dx
( /<R \JJy|=5R W‘( J@bldy
< CRZ/ 6. %b) @ b|d
- !W’( ) @bldy
e wab&wf“(/ albPy)
yl>5R |y y=5R |V
) 1 ) 1/2 1 2 1/2
< CR / —/ &) —2)|b(z)|7dzd ) (/ )
( w25k [YP Jly—z1<1 ey —=)bz)[dzdy y|>5R IyP’ [
) 1 ) 1/2 1 ) 1/2
< CR / / o (y—2)Ib dd) (/ bd>
< ( . (v — 2)[b(z) Pdzdy PR

< CR? / b|dz.
2| >5R~1 IZI3

1/2

As By(R%) C L2, (R?), we finally get

S < ([ o) =il
R Jysr P2 =2 WD = TPl

Now, we treat the terms p3 and p4 which involve the tensor IF. For p3, continuity of
the Riesz transform R, on L? gives

c [t ) C t ) )
== < — F.: < F )
R3 /O /|x§R Ipaffdxds < R? ZZ]:/O /x|<5R [Fijf"dxds < C]| HBsz(Orf)

For the term py, observe that

1/2 5 N\ 1/2
2 < (x — 1
</x§R|p4| dx> c Z(/x|<R (/y|>5R|IKZ’](x y>IF1'J|dy) dx)
1/2
g (s (o)
N Zj< |ng< lyI=5R W’ il 4y x)

<cC R3/2/ L E,
ZX]: izse Ty Y
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then, taking 0 < § < 1, by the Holder inequalities we find

C [t ) 2
< = F..
R3/0 /ng’p4| dx ds CZ/ (/ 1+‘ ) S\Fl,]]dx> ds

<C2// 1+! |2+o|1Fi,f|2dxd5
CZ/ AT ) 2+5/ |1F1]] dsdx

< ClIF 15, 120,

and the proof is finished. o
Before to finish this section we present the following lemma, used in the proof of
the theorem above, which is a variant of Lemma 3.5.

Lemma 6.7. Let a be a non-negative bounded measurable function on [0, T) which satisfies,
for three constants A,B > 0and b > 1,

t
a(t) < A+B/ 14 a(s)bds.
0

If Ty > 0and Ty = min(T, Ty,
a(t) < V2(A+ BTy).
Proof. We define

we have, for every t € [0,Th],

i )
4(b—1)B(A+BT,)P-1/”

t t
O(t) = A+ BTy + B/ abdsand ¥(t) = A + BTy + B/ D(s)t ds,
0 0
so thatforallt € [0, Ty}, « < ® <Y, and then
Y'(t) = B®(t)” < BY(t)"

SO

and we conclude

6.4.2 A stability result

Theorem 16. Let 0 < T < +-o0. Let ug,, by, be divergence-free vector fields belonging to
By. Let I, be tensors belonging to ByL?(0, T). Suppose that (u,, by, pu, Gu) is a solution
of the (MHDe,) problem, with €, — 0%, or a solution of the (MHD) problem (in which
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case g, = 0):

Oty = Auy — (v - Vuy + (¢ - V)by — Vp, + V- F,
dtby, = Aby, — (v, - V)by + (¢n - V)uy, — Vay,
V-u,=0, V-b, =0,

u,(0,) = ugn, by(0,-) = bg.

which verifies the same hypothesis of Theorem 15.

We assume that (1o, bo) is strongly convergent to (up,eo, bo,eo) in By, and the se-
quence P, is strongly convergent to Fo in ByL?(0, T). Then, there exist (thoo, boo, Poo) and
an increasing sequence (1) xeN With values in IN such that:

o (uy,,by,) converges *weakly to (tteo, beo) in L*((0, T), B2), (Vty,, Vby, ) converges
weakly to (Viieo, Vboo) in BoL2(0, T
(

)
e (uy,, by,) converges strongly to (theo, beo) in L ([0, T) x R3).

e For2 < vy < 5/2, the sequence (pn,, Gn, )converges weakly to (peo,0) in
L3((0,T),LY2 ) + L*((0,T), L3, ).

106
Moreover, (o, boo, Poo) is a solution of the problem (MHD):
Otlhoo = Ao — (oo * V)tloo + (boo * V)boo — VPoo + V - Fo,
0tbeo = Abss — (oo - V)boo + (beo - V) theo
V o =0, Vb =0,
uoo(o, ') - uo/oo, b (O ) - bO,oo,

and verifies all the hypothesis of Theorem 15.

