
❊✈"② ❱❛❧ ❞✬❊))♦♥♥❡ ❯♥✐✈❡")✐/②

❙/❛/✐)/✐❝) ❛♥❞ ●❡♥♦♠❡ ▲❛❜♦"❛/♦"②

6❤❛"♥❡①/

 ❤❉ ❚❤❡%✐%

♣!❡#❡♥%❡❞ ❜②

▼❛))❤✐❡✉ ❇♦✉❛③✐③

❢♦! %❤❡ ❞✐♣❧♦♠❛ ♦❢ ❉♦❝%♦! ✐♥ ❆♣♣❧✐❡❞ ▼❛%❤❡♠❛%✐❝#

❙!❛!✐$!✐❝❛❧ ♠❡!❤♦❞$ !♦ ❛❝❝♦✉♥!

❢♦/ ❞✐✛❡/❡♥! $♦✉/❝❡$ ♦❢ ❜✐❛$ ✐♥

●❡♥♦♠❡✲❲✐❞❡ ❛$$♦❝✐❛!✐♦♥ $!✉❞✐❡$

❉❡❢❡♥❞❡❞ ♦♥ ✷✷ ◆♦✈❡♠❜❡! ✷✵✶✷ ✐♥ ❢!♦♥% ♦❢

❘❡✈✐❡✇❡%&✿ ❊♠♠❛♥✉❡❧❧❡ ●/♥✐♥ ✭❉%✮ ■♥&❡%♠

❉❛✈✐❞ ❇❛❧❞✐♥❣ ✭7%✮ ❯❈▲ ●❡♥❡;✐❝& ■♥&;✐;✉;❡

❊①❛♠✐♥❡%&✿ ❉❛✈✐❞✲❆❧❡①❛♥❞%❡ ❚%/❣♦✉❡; ✭❉%✮ ■♥&❡%♠

❏❡❛♥✲❋%❛♥D♦✐& ❩❛❣✉%② ✭7%✮ ❈♦♥&❡%✈❛;♦✐%❡ ◆❛;✐♦♥❛❧ ❞❡& ❆%;& ❡; ▼❡;✐❡%&

❙✉♣❡%✈✐&♦%&✿ ❈❤%✐&;♦♣❤❡ ❆♠❜%♦✐&❡ ✭7%✮ ➱✈%② ❱❛❧ ❞✬❊&&♦♥♥❡ ❯♥✐✈❡%&✐;②

▼✐❝❦❛Q❧ ●✉❡❞❥ ✭7❤❉✮ 7❤❛%♥❡①;





❘❡♠❡#❝✐❡♠❡♥'(

❏❡ "✐❡♥% "♦✉" ❞✬❛❜♦,❞ - ❛❞,❡%%❡, ✉♥ ❣,❛♥❞ ♠❡,❝✐ - ❈❤,✐%"♦♣❤❡ ❆♠❜,♦✐%❡ ❡" ▼✐❝❦❛7❧

●✉❡❞❥✱ ♠❡% ❞❡✉① ❞✐,❡❝"❡✉,% ❞❡ "❤=%❡✱ ♣♦✉, ♠✬❛✈♦✐, ♣❡,♠✐% ❞❡ ❧❛ ,?❛❧✐%❡, ❞❛♥% ❞❡ ❜♦♥♥❡%

❝♦♥❞✐"✐♦♥% ❡" ♣♦✉, ❛✈♦✐, ❡♥❝❛❞,? ❡" %♦✉"❡♥✉ ♠❡% ,❡❝❤❡,❝❤❡% ❞✉,❛♥" ❝❡% ",♦✐% ❛♥♥?❡%✳

❏❡ ,❡♠❡,❝✐❡ ❊♠♠❛♥✉❡❧❧❡ ●?♥✐♥✱ ❉❛✈✐❞ ❇❛❧❞✐♥❣✱ ❉❛✈✐❞ ❚,❡❣♦✉❡" ❡" ❏❡❛♥✲❋,❛♥G♦✐% ❩❛✲

❣✉,② ♣♦✉, ❛✈♦✐, ❛❝❝❡♣"? ❞❡ ❢❛✐,❡ ♣❛,"✐❡ ❞✉ ❥✉,② ❛✐♥%✐ K✉❡ ♣♦✉, ❧❡✉,% ,❡♠❛,K✉❡% ❡" ❧❡✉,%

❝♦♥%❡✐❧% K✉✐ ♦♥" ?"? ❡♥,✐❝❤✐%%❛♥"% ♣♦✉, ❧❛ ,?❞❛❝"✐♦♥ ❞❡ ❝❡ ♠❛♥✉%❝,✐"✳

❏✬❛❞,❡%%❡ ♠❡% ,❡♠❡,❝✐❡♠❡♥"% - ❧❛ ❞✐,❡❝"✐♦♥ ❞❡ L❤❛,♥❡①" ♣♦✉, ♠✬❛✈♦✐, ❛❝❝✉❡✐❧❧✐ ❛✉ %❡✐♥

❞❡ ❧❡✉, ❡♥",❡♣,✐%❡ ❞✉,❛♥" ❝❡""❡ "❤=%❡✳

❏✬❛✐♠❡,❛✐% ❝❤❛❧❡✉,❡✉%❡♠❡♥" ,❡♠❡,❝✐❡, "♦✉% ❧❡% ❝♦❧❧=❣✉❡% K✉❡ ❥✬❛✐ ❝M"♦②? ♣♦✉, ❧❡✉, ❣❡♥✲

"✐❧❧❡%%❡ ❡" ❧❡✉, %♦✉"✐❡♥ ❞✉,❛♥" ❝❡% ",♦✐% ❛♥♥?❡%✳ ❏❡ ,❡♠❡,❝✐❡ ♣,✐♥❝✐♣❛❧❡♠❡♥" ❈❛,♦❧✐♥❡✱

▼❛,✐♥❡✱ ❋❛❜,✐❝❡✱ ❧❡% ❜✐♦%"❛"%✬✱ ◆✐❝♦❧❛%✱ ❆✉❞❡✱ ❆✉,?❧✐❡✱ ❨❛♥♥✐❝❦✱ ❊%"❤❡,✱ L❛",✐❝❦✱ ●✐❧❧❡%✱

L✐❡,,❡✱ ❈②,✐❧ ❡" ▼✐❝❤=❧❡✳ ▼❡,❝✐ ❛✉%%✐ - "♦✉% ❧❡% ❛✉",❡% ❝♦❧❧=❣✉❡% ❞❡ L❤❛,♥❡①" ❡" ❞✉ ❧❛❜♦✲

,❛"♦✐,❡✱ ❝❡✉① K✉✐ %♦♥" ♣❛,"✐% ❡" ❝❡✉① K✉✐ %♦♥" ,❡%"?%✳

▼❡,❝✐ ?❣❛❧❡♠❡♥" - ❋❧♦,❛ ❆❧❛,❝♦♥✱ ❋,❛♥G♦✐% ❈♦K✉❡" ❡" ❈?❧✐♥❡ ❱✐❛❧ ♣♦✉, ♠✬❛✈♦✐,✱ - ❧❡✉,

♠❛♥✐=,❡✱ ♠♦♥",? ❧❛ ✈♦✐❡ ❞❡ ❧❛ ,❡❝❤❡,❝❤❡✳

❊♥✜♥ ❥❡ ❞?%✐,❡ ,❡♠❡,❝✐❡, ♠❛ ❢❛♠✐❧❧❡✱ ♠❡% ❛♠✐% ❛✐♥%✐ K✉❡ "♦✉% ❝❡✉① K✉✐ %♦♥" "♦✉❥♦✉,%

,❡%"?% - ♠❡% ❝M"?%✳

✐



✐✐



❆❜"#$❛❝#

❚❤❡ #$✉❞② ♦❢ ❤✐❣❤✲$❤-♦✉❣❤♣✉$ ▼♦❧❡❝✉❧❛- ❇✐♦❧♦❣② ♦✛❡-# ✉♥♣-❡❝❡❞❡♥$❡❞ ♦♣♣♦-$✉♥✐$✐❡# ❢♦-

✉♥❞❡-#$❛♥❞✐♥❣ ❝❡❧❧ ♠❡❝❤❛♥✐#♠# ❛♥❞ ❞✐#❡❛#❡#✳ ■♥ ♣❛-$✐❝✉❧❛-✱ ●❡♥♦♠❡✲❲✐❞❡ ❛##♦❝✐❛$✐♦♥

#$✉❞✐❡# ❤❛✈❡ ❜❡❝♦♠❡ ♣♦✇❡-❢✉❧ $♦♦❧# $♦ ❞❡$❡❝$ ❣❡♥❡$✐❝ ✈❛-✐❛♥$# ❛##♦❝✐❛$❡❞ ✇✐$❤ ❞✐#❡❛#❡#✳

❚❤✐# ?❤❉ $❤❡#✐# ❢♦❝✉#❡# ♦♥ #❡✈❡-❛❧ ❦❡② ❛#♣❡❝$# ♦❢ $❤❡ ♥❡✇ ❝♦♠♣✉$❛$✐♦♥❛❧ ❛♥❞ ♠❡$❤♦❞✲

♦❧♦❣✐❝❛❧ ♣-♦❜❧❡♠❛$✐❝# $❤❛$ ❤❛✈❡ ❛-✐#❡♥ ✇✐$❤ #✉❝❤ -❡#❡❛-❝❤✳

◆♦$✇✐$❤#$❛♥❞✐♥❣ $❤❡ ✇✐❞❡#♣-❡❛❞ ✉#❡ ♦❢ ●❡♥♦♠❡✲❲✐❞❡ ❛##♦❝✐❛$✐♦♥ #$✉❞✐❡#✱ $❤❡✐- -❡#✉❧$#