Proof. We will verify that the sequence (u,, b,) satisfy the hypothesis of the Rel-
lich lemma. Remark first that: since for 2 < 7 we have that u,, b, is bounded
in L*((0,T),By) C L*((0, T),L%UW) and moreover, since we have that Vu,, Vb,
is bounded in B,L?(0,T) C L2((0, T),LZZUW), then for all ¢ € D(R®) we have that
(pu,, pb,) are bounded in L2((0,T), H'). On the other hand, for the pressure p,
and the term q,, we write p, = p1 + pn2 with

3 3
Pn1 = Z Z RiRj<vn,iun,j - Cn,ibn,j)/ Pn2 = Z Z Ri R ”1]
i=1j=1 i=1j=1

and

3 3
qn = 2 Z RiRj(vn,ibn,j - Cn,iun,j)-

]
From now on, we fix 7 € (2,3). Interpolation inequalities and the continuity of
the Riesz transforms in the Lebesgue weighted spaces permit to conclude that the
sequence (p,1,qn1) is bounded in L3((0,T), LS/ 63 ). Indeed, to treat the term pj,1

5
recall that for 0 < ¢ < 5/2 the weight ws, /5 belongs to the Muckenhoupt class
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A, (R?), with p € (1, +0c0), then

3 1
13- RiR; (it )y [l ors < [ (e @ wn)ws || ors < lly/@otnll f2 [l v/@ywal s
ij

3 1
< [lvwyull 2 ([lvwyall 2 + |y V]| 12)2.

Similar estimates holds for the term ¢,1. Of course, the sequences 4,2 and p,»
are bounded in L2((0, T), L%UW). Then, we obtain that the sequence (¢d;u,, pd;b,)
is bounded in L2L? + L2W~16/5 4 [2H~1 € 12((0,T), H~2). Thus, we can apply the
Rellich lemma, there exists an increasing sequence (1 )ren in IN, and there exists
a couple of functions (e, be) such that (uy,, by, ) converges strongly to (te, beo)

in L‘lzoc([O, T) x R3). We also know that (Vi € ) = (ap, * Qenk’b”k * 9%) converges
strongly to (e, beo) in L2 ([0, T) x R?).

As the sequence (uy,, by,) isbounded in L*((0, T), L%UW) and (Vu,, Vb,) isbounded
inL2((0,T), L%,,W), we get (uy,, by, ) converges *-weakly to (Ue, beo) in L¥((0, T), L'Z*UW ),
and (Vuy,, Vby, ) converges weakly to (Vuw, Vbe) in L?((0, T), L7, ). Additionally,
by the Sobolev embeddings and the interpolation inequalities we have (uy,, by, )
converges weakly to (U, bs) in L3((0, T), L w3 ,,)- Moreover, we find that (vy,, ¢, ) =

(Vi * be, , Cn, * be, ) converges weakly to (Ue, beo) in L3((0,T), L3, .,») as well, since

it is bounded in L3((0,T), Lz,3 b ). Thus, the terms v, iUy, j, Cny ibn, js Unyiby,,j and

Cny,illn, j are weakly convergent in (L8/°L%/%),,. and hence in D'((0,T) x R3).

Those terms are bounded in L3((0, T), L&/ 9; ), then they are weakly convergent in

L3((0,T), LY ; ). Therefore, defining peo = Poo,1 + Peop With
5

3 3
Poo1 = Z Z ’R,,‘R]'(Uoo,juoo,]‘ - Coo,iboo,j); Z Z R R ooz]
i=1j=1 i=1j=1

and

3 3
ZZ Z7001 ©0,] Coo,iuoo,j)/

i=1j=1

we conclude that (py, 1,qs,1) is weakly convergent in L3((0, T), LY/ ; ) t0 (P, Goop ),
and py, » is strongly convergent in L?((0, T), L%,Y) t0 Poo2. 5

As v, = 9% * (up, —u) + Genk * u, then we verify that v, is convergent to u
in L& ([0, Ty) x R?). Thus, we find (Veo,€) = (U, boo) and then g = 0 and

(Uoo, beo, Poo) Verify the three first equations in the system (MHD) in D’((0, T) x R3).

It remains to verify the initial conditions. Since (9;uco, 9tbeo) are locally in L2H 2
the distribution (u«, be) has a representative such that t — (ue(t,.), be(t,.)) is
continuous from [0, T) to D’(IR®) (hence *-weakly continuous from [0, T) to B,) and
additionally, they coincide with u (0, .) + fot dius ds and b (0, .) + fot dtbes ds. Then,
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we getin D'((0,T) x R3),

t t
ux(0,.) + / Ol ds = U = lim u, = lim wu, o+ / druy, ds
0 0

Ng—r—+00 Ng—r—+00

t
— Uoog + / druco ds,
0

hence uw(0,.) = U 0. Similarly beo(0,.) = beo. Thus (e, b, Po) is a solution of
the (MHD*) system.

Now, we study the local energy balance. We define

1’12 bi’lz l’l2 bn2 nz bf’lz
o= oLt onl Pl g ([l ol )

2 2 2 2
-V (pnku”k> -V (q”kb”k) +V- ((u”k 'b”k)cﬂk)
+u, - (V-Ey).

By interpolation (uy,, b,) is bounded in L'%/3((0, T), L1%/3 ), then (uy,, by, ) are locally

Wsy/3
bounded in L}*/L10/3 and locally strongly convergent in L?L2. Therefore, (u,,, by, )
converges strongly in (L?L3);,.. By Lemma 6.6 we know that (py,, qn,) are locally
bounded in L}/2L3/2. Thus the quantity A,, converges in the distributional sense to

P e L |Uso|* + [beo|” usol* | [boof?

=V (Pootico) + V- (U0 - b ) o)
+Uo - (V- Fo).

By hypothesis, there exist y,, a non-negative locally finite measure on (0, T) x R3
such that

[ | + [b |

Pon E2 oy _ planEA ol g, 2 o,

2

u, > |b,|?
-9 (B BBy ) - 9 ) - - (b

2
+V- ((unk 'bnk)cnk) + (V ’ ]Fnk) — Hngs

9 (

or equivalently, Ay, = |Vuy, |> + |Vby,|? + py,. Hence, we have
A = nkhﬁnjoo |Vunk|2 + |vbnk|2 + M-

Let us take ® € D((0,T) x R3) be a non-negative function. As \/E(Vunk, Vb, )
is weakly convergent to N (Vue, Vbe) in L%Li, we find

/ Au®dxds = lim //Ankcbdxds2limsup//(|Vunk|2+|Vbnk|2)CI>dxds

Ni—r+00 Hg—> 00

> //(\Vuoo|2 + | Vbeo|?) D dux ds.

Thus, there exists a non-negative locally finite measure yc on (0, T) x R3 such
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We have obtained the desired local energy balance:

u002+ b002 uooz‘{'boo2
L SN N
~ [l | ooy

v <( ot JUso | = V- (Poolico)
+V-((u

oo * boo)boo) + Ueo - (v . IFoo) - ]/loo'

To finish this proof, we must to prove the convergence to the initial data (ug,00, b0,c0)
Using the local energy balance, we obtain:

Jun (£, %) 2 + [bu(t, ) |?

t
2 prdx [ [(Vui+ |Vb,2) prrds
2 2 t 2 2
g (1)) ;|bo,n(x)| - / /W Adr dx ds
0

w,> bl
/ /[(‘ 2| +‘ 2| )Un,i+Pnun,i]ai¢RdXdS
+Z// Uy - by)Cpi + Gnby i dipr dx ds
i=1

//Fn,]un]aqudxds+//Fm]aun]qudxds)
1<i,j<3

Therefore,

2 2 t
hmsup/’“”k(t’x)' ;'b”k(t’x” ¢Rdx+/ /(|Vunk|2+ Vb, ) ¢x dx ds
n——+00

/]uo ,2+\bo() or dx+//yuoo‘2+]booyzA¢ s
!uool2 bo |

+ —+

y ) s

2 )uoo,i + Poouoo,i]aich dx ds
+2// uOO' ooza¢RdXdS

t
— Z (/ /Foo,i,jum,jai(plg dx dS + / /Foo,i,]-aiuoo,j (PR dx dS)
1<i,j<3 /0 0

As u,, = ugy, + fo druy,, ds, we observe that u,, (f,.) converges to u«(t,.) in
D'(R3), thus, it converges weakly in L2 (RR®) and we find:

2 2
/W@{ dx < limsup W(j}g dx.