❤❛✈❡ ❜❡❡♥ C✉❡#$✐♦♥❡❞✱ ✐♥ ♣❛-$ ❜❡❝❛✉#❡ ♦❢ $❤❡ ❜✐❛# ✐♥❞✉❝❡❞ ❜② ♣♦♣✉❧❛$✐♦♥ #$-❛$✐✜❝❛$✐♦♥✳

▼❛♥② #$-❛$❡❣✐❡# ❛-❡ ❛✈❛✐❧❛❜❧❡ $♦ ❛❝❝♦✉♥$ ❢♦- ♣♦♣✉❧❛$✐♦♥ #$-❛$✐✜❝❛$✐♦♥ ❜✉$ $❤❡✐- ♣❡-❢♦-✲

♠❛♥❝❡# ❞✐✛❡- ❛❝❝♦-❞✐♥❣ $♦ ♥✉♠❡-♦✉# ♣❛-❛♠❡$❡-#✳ ❲❡ ♣-♦♣♦#❡ ❛ -♦❜✉#$ ❝♦♠♣❛-✐#♦♥ #$✉❞②

♦❢ $❤❡#❡ ♠❡$❤♦❞#✳ ❚❤❡✐- ❛❞✈❛♥$❛❣❡# ❛♥❞ ❧✐♠✐$❛$✐♦♥# ✐♥ ❞✐✛❡-❡♥$ #$-❛$✐✜❝❛$✐♦♥ #❝❡♥❛-✐♦# ❛-❡

❤✐❣❤❧✐❣❤$❡❞ ✐♥ ♦-❞❡- $♦ ♣-♦♣♦#❡ ♣-❛❝$✐❝❛❧ ❣✉✐❞❡❧✐♥❡# $♦ ❛❝❝♦✉♥$ ❢♦- ♣♦♣✉❧❛$✐♦♥ #$-❛$✐✜❝❛$✐♦♥

✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛##♦❝✐❛$✐♦♥ #$✉❞✐❡#✳

❲❡ $❤❡♥ ❢♦❝✉# ♦♥ $❤❡ ✐♥❢❡-❡♥❝❡ ♦❢ ♣♦♣✉❧❛$✐♦♥ #$-✉❝$✉-❡ $❤❛$ ❤❛# ♠❛♥② ❛♣♣❧✐❝❛$✐♦♥# ❢♦-

❣❡♥❡$✐❝ -❡#❡❛-❝❤✳ ■♥ ❛❞❞✐$✐♦♥ $♦ ❜❡ ✉#❡❞ $♦ ❛❝❝♦✉♥$ ❢♦- ♣♦♣✉❧❛$✐♦♥ #$-❛$✐✜❝❛$✐♦♥ ✐♥ ❛##♦✲

❝✐❛$✐♦♥ #$✉❞✐❡#✱ ✐$ ❝❛♥ ♣-♦✈✐❞❡ ✐♥❢♦-♠❛$✐♦♥ ❢♦- ❡✈♦❧✉$✐♦♥❛-② ❛♥❞ ❞❡♠♦❣-❛♣❤✐❝ #$✉❞✐❡#✳ ❲❡

♣-❡#❡♥$ ✐♥ $❤✐# ♠❛♥✉#❝-✐♣$ ❛ ♥❡✇ ❝❧✉#$❡-✐♥❣ ❛❧❣♦-✐$❤♠ ❝❛❧❧❡❞ ❙❍■#❙ ✭❙♣❡❝$-❛❧ ❍✐❡-❛-❝❤✐❝❛❧

❝❧✉#$❡-✐♥❣ ❢♦- $❤❡ ■♥❢❡-❡♥❝❡ ♦❢ ?♦♣✉❧❛$✐♦♥ ❙$-✉❝$✉-❡✮✳ ❚❤✐# ❛❧❣♦-✐$❤♠ ✇❛# ❛♣♣❧✐❡❞ $♦ ❛ #❡$

♦❢ #✐♠✉❧❛$❡❞ ❛♥❞ -❡❛❧ ❙◆? ❞❛$❛#❡$# ❛❧♦♥❣ ✇✐$❤ #❡✈❡-❛❧ ♦❢ $❤❡ ♠❛✐♥❧② ✉#❡❞ ❛❧❣♦-✐$❤♠# ✐♥

$❤❡ ✜❡❧❞ $♦ ♣-♦♣♦#❡ ❛ ❝♦♠♣❛-✐#♦♥ ♦❢ $❤❡✐- ♣❡-❢♦-♠❛♥❝❡#✳

❋✐♥❛❧❧②✱ $❤❡ ✐##✉❡ ♦❢ ♠✉❧$✐♣❧❡✲$❡#$✐♥❣ ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛##♦❝✐❛$✐♦♥ #$✉❞✐❡# ✐# ❞✐#❝✉##❡❞

♦♥ #❡✈❡-❛❧ ❧❡✈❡❧#✳ ❲❡ ♣-♦♣♦#❡ ❛ ❣❡♥❡-❛❧ -❡✈✐❡✇ ♦❢ $❤❡ ♠✉❧$✐♣❧❡✲$❡#$✐♥❣ ❝♦--❡❝$✐♦♥# ❛♥❞

❞✐#❝✉## $❤❡✐- ✈❛❧✐❞✐$② ❢♦- ❞✐✛❡-❡♥$ #$✉❞② #❡$$✐♥❣#✳ ❲❡ $❤❡♥ ❢♦❝✉# ♦♥ ❞❡-✐✈✐♥❣ ❣❡♥❡✲✇✐#❡

✐♥$❡-♣-❡$❛$✐♦♥ ♦❢ $❤❡ ✜♥❞✐♥❣# $❤❛$ ❝♦--❡#♣♦♥❞# $♦ ♠✉❧$✐♣❧❡✲$❡#$✐♥❣ ❜❡$✇❡❡♥ ❞❡♣❡♥❞❡♥$

$❡#$#✳ ❲❡ ❛♥❛❧②③❡ $❤❡ -❛$✐♦♥❛❧❡ ♦❢ $❤❡ ♠❡$❤♦❞# ❞❡#✐❣♥❡❞ $♦ $❤✐# ❡♥❞ ❛♥❞ $❤❡♥ ♣-♦♣♦#❡ ❛

❝♦♠♣❛-✐#♦♥ ♦❢ $❤❡ ♠♦#$ ✉#❡❞ ✐♥ ♣-❛❝$✐❝❡ ✐♥ ♦-❞❡- $♦ ❞❡$❡-♠✐♥❡ $❤❡ ❜❡#$ #$-❛$❡❣② $♦ ♦❜$❛✐♥

✈❛❧✐❞ ❣❡♥❡✲❞✐#❡❛#❡ ❛##♦❝✐❛$✐♦♥ ♠❡❛#✉-❡#✳

✐✐✐
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❘!"✉♠!
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❲❡ '❤❡♥ ❧♦♦❦ ♠♦&❡ ✐♥ ❞❡'❛✐❧ ❛' ♦♥❡ ♦❢ '❤❡ ❧❛,' ,'❡♣, ♦❢ ❣❡♥❡'✐❝ ❛,,♦❝✐❛'✐♦♥ ,'✉❞✐❡, '❤❛'
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❚❤❡ ♥✉❧❧ ❤②♣♦$❤❡'✐' ✐' ✉'❡❞ $♦ ❞❡/✐✈❡ $❤❡ ♥✉❧❧ ❞✐'$/✐❜✉$✐♦♥ ♦❢ $❤❡ $❡'$ '$❛$✐'$✐❝✳ ❚❤✐'

❞✐'$/✐❜✉$✐♦♥ '❡/✈❡' ❛' ❛ /❡❢❡/❡♥❝❡ $♦ ❞❡'❝/✐❜❡ $❤❡ ✈❛/✐❛❜✐❧✐$② ♦❢ S ❞✉❡ $♦ ❝❤❛♥❝❡ ✉♥❞❡/ H0✳

❚❤❡ ❤②♣♦$❤❡'✐'✲$❡'$✐♥❣ ♣/♦❝❡❞✉/❡ ❝♦♠♣❛/❡' $❤❡ ♦❜'❡/✈❡❞ $❡'$ '$❛$✐'$✐❝ Sobs
$♦ $❤❡ ♥✉❧❧

❞✐'$/✐❜✉$✐♦♥ ❛♥❞ ❝♦♠♣✉$❡' ❛ '$❛$✐'$✐❝❛❧ ❝♦♥✜❞❡♥❝❡ ♠❡❛'✉/❡ ❝❛❧❧❡❞ p✲✈❛❧✉❡ $♦ '✉♠♠❛/✐③❡
$❤❡ /❡'✉❧$✳ ❚❤❡ p✲✈❛❧✉❡ ✐' ❞❡✜♥❡❞ ❛' $❤❡ ♣/♦❜❛❜✐❧✐$② $❤❛$ ❛ $❡'$ '$❛$✐'$✐❝ ❛$ ❧❡❛'$ ❛' ❧❛/❣❡
❛' $❤❡ ♦❜'❡/✈❡❞ ♦♥❡ ✇♦✉❧❞ ♦❝❝✉/ ✐♥ ❞❛$❛ ❞/❛✇♥ ❛❝❝♦/❞✐♥❣ $♦ H0✿

p✲✈❛❧✉❡ = PH0
(S ≥ Sobs)

❆ '♠❛❧❧ p✲✈❛❧✉❡ ✐♥❞✐❝❛$❡' $❤❛$ $❤❡ $❡'$ '$❛$✐'$✐❝ ❧✐❡' ✐♥ $❤❡ ❡①$/❡♠✐$✐❡' ♦❢ $❤❡ ♥✉❧❧
❞✐'$/✐❜✉$✐♦♥ ✇❤✐❝❤ '✉❣❣❡'$' $❤❛$ $❤❡ ♥✉❧❧ ❤②♣♦$❤❡'✐' ❞♦❡' ♥♦$ ❛❝❝✉/❛$❡❧② ❞❡'❝/✐❜❡ $❤❡ ♦❜✲

'❡/✈❛$✐♦♥✳

■♥%❡&♣&❡%❛%✐♦♥ ♦❢ ❛ 2%❛%✐2%✐❝❛❧ %❡2%

■♥ ♣/❛❝$✐❝❡✱ ❞❡$❡/♠✐♥✐♥❣ ✇❤❡$❤❡/ ❛♥ ♦❜'❡/✈❡❞ $❡'$ '$❛$✐'$✐❝ ✐' '$❛$✐'$✐❝❛❧❧② '✐❣♥✐✜❝❛♥$ /❡✲