Ny—>+00

Moreover, by weakly convergence we know that

t 2
/ /\Vuoo qudxds <11msup/ /chRdxds

Nj—>+00

of course, a similar estimates hold for b.,. Then, we get
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2 2 t
/'“‘”(t’x)| ;'b‘”(t'x)' (dex—l—/ / (Vo2 4 |Vbeo|2) dr dx s

</‘u0( )|2 |b0( )| q) dx+/ /‘m’°|2+|b°°’2Aq§ dx ds

2
+2// |u00’ | )Mooz+Poouool]a¢Rdxds

+Z// U * Boo) Voo i]0ipR dx ds
i=1

//sz]um]a¢RdXdS+//le]auoo]47RdXdS)

1<6,j<3
Letting t goes to 0,

limsSlpH(uoo, beo) (t, )1 T2 (0)z) < 11(80,00, D0,0) 172 e (2))-
t—

Reciprocally, by weak convergence

1 (000 B020) 32 g cyae) < 1 INE | (0, Bo) ) 2 o

Thus, in the Hilbert space L?(¢r(x)dx), we obtain strong convergence to the initial
data.

Proof of Theorem 14

6.4.3 Local in time existence
Consider ¢r(x) = ¢(%) given in (6.14), we define ugr = P(¢ruo), bor = P(¢rbo),
Fr = ¢rFF. We denote (MHDg ) the following approximated problem
diuRre = Auge — ((Ure ¥ 0e) - V)uge + ((bre *0c) - V)bre — Vpre + V - Fpg,
dtbre = Abre — ((Ure ¥ 0c) - V)bre + ((bre ¥ 0c) - V)ure — Vige,
V-ure =0,V -bre =0,
ure(0,-) = uor, bre(0,-) = bor.

( MHDg ) has a unique solution (uge, br ) in L®((0, +00), L?) N L2((0, +00), H').
Additionally, this solution belongs to C([0, +0), L2) and fulfills the hypothesis of
Theorem 15. We apply this theorem (for the case (v,¢) = (u*6¢,b % 6¢)) to obtain
uniform controls. More precisely, there exists a constant C > 0 such that for Tj

satisfying
2
C (1+ 11 (uor bor) I3, + PRI, 200 ) To <1,

we have

sup || (ure,bre) (D3, < C (1+ ok bor) I3, + IFrI3,201m,))
0<t<T,
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and
HV(uRe,bRe)||B2L2 o1 <C (1 + || (wo,r, boR) I3, + H(IFRHBZLZ OT0)>

Now, in the setting of Theorem 9, we denote (ug ,, bo ) = (ugr,, bor,), Fn = Fg,
and (u,,b,) = (ugr,e,, br,e,)- Letting R, — +o00 and €, — 0 we thus obtain a local
solution of the (MHD) system satisfying the properties stated in Theorem 14.

6.4.4 Global in time existence

Let A > 1. For each n € IN we consider the (MHD) system with initial value
(o1, bon) = (A"ug(A"), A"bo(A™)),

and forcing tensor
F, = A2"F(A%"., A™).

By the local in time existence, there exists a solution (i, b,) on (0, T;,), where
_ 2
C (1+ 110, B I3, + IFul3, 20,)) T =1
Now, we use the scaling of the (MHD) system :
(i, (t, %), bu(t, %)) = (A"u, (A2, A"x), A"b, (A%"t, A"x)),

where (u,,b,) is a solution of the (MHD) on (0, A?"T,,) associated with the initial
value (ug, bg) and forcing tensor FF.

Now, we use the following simple remark, which will be proved at the end of
this section.

Remark 6.1. Ifuo, by € Bao and F € Bz/oLz(O, —|—OO), then

/\I’l
lim — = 400
n=teo 1+ || (don, bou) |15, + [1Fullf, 12
Therefore, we have lim,,_; 10 A**T,, = 40.

Consider T > 0 arbitrary. Let nt such that for all n > nr, AT, > T. Thus,
(uy, by) is a solution of the (MHD) equations on (0, T').

We denote (uy(t,x),b,(t,x)) = (A"Tu,(A2"Tt, A" x), A"Tb, (A%"Tt, A"Tx)). Ob-
serve that for n > nr, (u,,b,) is a solution of the (MHD) system on (0, A~2"7T) with
initial value (g, BO,nT) and forcing tensor IF,,.. Then, since we have AT < Ty,
we find

2
<1 + H(uo HT/bU ”T)HBZ + H]F”TH32L2 0,A~ ZHTT)> ATIT <1,
and by Theorem 15 we obtain:

sup | Genba) ()T, < COU+ [1(80r Do) I3, + 1Fur I, 2042007
0<t<A=2ITT
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and
Hv(:unl )HB 12(0,A~ ZWTT) (1 + ||(u0 nT/bO nr HB2 + HIF”THBZLZ 0\~ Z”TT))
These estimates gives uniforms controls for u, and by, as
G ) (1)1, = A7 (i, b ) (A7) |13,
and
IV Gt o) 115, 20 12017y ZAT"T IV (i, ) [ 120,7)-

To finish, we observe that we have controlled uniformly u,, b, on (0, T) for n > nr.
Thus, we are able to apply Theorem 9 and we get a solution on (0,T). As T > 0is
an arbitrary time, a diagonal permits to obtain a solution (u, b, p) on (0, +). The
control in the statement of the theorem for the solution (u, b, p) is given by Theorem
15, and thus the proof is finished. o

Proof of Remark 6.1. We detail the computations for ug, and IF,. First, we
observe that

([0l 1 1
B Aug(Ax) 2 dx = [ 24y,
0 ?{g TR2 /x|<R\ up(A"x)|“dx = ili];l) VR e lug(x)|* dx

and

1 1
li / 2dx = i 7/ 20y =
n=5-¥50 RJ; (A"R)? Jix|<Anr [wo(x)["dx = R0 R2 |x|<R [uo(x)1"dx

Similarly, we find

HIF””% L2(0,4o00) oo
) —sup s [ [ ATFG2 )P dxds
R>1 N’R |¥|<R

/\n
o F(t, x)|*d
= ey ,x)|7dx,
?zlg (/\”R)z/o /XISA”R| (t.)

and
lim su 1 /+Oo/ F(t,x)|*dxds = lim /+oo/ F(t,x)|*dxds = 0.
n—o0 R>€ (A"R)2 Jo  Jixj<anr R-+e0 R2 |x\<R

<

Navier-Stokes equations in B have been recently discussed by Bradshaw, Kukav-
ica and Tsai (Bradshaw, Kukavica, and Tsai, 2019).

The case d = 2 is more intricate. Indeed, while the Leray projection operator is
bounded on B3(IR%), this is no longer the fact on B3(IR?), in which case one must be
careful in the handling of the pressure. Basson treat this case to find local solutions
of Navier-Stokes equations in his Ph. D. thesis in 2006 (Basson, 2006b).
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6.5 Solutions in local Morrey spaces in dimension 2

We indicate here how to treat the pressure and moreover, we give a sketch of the
proof for the local and global existence of weak suitable solutions of the (MHD) sys-
tem. It is worth remark that for the (NS) equations, A. Basson obtained in his Ph.
D. thesis (Basson, 2006b) the local existence of weak solutions with initial data in
Bz(]Rz). Thus, our main contribution is the study of global weak solutions in the
generalized setting of the (MHD) system.

The main idea in (Basson, 2006b) consists in giving a useful decomposition for
the pressure. First, we fix some notation. We denote R the vector field of the Riesz
transforms and we write H; ; the kernel of the operator R;R; and H = (H; ;). Con-
sider ¢ € D(IR?) a non negative function supported on B(0,2) such that ¢ = 1 on
B(0,1). For each k € IN, we define the functions ;(x) = (2% 1x) — ¢(27¥x) and
Xk = (275 3x) — (275 2x). Then, ¥ (x) = 1 for all 21 < |x| < 2K+3,

sup(xr) C {x € R?: 282 < |x| < 2FH4Y,

and
sup(yy) C {x € R?: 2% < |x| < 2K+2},

For an index-family A, consider (uy )qe 4 and (by)qe 4 two families of time depen-
dent vector fields defined on [0, T) x R?, and consider a family (IF,),c4 of tensors
defined on [0, T) x R?. We denote for each &« € A,

Ay =u,®u, — b, ®b, — IF,, (6.16)

and we define the terms p, ; and Vp,» by the formulas

pon = 9(x/OR ® R(p(A) + 3 1R © R(i(Ad)), 617)
k=1
Vpez =V[(1 - p(x/8))R © R(p(As))
+oo (6.18)
+ ) V(1 —x0)R @ R(Pr(An))].
k=1

As usual, we will consider an approximated solutions (u,, by, p,). After, using
the local energy balance where we split the term p, as in the expressions above, we
will find an uniform bound on the approximated solutions. Passing to the limit we
will able to exhibit a solution (u, b, p) of the (MHD) system.