E✉✐/❡' ❝♦♠♣❛/✐♥❣ ✐$' ❝♦//❡'♣♦♥❞✐♥❣ p✲✈❛❧✉❡ $♦ ❛ ❝♦♥✜❞❡♥❝❡ $❤/❡'❤♦❧❞ ✭α✮ ❛❧'♦ ❦♥♦✇♥ ❛'
❧❡✈❡❧ ♦❢ '✐❣♥✐✜❝❛♥❝❡✳ ❲❤❡♥ $❤❡ p✲✈❛❧✉❡ ✐' '♠❛❧❧❡/ $❤❛♥ α✱ $❤❡ ♥✉❧❧ ❤②♣♦$❤❡'✐' ✐' /❡❥❡❝$❡❞
✇✐$❤ '✉✣❝✐❡♥$ ❝♦♥✜❞❡♥❝❡✳ ❈♦♥✈❡/'❡❧②✱ ✐❢ $❤❡ p✲✈❛❧✉❡ ✐' ❛❜♦✈❡ $❤❡ $❤/❡'❤♦❧❞✱ $❤❡ ♦❜'❡/✈❛✲
$✐♦♥ ✐' ♥♦$ '✉✣❝✐❡♥$❧② ✐♥❝♦♥'✐'$❡♥$ ✇✐$❤ $❤❡ ♥✉❧❧ ❤②♣♦$❤❡'✐' ✇❤✐❝❤ ✐' ♥♦$ /❡❥❡❝$❡❞✳ ❚❤❡

/❡'✉❧$ ✐' ❝♦♥'✐❞❡/❡❞ ❛' ♥♦♥✲'✐❣♥✐✜❝❛♥$✳

▼❛♥② '$✉❞✐❡' ✉'❡ ❛ $❤/❡'❤♦❧❞ α = 5%✱ ❤✐'$♦/✐❝❛❧❧② '✉❣❣❡'$❡❞ ❜② ❋✐'❤❡/ ✇❤♦ ❛/❣✉❡❞
$❤❛$ ♦♥❡ '❤♦✉❧❞ /❡❥❡❝$ ❛ ♥✉❧❧ ❤②♣♦$❤❡'✐' ✇❤❡♥ $❤❡/❡ ✐' ♦♥❧② ✶ ✐♥ ✷✵ ❝❤❛♥❝❡ $❤❛$ ✐$ ✐' $/✉❡

✭❋✐'❤❡/ ✶✾✷✺✮✳ ■$ ✐' ❤♦✇❡✈❡/ ♣♦''✐❜❧❡ $♦ '❡❧❡❝$ ♦$❤❡/ $❤/❡'❤♦❧❞' ❛' $❤❡/❡ ❛/❡ ♥♦ ♣❛/$✐❝✉❧❛/



✶✳✶ ❙#❛#✐&#✐❝❛❧ ❝♦♥❝❡♣#& ✼

 !❛!✐ !✐❝❛❧ &❡❛ ♦♥ ❢♦& ✉ ✐♥❣ α = 5%✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ !❤❡  ✐❣♥✐✜❝❛♥❝❡ !❤&❡ ❤♦❧❞ ❛❝!✉❛❧❧②

❞❡♣❡♥❞ ♦♥ !❤❡ ❝♦ ! ❛  ♦❝✐❛!❡❞ ✇✐!❤ ❢❛❧ ❡✲♣♦ ✐!✐✈❡ ❛♥❞ ❢❛❧ ❡✲♥❡❣❛!✐✈❡ ✱ ❛♥❞ !❤❡ ❡ ❝♦ ! 

♠❛② ❞✐✛❡& ❢&♦♠ ♦♥❡ ❡①♣❡&✐♠❡♥! !♦ ❛♥♦!❤❡&✳

❲❤❡♥ ❛  !❛!✐ !✐❝❛❧ !❡ ! ✐ ♣❡&❢♦&♠❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡!❤❡& !❤❡ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ✐ !&✉❡

♦& ❢❛❧ ❡ ❛♥❞ ✇❤❡!❤❡& !❤❡  !❛!✐ !✐❝❛❧ !❡ ! &❡❥❡❝! ♦& ❞♦❡ ♥♦! &❡❥❡❝! !❤❡ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ✱ ♦♥❡

♦❢ ❢♦✉& ♦✉!❝♦♠❡ ✇✐❧❧ ♦❝❝✉&✿ ✭✐✮ !❤❡ ♣&♦❝❡❞✉&❡ &❡❥❡❝! ❛ !&✉❡ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ✭❢❛❧ ❡✲♣♦ ✐!✐✈❡

♦& !②♣❡✲■ ❡&&♦&✮✱ ✭✐✐✮ !❤❡ ♣&♦❝❡❞✉&❡ ❞♦❡ ♥♦! &❡❥❡❝! ❛ !&✉❡ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ✭!&✉❡✲♥❡❣❛!✐✈❡✮✱

✭✐✐✐✮ !❤❡ ♣&♦❝❡❞✉&❡ &❡❥❡❝! ❛ ❢❛❧ ❡ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ✭!&✉❡✲♣♦ ✐!✐✈❡✮ ❛♥❞ ✭✐✈✮ !❤❡ ♣&♦❝❡❞✉&❡

❞♦❡ ♥♦! &❡❥❡❝! ❛ ❢❛❧ ❡ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ✭❢❛❧ ❡✲♥❡❣❛!✐✈❡ ♦& !②♣❡✲■■ ❡&&♦&✮✳ ❚❤❡ !&✉❡  !❛!❡ ❛♥❞

!❤❡ ❞❡❝✐ ✐♦♥ !♦ ❛❝❝❡♣! ♦& &❡❥❡❝! ❛ ♥✉❧❧ ❤②♣♦!❤❡ ✐ ❛&❡  ✉♠♠❛&✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✳✶✳

❍

✵

✐& ♥♦# 4❡❥❡❝#❡❞ ❍

✵

✐& 4❡❥❡❝#❡❞

H0 ✐ !&✉❡ !&✉❡✲♥❡❣❛!✐✈❡ ✭1− α✮ ❢❛❧ ❡✲♣♦ ✐!✐✈❡ ✴ ❚②♣❡✲■ ❡&&♦& &❛!❡ ✭α✮

H0 ✐ ❢❛❧ ❡ ❢❛❧ ❡✲♥❡❣❛!✐✈❡ ✴ ❚②♣❡✲■■ ❡&&♦& &❛!❡ ✭β✮ !&✉❡✲♣♦ ✐!✐✈❡ ✴ C♦✇❡& ✭1− β✮

❚❛❜❧❡ ✶✳✶✿ ❖✉#❝♦♠❡& ♦❢ ❛ &#❛#✐&#✐❝❛❧ #❡&#✳

❉❡✜♥❡❞ !❤❛! ✇❛②✱ !❤❡ p✲✈❛❧✉❡ ♦❢ ❛ !❡ ! ❛♣♣❡❛&  ✐♠♣❧② ❛ !❤❡ ♣&♦❜❛❜✐❧✐!② ♦❢ ❢❛❧ ❡✲

♣♦ ✐!✐✈❡ ❛♥❞ !❤❡ ❝♦&&❡ ♣♦♥❞✐♥❣ !❤&❡ ❤♦❧❞ α ❝♦&&❡ ♣♦♥❞ !♦ !❤❡ ❢❛❧ ❡✲♣♦ ✐!✐✈❡ ✭♦& !②♣❡✲■

❡&&♦&✮ &❛!❡✳

❆♥♦!❤❡& ✈❛❧✉❡ ✐ ♣&❡ ❡♥!❡❞ ✐♥ ❚❛❜❧❡ ✶✳✶ ❛♥❞ ❝♦&&❡ ♣♦♥❞ !♦ !❤❡ !②♣❡✲■■ ❡&&♦& &❛!❡ β✱

!❤❛! ✐ !❤❡ ♣&♦❜❛❜✐❧✐!② ♦❢ ❢❛❧ ❡✲♥❡❣❛!✐✈❡✳ ❲❡ ✉ ✉❛❧❧② ❝♦♥ ✐❞❡& 1−β✱ !❤❡  !❛!✐ !✐❝❛❧ ♣♦✇❡& ♦❢

!❤❡ !❡ ! ✐♥ !❡❛❞✳ ❚❤❡  !❛!✐ !✐❝❛❧ ♣♦✇❡& ❝♦&&❡ ♣♦♥❞ !♦ !❤❡ ♣&♦❜❛❜✐❧✐!② ♦❢ &❡❥❡❝!✐♥❣ !❤❡ ♥✉❧❧

❤②♣♦!❤❡ ✐ ✇❤❡♥ !❤❡ ❛❧!❡&♥❛!✐✈❡ ❤②♣♦!❤❡ ✐ ✐ !&✉❡✳ ❋♦&♠❛❧❧②  ♣❡❛❦✐♥❣✱ ✐! ❝♦&&❡ ♣♦♥❞ !♦

PH1
( ❡❥❡❝$✐♥❣ H0) ❛♥❞ ✐ ❢✉♥❝!✐♦♥ ♦❢ !❤❡ !❡ !  ✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ α✳ ❚❤❡ ♣♦✇❡& ♦❢ ❛  !❛!✐ !✐❝❛❧

!❡ ! ✐ ✉ ❡❞ !♦ ❞❡!❡&♠✐♥❡ ✇❤❛! ✐ ✐! ♣♦!❡♥!✐❛❧ !♦ ❞❡!❡❝! !&✉❡✲♣♦ ✐!✐✈❡ ✳ ❆  !❛!✐ !✐❝❛❧ ♣♦✇❡&

❛♥❞  ✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ❛&❡ ❞❡♣❡♥❞❡♥!✱ ❛ !&❛❞❡✲♦✛ ❤❛ !♦ ❜❡ ❢♦✉♥❞ !♦ ♣&♦♣❡&❧② ♠❛♥❛❣❡ ❢❛❧ ❡✲