Theorem 17 (Local and global solutions). Let 0 < T < +oco. Let ug, by € By(IR?) be
divergence-free vector fields. Let IF be a tensor belonging to BoL?(0, T). Then, there exists a
time 0 < Ty < T such that the system (MHD) has a solution (u,b, p) which satisfies :

e u,b belong to L*((0,Ty), B2) and Vu, Vb belong to BoL?(0, Ty).

e The pressure p is related to u, b and FF as follows. Let ¢ € D(IR?) be a test function
such that (x) = 1 on a neighborhood of the origin. We define

q)i,j,(p = (1 — qf))ala]Gz
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where Gy = 5 ln(|17|) is a fundamental solution of the operator —A (we have —AG, =

60). Then p and can be defined by :

p¢(t, X) = Z(@ala]Gz) * (uiuj — blb] — Fi,]')(t,x)
Lj

+) / (Pijo(x —y) — @ije(—y)) (ui(t,y)uj(t,y) (6.19)
L]
_bi(try)bj(t/]/) - Fi,]'(t,y)) dy

e Themapt € [0,T) — (u(t,-),b(t,-)) is x-weakly continuous from [0, T) to Bo(IR?),
and for all compact set K C IR* we have:

lim || (u(t, ) —uo, b(t,) — b0)||L2(K) =0.

t—0

e The solution (u,b, p) is suitable : there exists a non-negative locally finite measure
on (0, T) x R? such that:

2.4 2 2 4 b2 2 bl
ou( M) a0~ wu = jwe - v (15 4 B )

2
+V-[(u-b)b]+u-(V-F)—pu

In particular we have the following global control on the solution: for all 0 < t < Ty,

max{ || (1, b) ()I[3,, IV (1, b) 13,120, 7, }

, ) ‘ s (6.20)
< Cll(uo, bo) |5, + ClIF5,12(0,) + C/O 1+ [(u,b)(s) ||, ds.

o Finally, if the data verify:

lim R™2 lug(x)|* + |bo(x)|*dx = 0,

R—+c0 ‘x|§R

and

—+o00
lim R—Z/ / IF(t x)[dx df = 0,
R—+o0 0 |x|<R

then we get a global solution (u,b, p).

Sketch of the proof.

The key point is to provide a priori controls for the following approximated so-
lutions. Let ¢r as in (6.14). Basson proves in (Basson, 2006b) that one may take a
sequence R, — 4oo such that P(¢r, up) converges *-weakly to uyg and IP(¢r, bo)
converges *-weakly to by in B;. We define ug, = P(¢r,u0), bo, = P(¢r,bo),
F,, = ¢r,F. Then, there exists a unique solution (u,, b,,) of the approximated system
(MHD,,):

dru, = Au, — (u, - V)u, + (b - V)b, — Vp, + V- Fy,
dtb, = Ab, — (u, - V)b, + (b, - V)u,,
V-ou,=0,V-b, =0,

u,(0,+) = ug, by(0,-) = by,

(MHD,)
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which belongs to L*((0, +o0), L>(IR?)) N L?((0, +o0), H'(IR?)), and even, belongs to
C([0, +00), LE(R?)).

Next, we denote Vp, = Vp, 1 + Vp,2, where p,,1 and Vp, are given by (6.17)
and (6.18).

We make use of a technical lemma which we will prove later.

Lemma 6.8. Let F = (F,j)1<ij<2 € L, be a tensor. Then we have

V100~ xR (el ey < € [ 2 gy

?
~ 2 Sk/wk ) ()| dy.

and
IV1(1 = p(x/8)RR; (9F, iy < C [ @()IF()]dy

We get back to (6.16) (and we set &« = (n,i,j) € N x {1,2} x {1,2}), using this
lemma we find
VI = X0 RiRj (¥ Ani)] | = (r2)

wk ’un|2+’bn| —|—C/ ll)k’ n|
(1+1y])3 (1+ |y|)3

~ 2 / $ullua [+ bu Py +27% [ [ dy.

After summation over k and using the Holder inequality in the term with the forcing
tensor, we get for 2 < 7y < 4,

/2
[l + [by a2 621
|V pna2llre <C/1+||)dy+C /MW’ , (6.21)

which shows that ||V p, 2|z~ is uniformly bounded.

Now, we study the term p, ;. Let R > 1 fix, and we take ky € IN such that
2ko—1 < 2R < 2k Then, by the localization of the function xy,
J e Pl <C [ lp(x/8)R @ R(p(An) P dx
|x|<2R
k0+1
FCY [ RO R dx
SC/ |p(uy ® uy + by @b,) > 2dx

|x|<2R

kt1 (6.22)
+C 2 / | (un ® wy + by @ by) P2 dx
x

ko+1

+C [lgFa24C Y [ lpaf?
k=1

gc/ un? + ]bn|3dx+C/ I, >/ 2dx.
|x|<2°R |x|<25R
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We consider the solutions (u,, by, p,) of the approximated system (MHD,,), but,
for simplicity, we will get rid of the index n and we shall just write (u, b, p).

This part of the proof seems to the case of dimension 3, for this reason we only

detail the main computations.
We define a1+, () as in (5.7), and ¢r as in (6.14). The local energy balance gives

u> + |bJ?
//at(Hz“)aq,to,t1¢R dxds + // |Vu’2 + ‘Vb|2 a”’tO,tl¢R Iy ds
ul? + |b|?
= // H2H ot APR dx ds

2 2 b 2
+ Z//(M—;”)ui“q,tg,tlai(m{ dxds + //u Vppr dx ds
i1

2
+y / / (- b)bitty 11, i dx ds
i=1

— Z / F,‘,jujoé,?,to,tlai(l)[{ dxds — Z / Fi,jaiuja,?,to,tl (PR dx ds.
1<i,j<2

1<i,j<2
We divide this expression by R?, we use || V¢r| 1~ < ¢/R and ||A¢r||~ < ¢/R?,
and for the term involving F, we apply the Cauchy-Schwarz inequalities and the

Young inequalities. Then, there exist two constants Cyp > 0 and C = C(Cp) > O,
where Cy is arbitrarily small, such that

1 ul? + |b)? 1

ﬁ// at(H2’|)(x,],t0,t](pR dx ds + ﬁ//(|Vu|2 + [VDJ2) a0 r, b dx ds

C 2, 2 1 [uf® 4 [b[*|ul
Sm/ijZR(’u’ +|b| )Oéq,tg,tl dXdS+R3//x|§2R(2)(X;7,tOIt1 dxds

2
* ﬁ // ¢R(u ' vp)lxﬂfto,tl dxds

(a)

C
&~ P "
! R? //x<2R| |ty to, 1, dx ds

Co
N R2 //xSZR(|Vu|2 + ‘Vb|2) Xt by Ax ds.

(6.23)
To control the term (a) we use the decomposition Vp = Vp; + Vp, where p; and

Vp, are always given by the equations (6.17) and (6.18). Recalling that div(u) = 0,
we may write

/¢Ru-Vpdx:—/plu-ngRdx—l—/(pRu-szdx.

The following fact is now useful : by the interpolation inequalities we have

/|x|<25R lulPdx < |[@pspulPs < Cll@osgul| 22|V (@psgu) || 2

< C||€925RUH%2 + CIH§925R‘1H%2H(I’25RV‘1HL2- (6.24)
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Using (6.21) and (6.22), and (6.24), we obtain for 2 < 79 < 4and 2 < 7, < 10/3
we obtain

1
R2

/chu- Vpdx

C 3 3/2 CH ) 712Hoo / 2 1 12
< i
= R3/|<2 (|u| ’F1| ) X R ¢R|u| x

S+ bP)dx+C L
(JuP + o) + /1+\x|)3x
. 2 ) Lilk
= (Il + ||br|BZ>H¢RuuLz+ﬁl|¢z<ul|m+c / T+ ™

c 2 LA
R*H%SR“HLZ + gallgsmulilosvulis + € ([ i)