♣♦ ✐!✐✈❡ ❛♥❞ ❢❛❧ ❡✲♥❡❣❛!✐✈❡ &❛!❡ ✳ ❚❤✐ ✐ ❛ ✇❛② ♦❢  ❡❧❡❝!✐♥❣ !❤❡  ✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ &❡❧❡✈❛♥! !♦

!❤❡ ❞❛!❛  !✉❞✐❡❞ ❛♥❞ ❛❧ ♦ !♦ ❝♦♠♣❛&❡ ❞✐✛❡&❡♥! ❛♣♣&♦❛❝❤❡ ✳ ●✐✈❡♥ ❛ ❝♦♠♠♦♥  ✐❣♥✐✜❝❛♥❝❡

!❤&❡ ❤♦❧❞ α✱ !❤❡ ❜❡ ! !❡ ! ❛! !❤❡ ❧❡✈❡❧ α ✐ !❤❡ ♦♥❡ ♠❛①✐♠✐③✐♥❣ !❤❡ ♣♦✇❡& β✳ ❚❤❡ ♣♦✇❡& ❝❛♥

❜❡ ❝❛❧❝✉❧❛!❡❞ ❡①❛❝!❧② ✇❤❡♥ !❤❡ ❞✐ !&✐❜✉!✐♦♥ ❛&❡ ❦♥♦✇♥✱ ♦!❤❡&✇✐ ❡ ✐! &❡K✉✐&❡ ❡ !✐♠❛!✐♦♥

♣&♦❝❡❞✉&❡ ✳ ❲❡ ✇✐❧❧ ♣&❡ ❡♥! ✐♥ ❙❡❝#✐♦♥ ✷✳✹✳✺ ♠❡!❤♦❞ !♦ ❡ !✐♠❛!❡ !❤❡ ♣♦✇❡& ♦❢ ❛ !❡ !✳



✽ ✶✳ ■♥%&♦❞✉❝%✐♦♥

✶✳✷ ●❡♥❡&✐❝ ❝♦♥❝❡♣&+

✶✳✷✳✶ ●❡♥♦♠❡ ❛♥❞ ❣❡♥❡+✐❝ ✐♥❢♦/♠❛+✐♦♥

●❡♥❡#✐❝& ✐& ❛ &❝✐❡♥❝❡ &#✉❞②✐♥❣ ❤❡-❡❞✐#②✱ #❤❛# ✐& #❤❡ #-❛♥&♠✐&&✐♦♥ ♦❢ #-❛✐#& ✇✐#❤✐♥ ❛ &♣❡❝✐❡&

❢-♦♠ ❣❡♥❡-❛#✐♦♥& #♦ ❣❡♥❡-❛#✐♦♥&✳ ❚❤❡ ✜-&# #❤❡♦-✐❡& ✇❡-❡ ♣-♦♣♦&❡❞ ❜② ●-❡❣♦- ▼❡♥❞❡❧ ✐♥ #❤❡

♠✐❞✲✶✾#❤ ❛♥❞ ❞❡#❡-♠✐♥❡❞ #❤❛# #❤❡ #-❛♥&♠✐&&✐♦♥ ♦❢ #-❛✐#& ✇❛& ❝❛--✐❡❞ ♦✉# #❤-♦✉❣❤ ❡♥#✐#✐❡&

#❤❛# ✇❡ ♥♦✇❛❞❛②& ❝❛❧❧ ❣❡♥❡.✳ ❈♦♥&❡❝✉#✐✈❡ -❡&❡❛-❝❤ ♣-♦✈✐❞❡❞ ❛ ♠♦-❡ ❣❧♦❜❛❧ ✉♥❞❡-&#❛♥❞✐♥❣

♦❢ ❣❡♥❡& ❛♥❞ ♠♦-❡ ❣❡♥❡-❛❧❧② ♦❢ #❤❡ ❣❡♥❡#✐❝ ✐♥❢♦-♠❛#✐♦♥✳ ❚❤❡ ❡♥#✐-❡#② ♦❢ #❤❡ ❤❡-❡❞✐#❛-②

✐♥❢♦-♠❛#✐♦♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✐& ❝❛❧❧❡❞ #❤❡ ❣❡♥♦♠❡✳ ■# ✐& ❝♦♠♣♦&❡❞ ♦❢ ♦♥❡ ♦- &❡✈❡-❛❧

❝❤&♦♠♦.♦♠❡. #❤❛# ❛-❡ ♦-✐❡♥#❡❞ &❡@✉❡♥❝❡& ♦❢ ✹ ❞✐✛❡-❡♥# ♠♦❧❡❝✉❧❡& ❝❛❧❧❡❞ ♥✉❝❧❡♦#✐❞❡& ✭♦-
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❝❛❧❧❡❞ ❉◆❆ ✭❉❡&♦①②-✐❜♦ ◆✉❝❧❡✐❝ ❆❝✐❞✮ &❡@✉❡♥❝❡&✳ ❆ ❣❡♥❡ ✐& ❛❝#✉❛❧❧② ❛ ♣♦-#✐♦♥ ♦❢ ❛ ❉◆❆

&❡@✉❡♥❝❡✳ ❋✐❣✉&❡ ✶✳✶ ❝♦--❡&♣♦♥❞& #♦ ❛ ❣-❛♣❤✐❝❛❧ -❡♣-❡&❡♥#❛#✐♦♥ ♦❢ #❤❡ ❣❡♥❡#✐❝ ❝♦♥❝❡♣#&

♣-❡&❡♥#❡❞ ❤❡-❡✳
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❛♥❞ ❘❡&❡❛-❝❤✳
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✇❛& ❞✐&❝♦✈❡-❡❞ ❜② ❏✳ ❲❛#&♦♥ ❛♥❞ ❋✳ ❈-✐❝❦ #❤❛# #❤❡ ❉◆❆ ✐& &❤❛♣❡❞ ❛& ❛ ❞♦✉❜❧❡ ❤❡❧✐① ❛&

&❤♦✇♥ ✐♥ ❋✐❣✉&❡ ✶✳✶✳ ❍♦✇❡✈❡- #❤❡ &#-✉❝#✉-❡ ♦❢ #❤❡ ❣❡♥❡#✐❝ ✐♥❢♦-♠❛#✐♦♥ ❝❛♥ ✈❛-② ❜❡#✇❡❡♥

&♣❡❝✐❡&✳ ❋♦- ❡①❛♠♣❧❡✱ ❛ ❜❛❝#❡-✐❛ ❤❛& ♦♥❧② ♦♥❡ ❝❤-♦♠♦&♦♠❡ ✇❤❡-❡❛& ❤✉♠❛♥& ❤❛✈❡ ✷✷ ♣❛✐-&

♦❢ ❤♦♠♦❧♦❣♦✉& ❝❤-♦♠♦&♦♠❡& ❛♥❞ ✶ ♣❛✐- ♦❢ &❡①✉❛❧ ❝❤-♦♠♦&♦♠❡&✳

❘❡❝❡♥# -❡&❡❛-❝❤ ✐♥✐#✐❛#❡❞ ❜② #❤❡ ❍✉♠❛♥ ●❡♥♦♠❡ U-♦❥❡❝#

✶

❤❛✈❡ ❧❡❞ #♦ #❤❡ ❣❡♥♦#②♣✐♥❣

♦❢ #❤❡ ❡♥#✐-❡ ❤✉♠❛♥ ❣❡♥♦♠❡ ❛♥❞ ♣♦✐♥#❡❞ ♦✉# #❤❛# #❤❡-❡ ❛-❡ ❛❜♦✉# ✷✵✱✵✵✵✲✷✺✱✵✵✵ ❣❡♥❡&

✶
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✶✳✷ ●❡♥❡&✐❝ ❝♦♥❝❡♣&+ ✾
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#❡>✉❡♥❝❡ %❤❛% ❤❛# ❜❡❡♥ ❛❧%❡!❡❞✳ ■% ❝❛♥ ❧❡❛❞ %♦ ♥♦ ❡✛❡❝% ♦! %♦ ❡✐%❤❡! ❛ ♣♦#✐%✐✈❡ ♦! ♥❡❣❛%✐✈❡

❡✛❡❝% ♦♥ %❤❡ ♦!❣❛♥✐#♠ ❞❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ %❤❡ ❣❡♥❡ ❛✛❡❝%❡❞ ❜② %❤❡ ♠✉%❛%✐♦♥ ✐# ❛❧%❡!❡❞✳

❚❤❡ ♦!✐❣✐♥❛❧ ❢✉♥❝%✐♦♥ ♦❢ %❤❡ ❛❧%❡!❡❞ ❣❡♥❡ ❝❛♥ ❜❡ ♣!❡#❡!✈❡❞ ✭❡✳❣✳ !❡#✉❧%✐♥❣ ✐♥ %❤❡ #❛♠❡

♣!♦%❡✐♥✮ ♦! ♦♥ %❤❡ ❝♦♥%!❛!② %❤❡ ♠✉%❛%✐♦♥ ❝❛♥ ♠♦❞✐❢② %❤❡ ❣❡♥❡ ❢✉♥❝%✐♦♥ ♦! !❡❣✉❧❛%✐♦♥#✳
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❋✐❣✉$❡ ✶✳✷✿ ❆ ✲ ❚❤&❡❡ ♠❡❝❤❛♥✐3♠3 ♦❢ ♠✉%❛%✐♦♥ ♦❢ ❛ 3✐♥❣❧❡ ❜❛3❡✳ ❚❤❡② ❝♦$$❡/♣♦♥❞

3♦ 3❤❡ ✐♥/❡$3✐♦♥ ♦❢ ❛ ♥♦✈❡❧ ❜❛/❡✱ 3❤❡ ❞❡❧❡3✐♦♥ ♦❢ ❛ ❜❛/❡ ♦$ 3❤❡ ♠♦❞✐✜❝❛3✐♦♥ ♦❢ ❛ ❜❛/❡✳ ❇