3

%‘(‘3

|x|<25R

ﬁ +

+ R H(PZSRbHiZ + R3\|(P25Rb||L2||§025RVb||L2

2 2 2, \7 ¢ 2 |IF|?
s+ el ([ lafas) o+ llpralarsc [ T

(ERE

We can inject this estimate on term (a), to (6.23). Then, we find

ul? + |bJ? 1
72 // o H2||)zx,7,t0,t1ch dxds + 72 //(|Vu[2 + | Vb|?) ay 0,1, Pr dx s
C
g a1 o)y s
C 3 3 3 3
+ 25 [ Ulgmullls + lowxbli)ay s ds +C [ (Il + b1, )ay 0 ds
C Co
& [ lgmulltzny s ds + 25 [ IasrVulay s ds
Co
+ i [ 19mablisgne ds+ 53 [ 1ona bl ds
LiE / / LiE
+C/ <1+/ (1+‘x|)%oc,7,t0,tldx ds+C A5 = ~ 0y o 1y AX ds
C 2 2
+R2//xgmm ot dsds+//|<2R Vul + [V ) a1, dx ds.

At this moment, we let 17 goes to 0. If we take tp and t; two Lebesgue points of the
function Ag(s) = /(\u(s,x)\z + [b(s, x)|?)pr(x) dx, we get

u|? + b|? 1
_ // Hzllatlxﬂ,to,tlch dxds = _E /at“ﬁ,to,hAR(S) ds,

and

) ul? + |bJ? 1
’171LI(1] — /HzHatawo,tl(pR dx ds = E(AR(tl) — AR(to)),
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so that

u 2 2 u 2 2
RO UG U UG

1 rh 2 2
+7/ /(|Vu| + Vb gr) dx ds
R2 J;,

h 4 4
<C [ 1+ ully, + bl ds
0

2
+CH]F||32L2(1‘0J1)

Co (M 2 2
— \V4 Vb|*dxds.
R? /to /x525R| uf" VB[ dxds

In this inequality, the continuity at 0 of the map t € [0, T) — (u,b)(t) € L2 (IR?)
permit to let ty goes to zero. Additionally, by the *-weak continuity of this map we
can let t; goesto t € (0, T). We thus conclude that for all t € (0, T),

u 2 2 t
1{12/(’ (t)| —;’b(t” )(I)Rdx—i-l/ /(]Vu\2+]Vb]2)<dex

<C(|luol[3, + Iboll3,) + CIEII3, 2, + CIGHE, 20,

+C 14 i, + bl ds
0

Co/t/ (|Vul® + | Vb]?) dx ds
R? Jo Jix|<25R '

From this estimate and using the Young inequalities, we obtain the global energy
control (6.20) for the approximated solutions.

With these uniform controls, we may follow the ideas in (Basson, 2006b) to obtain
a subsequence (uy,, by, pn,) which converges in the sense of distributions to a local
solution (u, b, p) of the (MHD) system on [0, Ty], where

1
1+ [ (uo, bo) I3, + 1[5, 2

TO =~ .
(0,400)

We observe that the pressure term is given by the formula Vp = Vp; + Vpo,
with p; = klim P and Vpy = klim Vpu, 2. We obtain p; and Vp, satisfy (6.17) and
—>0o0 —00

(6.18) (with u, = u). Additionally, by Theorem 3 (with d = 2) we get that p can be
written as in (6.19).

It remains to study the existence of global solutions. This part is obtained in the
same way as for dimension 3, see Section 6.4.4. The only difference in the case of
dimension 2 is that, we use the Lemma 6.7, with b = 2. o

Proof of Lemma 6.8
We proceed as in (Basson, 2006b) In dimension 2, for the kernel IH we have
H(x)| < |x|2 and |[VH(x)| < B ‘3 By the localization properties of the functions

1ty

and x, we obtain for all k € N, for |x —y| < —¢~,

(1= xi) ()¢ (y) =
and

Vxe(x)¢(y) =0
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Then we find

Ry(ikif) () = [

lx—y|>=

1+m H ( )¢k( ) i,jdy/
and

IVI(1 = x0)RiR;(iFi )] (%)
<1V - x0)() [ i i = 00 )Fdy |

[x—y|>
HO= [ THE = )9 Fdy|
[ BWIFW)] P y)IF ()]
= 1+ YrC ] aT e

~c [y ~ -3k
~c [y ~ e [ () F()

By the localization properties of ¢ we have that (1 — ¢(x/8))¢(y) = 0 and
Veo(x/8)p(y) = 0, so the second estimate in the statement of this lemma follows
in the same way. o
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