✲ ▼❡❝❤❛♥✐3♠ ♦❢ &❡❝♦♠❜✐♥❛%✐♦♥ ❜② ❝&♦33✐♥❣✲♦✈❡&✳ ❚✇♦ /❡=✉❡♥❝❡/ ❛$❡ ❡①❝❤❛♥❣❡❞

❞✉$✐♥❣ ❛ ❝$♦//✐♥❣✲♦✈❡$✳

❘❡❝♦♠❜✐♥❛%✐♦♥✿ ❛ $❡❝♦♠❜✐♥❛3✐♦♥ ❡✈❡♥3 $❡❢❡$/ 3♦ 3❤❡ ❡①❝❤❛♥❣❡ ♦❢ ♥✉❝❧❡♦3✐❞❡ /❡=✉❡♥❝❡/

❜❡3✇❡❡♥ 3✇♦ ❉◆❆ ♠♦❧❡❝✉❧❡/✳ ■3 ✐/ 3❤❡ ❝❛/❡ ♦❢ 3❤❡ $❡❝♦♠❜✐♥❛3✐♦♥ ❜❡3✇❡❡♥ ❤♦♠♦❧♦❣♦✉/

❝❤$♦♠♦/♦♠❡/ ❜② ❝$♦//✐♥❣✲♦✈❡$ ✭❋✐❣✉&❡ ✶✳✷✲❇✮✳ ❙✉❝❤ ❛ $❡❝♦♠❜✐♥❛3✐♦♥ ❣❡♥❡$❛❧❧② ♦❝❝✉$/

❞✉$✐♥❣ 3❤❡ ♠❡✐♦/✐/✱ 3❤❛3 ✐/ 3❤❡ ♣$♦❝❡// ❧❡❛❞✐♥❣ 3♦ 3❤❡ ❢♦$♠❛3✐♦♥ ♦❢ ❣❛♠❡3❡/✳ ❚❤❡ ♣$♦❜❛❜✐❧✲

✐3② ♦❢ $❡❝♦♠❜✐♥❛3✐♦♥ ❜❡3✇❡❡♥ 3✇♦ ❧♦❝✐ ✐/ ♣$♦♣♦$3✐♦♥❛❧ 3♦ 3❤❡✐$ ❞✐/3❛♥❝❡ ♦♥ 3❤❡ /❡=✉❡♥❝❡/✳

❆/ ❛ ❝♦♥/❡=✉❡♥❝❡ 3✇♦ ❣❡♥❡/ ❞✐/3❛♥3 ♦♥ 3❤❡ ❉◆❆ /❡=✉❡♥❝❡ ❛$❡ ♠♦$❡ ❧✐❦❡❧② 3♦ $❡❝♦♠❜✐♥❡✳

❖♥ 3❤❡ ♦3❤❡$ ❤❛♥❞✱ 3✇♦ ❣❡♥❡/ ❧♦❝❛3❡❞ ❝❧♦/❡ 3♦ ❡❛❝❤ ♦3❤❡$ ♦♥ ❛ ❝❤$♦♠♦/♦♠❡ ❛$❡ ❧✐❦❡❧② 3♦ ❜❡

✐♥❤❡$✐3❡❞ 3♦❣❡3❤❡$✳ ❲❡ /❛② 3❤❛3 3❤❡/❡ ❣❡♥❡/ ❛$❡ ❧✐♥❦❡❞ ❛♥❞ ❝❛❧❧ 3❤✐/ ❝♦♠♠♦♥ ✐♥❤❡$✐3❛♥❝❡

3❤❡ ❣❡♥❡3✐❝ ❧✐♥❦❛❣❡✳



✶✳✷ ●❡♥❡&✐❝ ❝♦♥❝❡♣&+ ✶✶

,♦♣✉❧❛&✐♦♥ ●❡♥❡&✐❝+

❖!❤❡$ ♠❡❝❤❛♥✐*♠* !❤❛♥ ♠✉!❛!✐♦♥* ❛♥❞ $❡❝♦♠❜✐♥❛!✐♦♥* ❝❛♥ ❧❡❛❞ !♦ ❞✐✈❡$*✐❢② !❤❡ ❣❡♥❡

♣♦♦❧ ♦❢ ❛ *♣❡❝✐❡* ❛♥❞ ❡♥*✉$❡ !❤❛! !❤✐* ❞✐✈❡$*✐!② ✐♥ ♣❛**❡❞ ❞♦✇♥ !❤$♦✉❣❤ ❣❡♥❡$❛!✐♦♥*✳

7♦♣✉❧❛!✐♦♥ ●❡♥❡!✐❝* *!✉❞✐❡* !❤❡*❡ ♥❛!✉$❛❧ ♣❤❡♥♦♠❡♥❛ !❤❛! ❛$❡✿

◆❛&✉1❛❧ +❡❧❡❝&✐♦♥✿ ♥♦♥✲$❛♥❞♦♠ ♣$♦❝❡** !❤$♦✉❣❤ ✇❤✐❝❤ ❛❧❧❡❧❡* ✭✐✳❡✳ !$❛✐!*✮ ❛$❡ ❝♦♥*❡$✈❡❞

♦$ !❡♥❞ !♦ ❜❡ ❜$❡❞ ♦✉! ❢$♦♠ ❛ ♣♦♣✉❧❛!✐♦♥ ❛❝❝♦$❞✐♥❣ !♦ !❤❡ ❛❞✈❛♥!❛❣❡* !❤❛! !❤❡②

♣$♦❝✉$❡✳ ◆❛!✉$❛❧ *❡❧❡❝!✐♦♥ ❝❛♥ ❢♦$ ❡①❛♠♣❧❡ ❜❡ $❡*♣♦♥*✐❜❧❡ ❢♦$ ❝❡$!❛✐♥ ❛❧❧❡❧❡* !♦ ❜❡

♣❛**❡❞ ❞♦✇♥ ❢$♦♠ ❣❡♥❡$❛!✐♦♥ !♦ ❣❡♥❡$❛!✐♦♥ ❛* !❤❡② ❝♦♥❢❡$ !♦ !❤❡✐$ ❜❡❛$❡$* ❛❞✈❛♥!❛❣❡*

*♦ !❤❡② ❝❛♥ ❧✐✈❡ ❧♦♥❣ ❡♥♦✉❣❤ !♦ $❡♣$♦❞✉❝❡✳

●❡♥❡&✐❝ ❞1✐❢&✿ ♠❡❝❤❛♥✐*♠ ❡①♣❧❛✐♥✐♥❣ !❤❡ ❢$❡?✉❡♥❝② ♦❢ ❛❧❧❡❧❡* ✐♥ ♣♦♣✉❧❛!✐♦♥* ❞✉❡ !♦

❝❤❛♥❝❡✳ ❆* ❛ ♠❛!!❡$ ♦❢ ❢❛❝!✱ ❡❛❝❤ ♣❛$❡♥! ❤❛* !✇♦ ♣♦**✐❜❧❡ ❛❧❧❡❧❡* ❛! ❛ ❣✐✈❡♥ ❧♦✲

❝✉* ❛♥❞ ♣❛**❡* ♦♥❧② ♦♥❡ !♦ ✐!* ♦✛*♣$✐♥❣✳ ❚❤❡ ❛❧❧❡❧❡* ♦❢ ❛♥ ♦✛*♣$✐♥❣ ❛$❡ !❤❡$❡❢♦$❡ ❛

$❛♥❞♦♠ *❛♠♣❧❡ ♦❢ ✐!* ♣❛$❡♥! ❛❧❧❡❧❡*✳

,♦♣✉❧❛&✐♦♥ ♠✐❣1❛&✐♦♥✿ !❤✐* ❝♦$$❡*♣♦♥❞* !♦ !❤❡ ❢❛❝! !❤❛! ✐♥❞✐✈✐❞✉❛❧* ❝❛♥ ♠✐❣$❛!❡ ✐♥

✭✐♠♠✐❣$❛!✐♦♥✮ ♦$ ♦✉! ✭❡♠✐❣$❛!✐♦♥✮ ♦❢ ❛ ♣♦♣✉❧❛!✐♦♥✳ ❚❤❡*❡ ♠✐❣$❛!✐♦♥* ♠♦❞✐❢② !❤❡

❣❡♥❡ ♣♦♦❧ ♦❢ ♣♦♣✉❧❛!✐♦♥*✳ ❋♦$ ✐♥*!❛♥❝❡ ❛❢!❡$ ✐♠♠✐❣$❛!✐♦♥✱ ♥♦✈❡❧ ❛❧❧❡❧❡* ❝❛♥ ❜❡ ✐♥!$♦✲

❞✉❝❡❞ ✐♥!♦ ❛ ♣♦♣✉❧❛!✐♦♥ ❛♥❞ ❛❢!❡$ ❡♠✐❣$❛!✐♦♥ ❝❡$!❛✐♥ ❛❧❧❡❧❡* ❝❛♥ ❞✐*❛♣♣❡❛$ ❢$♦♠ ❛

♣♦♣✉❧❛!✐♦♥✳

▼❛&✐♥❣ ♣1♦❝❡++✿ ❝❡$!❛✐♥ *♣❡❝✐❡* ❞♦ ♥♦! *❡❧❡❝! !❤❡✐$ ♠❛!❡* ❛❝❝♦$❞✐♥❣ !♦ ❝❡$!❛✐♥ ❝$✐!❡$✐♦♥

✇❤✐❝❤ ❝♦$$❡*♣♦♥❞* !♦ ❛ $❛♥❞♦♠ ♠❛!✐♥❣✳ ■♥ *✉❝❤ ❛ *✐!✉❛!✐♦♥ ❛❧❧❡❧❡* ❛$❡ $❛♥❞♦♠❧②

♣❛**❡❞ ❞♦✇♥ !♦ ❢✉!✉$❡ ❣❡♥❡$❛!✐♦♥*✳ ❖!❤❡$ *♣❡❝✐❡* ❤❛✈❡ ❛ *❡❧❡❝!✐✈❡ ♠❛!✐♥❣ ♣$♦❝❡**✱

❝❛✉*✐♥❣ ❝❡$!❛✐♥ !$❛✐!* !♦ ❜❡ ❢❛✈♦$❡❞ ❛♥❞ !❤❡$❡❢♦$❡ ♠♦$❡ ❜♦✉♥❞ !♦ ❜❡ !$❛♥*♠✐!!❡❞

!♦ ♥❡①! ❣❡♥❡$❛!✐♦♥*✳ ❈♦♥✈❡$*❡❧②✱ *✉❝❤ ❛ *❡❧❡❝!✐✈❡ ♠❛!✐♥❣ ♣$♦❝❡** ❝❛♥ ❛❧*♦ ❧❡❛❞ !♦

❝❡$!❛✐♥ ❛❧❧❡❧❡* ❜❡✐♥❣ ❜$❡❞ ♦✉! ❢$♦♠ !❤❡ ❣❡♥❡ ♣♦♦❧✳

▲✐♥❦❛❣❡ ❉✐+❡;✉✐❧✐❜1✐✉♠

❆♥♦!❤❡$ ✐♠♣♦$!❛♥! ♥♦!✐♦♥ ✐♥ ●❡♥❡!✐❝* ✐* !❤❡ ♥♦!✐♦♥ ♦❢ ❧✐♥❦❛❣❡ ❞✐*❡?✉✐❧✐❜$✐✉♠ ✭▲❉✮

!❤❛! ✐* ♥♦! !❤❡ *❛♠❡ ❛* !❤❡ ❧✐♥❦❛❣❡ ✐♥!$♦❞✉❝❡❞ ❡❛$❧✐❡$✳ ▲✐♥❦❛❣❡ ❞✐*❡?✉✐❧✐❜$✐✉♠ ❝♦$$❡*♣♦♥❞*

!♦ !❤❡ ♥♦♥✲$❛♥❞♦♠ ❛**♦❝✐❛!✐♦♥ ♦❢ ❝❡$!❛✐♥ ❛❧❧❡❧❡*✳ ❈♦♥*✐❞❡$✐♥❣ !✇♦ ❛❧❧❡❧❡* ❧♦❝❛!❡❞ ❛! !✇♦

❞✐✛❡$❡♥! ❧♦❝✐ ✭♥♦! ♥❡❝❡**❛$✐❧② ♦♥ !❤❡ *❛♠❡ ❝❤$♦♠♦*♦♠❡✮✱ ✇❡ *❛② !❤❛! !❤❡*❡ ❧♦❝✐ ❛$❡ ✐♥

❧✐♥❦❛❣❡ ❞✐*❡?✉✐❧✐❜$✐✉♠ ✐❢ !❤❡ ♣$♦❜❛❜✐❧✐!② ♦❢ ♦❜*❡$✈✐♥❣ !❤✐* ♣❛$!✐❝✉❧❛$ ❝♦♠❜✐♥❛!✐♦♥ ♦❢ ❛❧❧❡❧❡*✱

✐✳❡✳ !❤✐* ❤❛♣❧♦!②♣❡✱ ✐* ♥♦! !❤❡ *❛♠❡ ❛* !❤❡ ♣$♦❜❛❜✐❧✐!② ♦❢ !❤✐* ❤❛♣❧♦!②♣❡ ❜❡✐♥❣ $❛♥❞♦♠❧②

❢♦$♠❡❞ ❢$♦♠ !❤❡ ❛❧❧❡❧❡* ❜❛*❡❞ *♦❧❡❧② ♦♥ !❤❡✐$ ❢$❡?✉❡♥❝✐❡*✳ ■♥ !❤❡ ♦♣♣♦*✐!❡ ❝❛*❡✱ ✇❤❡♥ !❤❡

❝♦♠❜✐♥❛!✐♦♥ ♦❢ !✇♦ ❛❧❧❡❧❡* ✐* ♥♦! ♠♦$❡ ❢$❡?✉❡♥! !❤❛♥ ✐! ✇♦✉❧❞ ❜❡ ✉♥❞❡$ ❛ $❛♥❞♦♠ ❢♦$♠❛!✐♦♥

♦❢ !❤❡ ❝♦$$❡*♣♦♥❞✐♥❣ ❤❛♣❧♦!②♣❡✱ ✇❡ *❛② !❤❛! !❤❡ !✇♦ ❛❧❧❡❧❡* ❛$❡ ✐♥ ❧✐♥❦❛❣❡ ❡?✉✐❧✐❜$✐✉♠✳
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❛❧❧ ♣♦$$✐❜❧❡ ♠❛)✐♥❣ ❛,❡ ❡-✉✐♣,♦❜❛❜❧❡✱ ✭✐✐✐✮ ♥♦ ♠✉)❛)✐♦♥$✱ ♥♦ ♣♦♣✉❧❛)✐♦♥ ♠✐❣,❛)✐♦♥ ❛♥❞ ♥♦

♥❛)✉,❛❧ $❡❧❡❝)✐♦♥ )♦ ❛✈♦✐❞ ❛♥② ♣❤❡♥♦♠❡♥❛ ❧❡❛❞✐♥❣ )♦ )❤❡ ❞✐$❛♣♣❡❛,❛♥❝❡ ♦, ❝♦♥$❡,✈❛)✐♦♥ ♦❢

❝❡,)❛✐♥ ❛❧❧❡❧❡$ ❛♥❞ ✭✐✈✮ )❤❡ $✉❝❝❡$$✐✈❡ ❣❡♥❡,❛)✐♦♥$ ❛,❡ ❞✐$❝,❡)❡✳ ❯♥❞❡, )❤❡$❡ ❝♦♥❞✐)✐♦♥$ ✐)

✐$ ♣♦$$✐❜❧❡ )♦ ❞❡,✐✈❡ )❤❡ ❣❡♥♦)②♣✐❝ ❢,❡-✉❡♥❝✐❡$ ❞✐,❡❝)❧② ❢,♦♠ )❤❡ ❛❧❧❡❧✐❝ ❢,❡-✉❡♥❝✐❡$✳ ▲❡) ✉$

❝♦♥$✐❞❡, ❛ ❜✐✲❛❧❧❡❧✐❝ ❧♦❝✉$ ✇✐)❤ ❛❧❧❡❧❡$ a/A ❤❛✈✐♥❣ ❢,❡-✉❡♥❝✐❡$ pa ❛♥❞ pA = 1− pa ❛♥❞ )❤❡

♣♦$$✐❜❧❡ ❣❡♥♦)②♣❡$ (aa, aA,AA) ✇✐)❤ ❢,❡-✉❡♥❝✐❡$ (p0, p1, p2)✱ )❤❡♥ ✉♥❞❡, )❤❡ ❡-✉✐❧✐❜,✐✉♠

✇❡ ❤❛✈❡✿







p0 = p2a
p1 = 2papA
p2 = p2A

.

■♥ ,❡❛❧ ❧✐❢❡✱ ♦♥❡ ♦, $❡✈❡,❛❧ ♦❢ )❤❡ ❛$$✉♠♣)✐♦♥$ )❤❛) ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ❛,❡ ❜♦✉♥❞ )♦ ❜❡

✈✐♦❧❛)❡❞✳ ❚❤❡ ❍❛,❞②✲❲❡✐♥❜❡,❣ ❡-✉✐❧✐❜,✐✉♠ ❛❝)✉❛❧❧② ❞❡✜♥❡$ ❛♥ ✐❞❡❛❧ $)❛)❡ )❤❛) ✐$ ✉$❡❞ )♦

$)✉❞② )❤❡ ❝❤❛♥❣❡$ ✐♥ )❤❡ ❣❡♥♦)②♣✐❝ ❢,❡-✉❡♥❝✐❡$✳

❲❤❡♥ ❛♥ ❛$$✉♠♣)✐♦♥ ✐$ ✈✐♦❧❛)❡❞✱ ♦♥❡ ❝❛♥ ♦❜$❡,✈❡ ❛ ❞❡✈✐❛)✐♦♥ ❢,♦♠ )❤❡ ❍❛,❞②✲❲❡✐♥❜❡,❣

♣,♦♣♦,)✐♦♥$✳ ❆❝❝♦,❞✐♥❣ )♦ )❤❡ ❛$$✉♠♣)✐♦♥ ❝♦♥❝❡,♥❡❞✱ )❤❡ ❞❡✈✐❛)✐♦♥ ❞✐✛❡,$✳ ■❢ )❤❡ ✐♥✜♥✐)❡

♣♦♣✉❧❛)✐♦♥ $✐③❡ ♦, )❤❡ ,❛♥❞♦♠ ♠❛)✐♥❣ ❛$$✉♠♣)✐♦♥$ ❛,❡ ✈✐♦❧❛)❡❞ )❤❡♥ )❤❡ ❍❛,❞②✲❲❡✐♥❜❡,❣

♣,♦♣♦,)✐♦♥$ ❛,❡ ♥♦ ❧♦♥❣❡, ,❡$♣❡❝)❡❞✳ ❖♥ )❤❡ ♦)❤❡, ❤❛♥❞✱ ✐❢ ♠✉)❛)✐♦♥$✱ ♣♦♣✉❧❛)✐♦♥ ♠✐❣,❛✲

)✐♦♥ ♦, ♥❛)✉,❛❧ $❡❧❡❝)✐♦♥ ❛,❡ ✐♥ ❡✛❡❝) )❤❡♥ )❤❡ ❛❧❧❡❧✐❝ ❢,❡-✉❡♥❝✐❡$ ❝❤❛♥❣❡ ❜✉) )❤❡ ❍❛,❞②✲

❲❡✐♥❜❡,❣ ♣,♦♣♦,)✐♦♥$ ♠❛② $)✐❧❧ ❜❡ ,❡$♣❡❝)❡❞ ❛) ❡❛❝❤ ❣❡♥❡,❛)✐♦♥✳

❲,✐❣❤) ♣,♦♣♦$❡❞ ❛ ♠♦❞❡❧ )♦ $♣❡❝✐❢② )❤❡ ❣❡♥♦)②♣✐❝ ♣,♦♣♦,)✐♦♥$ ✇❤❡♥ )❤❡ ❡-✉✐❧✐❜,✐✉♠

✐$ ♥♦ ❧♦♥❣❡, ,❡$♣❡❝)❡❞ ✭❲,✐❣❤) ✶✾✷✶✮✳ ❍❡ ✐♥),♦❞✉❝❡❞ ❛ ❝♦♥$❛♥❣✉✐♥✐)② ❝♦❡✣❝✐❡♥) F ❛♥❞

❞❡,✐✈❡❞ )❤❡ ♥❡✇ ❢,❡-✉❡♥❝✐❡$✿







p0 = p2a + FpapA
p1 = 2papA − 2FpapA
p2 = p2A + FpapA

.

❖♥❡ ❝❛♥ ✐♥)❡,♣,❡) )❤✐$ ❝♦❡✣❝✐❡♥) ❛$ ✐♥❞✐❝❛)✐♥❣ ❛ ❞❡✜❝✐) ✭F > 0✮ ♦, ❝♦♥✈❡,$❡❧② ❛♥ ❡①❝❡$$

✭F < 0✮ ♦❢ ❤❡)❡,♦③②❣♦✉$ ✐♥❞✐✈✐❞✉❛❧$✳ ❲❤❡♥ F = 0✱ )❤❡ ♣♦♣✉❧❛)✐♦♥ ❢♦❧❧♦✇$ )❤❡ ❍❛,❞②✲

❲❡✐♥❜❡,❣ ❡-✉✐❧✐❜,✐✉♠✳ ❋✐❣✉&❡ ✶✳✹ ,❡♣,❡$❡♥)$ )❤❡ ❣❡♥♦)②♣✐❝ ❢,❡-✉❡♥❝✐❡$ ❛) )❤❡ ❡-✉✐❧✐❜,✐✉♠

♦, ✇✐)❤ ✈❛,②✐♥❣ F ✳ ❆$ ✇❡ ✇✐❧❧ $❡❡ ✐♥ )❤❡ ,❡$) ♦❢ )❤❡ ♠❛♥✉$❝,✐♣) )❤✐$ ❡-✉✐❧✐❜,✐✉♠ ✐$ ♦❢)❡♥

❛$$✉♠❡❞ ✐♥ ❣❡♥❡)✐❝ $)✉❞✐❡$✳

✶✳✷✳✸ ●❡♥❡'✐❝ ❊♣✐❞❡♠✐♦❧♦❣②

❉❡✜♥✐%✐♦♥

❊♣✐❞❡♠✐♦❧♦❣② ✐$ )❤❡ $)✉❞② ♦❢ ❤❡❛❧)❤ ,❡❧❛)❡❞ ❡✈❡♥)$ $✉❝❤ ❛$ ❤❡❛❧)❤ ♣❛))❡,♥$ ❛♥❞ )❤❡✐,

❞✐$),✐❜✉)✐♦♥$✱ ❤❡❛❧)❤ ❝❤❛,❛❝)❡,✐$)✐❝$ ♦, ❞❡)❡,♠✐♥❛♥)$ ✐♥✢✉❡♥❝✐♥❣ ❤❡❛❧)❤✳ ❚❤✐$ $❝✐❡♥❝❡ ✐$

♥♦✇❛❞❛②$ ✉$❡❞ )♦ ✉♥❞❡,$)❛♥❞ ❛♥❞ ❝♦♥),♦❧ ❞✐$❡❛$❡$✱ ✐❞❡♥)✐❢② )❤❡,❛♣❡✉)✐❝ )❛,❣❡)$ ❛♥❞ ❞❡✜♥❡

♣✉❜❧✐❝ ❤❡❛❧)❤ ♣♦❧✐❝✐❡$✳ ❊♣✐❞❡♠✐♦❧♦❣② ❞♦❡$ ♥♦) ❛✐♠ )♦ ✜♥❞ ❝❛✉$❛❧ ,❡❧❛)✐♦♥$ ❜❡)✇❡❡♥ ❤❡❛❧)❤
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❋✐❣✉$❡ ✶✳✹✿ ❆ ✲ ❍❛$❞②✲❲❡✐♥❜❡$❣ ♣$♦♣♦$/✐♦♥0 ✉♥❞❡$ /❤❡ ❡3✉✐❧✐❜$✐✉♠✳ ❇ ✲ ❉❡✲

✈✐❛/✐♦♥ ❢$♦♠ /❤❡ ❡3✉✐❧✐❜$✐✉♠ ✐♥ ❢✉♥❝/✐♦♥ ♦❢ /❤❡ ❝♦♥0❛♥❣✉✐♥✐/② ❝♦❡✣❝✐❡♥/ F
✭pa = 0.4✮✳

❡✈❡♥,- ❛♥❞ ❝❡$,❛✐♥ ❞❡,❡$♠✐♥❛♥,- ❜✉, ❛--❡--❡- ,❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ -✉❝❤ $❡❧❛,✐♦♥- ✐♥ ♦$❞❡$ ,♦

♣$♦✈✐❞❡ ❞✐$❡❝,✐♦♥- ❛♥❞ ❣✉✐❞❡ ,❤❡ ❛♥❛❧②-❡- ❛♥❞ ,❤❡ ,$❡❛,♠❡♥, ♦❢ ,❤❡-❡ ❡✈❡♥,-✳

❊♣✐❞❡♠✐♦❧♦❣✐❝❛❧ ✐♥✈❡-,✐❣❛,✐♦♥- ❝❛♥ ❝♦♥❝❡$♥ ,❤❡ ❡,✐♦❧♦❣② ✭❛♥❛❧②,✐❝❛❧ -,✉❞✐❡-✮✱ ,❤❡ ♦✉,✲

❜$❡❛❦ ✭♣$♦-♣❡❝,✐✈❡ -,✉❞✐❡-✮ ♦$ -✉$✈❡✐❧❧❛♥❝❡ ✭❞❡-❝$✐♣,✐✈❡ -,✉❞✐❡-✮ ♦❢ ❞✐-❡❛-❡-✳

●❡♥❡,✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ❝♦♠❜✐♥❡- ❝❧❛--✐❝❛❧ ❊♣✐❞❡♠✐♦❧♦❣② ❛♥❞ ●❡♥❡,✐❝-✳ ■, ❝♦$$❡-♣♦♥❞-

,♦ ,❤❡ -,✉❞② ♦❢ ,❤❡ ✐♥❤❡$✐,❡❞ ❝❛✉-❡- ♦❢ ❞✐-❡❛-❡- ✐♥ ❢❛♠✐❧✐❡- ❛♥❞ ✐♥ ♣♦♣✉❧❛,✐♦♥-✳ ❆ ❢♦$♠❛❧

❞❡✜♥✐,✐♦♥ ♦❢ ●❡♥❡,✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ✇❛- ♣$♦♣♦-❡❞ ❜② ▼♦$,♦♥✿ ✧❛ -❝✐❡♥❝❡ ✇❤✐❝❤ ❞❡❛❧- ✇✐,❤

,❤❡ ❡,✐♦❧♦❣②✱ ❞✐-,$✐❜✉,✐♦♥✱ ❛♥❞ ❝♦♥,$♦❧ ♦❢ ❞✐-❡❛-❡ ✐♥ ❣$♦✉♣- ♦❢ $❡❧❛,✐✈❡- ❛♥❞ ✇✐,❤ ✐♥❤❡$✐,❡❞

❝❛✉-❡- ♦❢ ❞✐-❡❛-❡ ✐♥ ♣♦♣✉❧❛,✐♦♥-✧✳

❚❤❡ ❡♠❡$❣❡♥❝❡ ♦❢ ,❤✐- -❝✐❡♥❝❡ ❤❛- ❜❡❝♦♠❡ ♣♦--✐❜❧❡ ✇✐,❤ ,❤❡ ❞✐-❝♦✈❡$✐❡- ♦❢ ❈❡❧❧✉❧❛$

❛♥❞ ▼♦❧❡❝✉❧❛$ ❇✐♦❧♦❣②✳ ❚❤❡ ✉♥❞❡$-,❛♥❞✐♥❣ ♦❢ ,❤❡ ❣❡♥♦♠❡ ❛♥❞ ♦❢ ,❤❡ ❞✐✛❡$❡♥, ❡♥,✐,✐❡-

❝♦♥-,✐,✉,✐♥❣ ,❤❡ -✉♣♣♦$, ♦❢ ,❤❡ ❣❡♥❡,✐❝ ✐♥❢♦$♠❛,✐♦♥ -✉❝❤ ❛- ,❤❡ ❉◆❆✱ ,❤❡ ❝❤$♦♠♦-♦♠❡- ♦$

,❤❡ ❣❡♥❡- ❤❛✈❡ ❝$❡❛,❡❞ ♠❛♥② $❡-❡❛$❝❤ ❧❡❛❞- ✐♥ ,❤❡ ✜❡❧❞ ♦❢ ●❡♥❡,✐❝ ❊♣✐❞❡♠✐♦❧♦❣②✳ ❉✐✛❡$❡♥,

,②♣❡- ♦❢ ❣❡♥❡,✐❝ -,✉❞✐❡- ❡①✐-, ❛♥❞ ❝❛♥ ❜❡ ❝❧❛--✐✜❡❞ ✐♥ -❡✈❡$❛❧ ❝❛,❡❣♦$✐❡- ❛❝❝♦$❞✐♥❣ ,♦ ,❤❡

M✉❡-,✐♦♥ ,❤❡② ❛✐♠ ,♦ ❛♥-✇❡$✳

●❡♥❡/✐❝ $✐0❦ 0/✉❞✐❡0 ♦$ ❛❣❣$❡❣❛/✐♦♥ 0/✉❞✐❡0✿ ✐- ,❤❡$❡ ❛ ❣❡♥❡,✐❝ ❝♦♠♣♦♥❡♥, ,♦ ,❤❡
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✉♥❧✐♥❦❡❞ ♠❛!❦❡!' ❝❛♥ ❜❡ ✉'❡❢✉❧ ,♦ ,❛❝❦❧❡ ,❤✐' ♣!♦❜❧❡♠✳ ❲❡ ✇✐❧❧ ❞✐'❝✉'' ♠♦!❡ ✐♥ ❞❡,❛✐❧ ✇❤②
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❚❤❡♥✱ %❤❡ D✉❛❧✐%② ❝♦♥%$♦❧ ♦❢ %❤❡ ✐♥❞✐✈✐❞✉❛❧, ✐♥❝❧✉❞❡,✿

■♥❞✐✈✐❞✉❛❧ ❝❛❧❧ '❛&❡✿ %❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝❛❧❧ $❛%❡ ❝♦$$❡,♣♦♥❞, %♦ %❤❡ ♣$♦♣♦$%✐♦♥ ♦❢ ❣❡♥♦✲

%②♣❡, ♣❡$ ✐♥❞✐✈✐❞✉❛❧ ✇✐%❤ ♥♦♥✲♠✐,,✐♥❣ ❞❛%❛ ❛♥❞ ✐, ❝♦♥%$♦❧❧❡❞✱ ❧✐❦❡ ❢♦$ %❤❡ ❙◆A,✱ ❛%

❛ ❝❡$%❛✐♥ %❤$❡,❤♦❧❞✳

■❞❡♥&✐&② ❜② ❞❡4❝❡♥&✿ ❛♥❛❧②③✐♥❣ %❤❡ ✐❞❡♥%✐%② ❜② ❞❡,❝❡♥% ❛❧❧♦✇, %♦ ❞❡%❡$♠✐♥❡ ✇❤✐❝❤ ,❛♠✲

♣❧❡, ❛$❡ ♥♦% ✐♥❞❡♣❡♥❞❡♥% ✭✐✳❡✳ ❛$❡ $❡❧❛%❡❞✮✳ ❚✇♦ ♦$ ♠♦$❡ ❛❧❧❡❧❡, ❛$❡ ■❞❡♥%✐❝❛❧ ❇②

❉❡,❝❡♥% ✭■❇❉✮ ✐❢ %❤❡② ❛$❡ ✐❞❡♥%✐❝❛❧ ❝♦♣✐❡, ♦❢ %❤❡ ,❛♠❡ ❛♥❝❡,%$❛❧ ❛❧❧❡❧❡✳ ❋♦$ ❡❛❝❤ ♣❛✐$

♦❢ ✐♥❞✐✈✐❞✉❛❧,✱ %❤❡ ❢♦❧❧♦✇✐♥❣ ♣$♦❜❛❜✐❧✐%✐❡, ❝❛♥ ❜❡ ❡,%✐♠❛%❡❞ ✿

• Z0✿ ♣$♦❜❛❜✐❧✐%② ♦❢ ,❤❛$✐♥❣ ✵ ❛❧❧❡❧❡ ■❇❉

• Z1✿ ♣$♦❜❛❜✐❧✐%② ♦❢ ,❤❛$✐♥❣ ✶ ❛❧❧❡❧❡ ■❇❉

• Z2✿ ♣$♦❜❛❜✐❧✐%② ♦❢ ,❤❛$✐♥❣ ✷ ❛❧❧❡❧❡, ■❇❉

❲❡ ❞❡✜♥❡ π̂ %❤❡ ♣$♦♣♦$%✐♦♥ ♦❢ ❛❧❧❡❧❡, ,❤❛$❡❞ ■❇❉ ❜❡%✇❡❡♥ ❛ ♣❛✐$ ♦❢ ✐♥❞✐✈✐❞✉❛❧,✳ ❚❤✐,

♣$♦♣♦$%✐♦♥ ✐♥❞✐❝❛%❡, %❤❡ $❡❧❛%✐♦♥ ❜❡%✇❡❡♥ %❤❡♠✿

π̂ = 0.5× Z1 + 2× Z2.

• π̂ = 1✿ ,❛♠♣❧❡ ❞✉♣❧✐❝❛%❡ ♦$ ♠♦♥♦③②❣♦%✐❝ %✇✐♥,

• π̂ = 0.5✿ 1st ❞❡❣$❡❡ $❡❧❛%✐✈❡, ✭❢✉❧❧ ,✐❜,✱ ♣❛$❡♥%✲♦✛,♣$✐♥❣✮

• π̂ = 0.25✿ 2nd ❞❡❣$❡❡ $❡❧❛%✐✈❡, ✭❤❛❧❢✲,✐❜,✱ ✉♥❝❧❡✴❛✉♥%✲♥❡♣❤❡✇✴♥✐❡❝❡✮

• π̂ = 0.125✿ 3rd ❞❡❣$❡❡ $❡❧❛%✐✈❡, ✭❝♦✉,✐♥,✱ ❡%❝ . . .✮

■♥ ❛ ●❲❆❙✱ ,❛♠♣❧❡, ❤❛✈❡ %♦ ❜❡ ✉♥$❡❧❛%❡❞ %♦ ❡♥,✉$❡ %❤❡ ✈❛❧✐❞✐%② ♦❢ %❤❡ ❛,,♦❝✐❛%✐♦♥

%❡,%,✳ ❚❤✉,✱ ✐♥❞✐✈✐❞✉❛❧, %❤❛% ❛$❡ %♦♦ ❝❧♦,❡ %♦ ❡❛❝❤ ♦%❤❡$ ❤❛✈❡ %♦ ❜❡ $❡♠♦✈❡❞✳ ❆

%❤$❡,❤♦❧❞ ✐, %❤❡$❡❢♦$❡ ❛♣♣❧✐❡❞ %♦ π̂✳ ❯,✉❛❧❧②✱ ✇❤❡♥ %✇♦ ✐♥❞✐✈✐❞✉❛❧, ❛$❡ $❡❧❛%❡❞✱ %❤❡

✐♥❞✐✈✐❞✉❛❧ ✇✐%❤ %❤❡ ♠♦$❡ ♠✐,,✐♥❣ ❞❛%❛ ✐, $❡♠♦✈❡❞✳ ❋✉$%❤❡$♠♦$❡✱ ✐♥❞✐✈✐❞✉❛❧, %❤❛%

❛$❡ ❧✐♥❦❡❞ ✇✐%❤ ❛ ❧♦% ♦❢ ♦%❤❡$, ❛$❡ ❡①❝❧✉❞❡❞ ✐♥ ♣$✐♦$✐%②✳

❚❤❡ ■❇❉ ❝❛❧❝✉❧❛%✐♦♥ ✐, ❛ ✈❡$② ✐♠♣♦$%❛♥% ,%❡♣ ✐♥ ❛ ●❲❆❙ ❜✉% ❝❛♥ ❜❡ D✉✐%❡ %✐♠❡

❝♦♥,✉♠✐♥❣✳ ❚♦ %❤❛% ❡♥❞✱ ❢❛,% ❛❧❣♦$✐%❤♠, ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ %♦ ❝❛❧❝✉❧❛%❡ %❤❡ ■❇❉



✶✳✸ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛/✐♦♥ -/✉❞✐❡- ✷✺

♠❛"#✐❝❡' ❜❡"✇❡❡♥ ♣❛✐#' ♦❢ ✐♥❞✐✈✐❞✉❛❧' ✭3♦♥❣✲❲♦♥❣ ❡" ❛❧✳ ✷✵✵✶✱ ❑♦♥❣ ❡" ❛❧✳ ✷✵✵✽✱

❇#♦✇♥✐♥❣ ❛♥❞ ❇#♦✇♥✐♥❣ ✷✵✶✵✮✳

■♥❜5❡❡❞✐♥❣ ❝♦❡✣❝✐❡♥/✿ ❛ ❢❡❛"✉#❡ ♦❢ ✐♥"❡#❡'" ♦❢ "❤❡ '❛♠♣❧❡' ✐' "❤❡ ✐♥❜#❡❡❞✐♥❣ ❝♦❡✣❝✐❡♥"

✭❋✮✳ ❚❤✐' ❝♦❡✣❝✐❡♥" #❡♣#❡'❡♥"' "❤❡ ♣#♦♣♦#"✐♦♥' ♦❢ ❤♦♠♦③②❣♦✉' ♠❛#❦❡#' ♦❢ ❛♥ ✐♥❞✐✲

✈✐❞✉❛❧'✳ ■" ✐' ❝❛❧❝✉❧❛"❡❞ ❢♦# ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❜② F =
O − E

N − E
✱ ✇❤❡#❡ O ❛♥❞ E ❛#❡ "❤❡

♦❜'❡#✈❡❞ ❛♥❞ ❡①♣❡❝"❡❞ ♥✉♠❜❡#' ♦❢ ❤♦♠♦③②❣♦✉' ❣❡♥♦"②♣❡' ❢♦# "❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛♥❞

N ✐' "❤❡ ♥✉♠❜❡# ♦❢ ♠❛#❦❡#' ❝♦♥'✐❞❡#❡❞ ❢♦# "❤❡ ❝❛❧❝✉❧❛"✐♦♥✳ ❊①"#❡♠❡ ✈❛❧✉❡' ♦❢ "❤✐'

❝♦❡✣❝✐❡♥" ❝❛♥ ✐♥❞✐❝❛"❡ "❤❛" "❤❡ ✐♥❞✐✈✐❞✉❛❧ ✇❛' ♥♦" ❝♦##❡❝"❧② ❣❡♥♦"②♣❡❞✳

●❡♥❞❡5 ♠✐-♠❛/❝❤✿ "❤❡ ❣❡♥❞❡# ♦❢ "❤❡ '❛♠♣❧❡' ✐' '♦♠❡"✐♠❡' ❛✈❛✐❧❛❜❧❡ ❛❧♦♥❣ ✇✐"❤ ✐♥❢♦#✲

♠❛"✐♦♥ ❛❜♦✉" "❤❡ '❡①✉❛❧ ❝❤#♦♠♦'♦♠❡'✳ ❲❤❡♥ ❞✐'❝#❡♣❛♥❝✐❡' ❛♣♣❡❛# ❜❡"✇❡❡♥ "❤❡'❡

"✇♦ ✐♥❢♦#♠❛"✐♦♥✱ "❤❡ ❝♦##❡'♣♦♥❞✐♥❣ '❛♠♣❧❡' ❛#❡ "#❡❛"❡❞ ✇✐"❤ ♣#❡❝❛✉"✐♦♥ ❛' "❤❡#❡

❝♦✉❧❞ ❜❡ ♦"❤❡# ♠✐'"❛❦❡' ✐♥ "❤❡✐# ✐♥❢♦#♠❛"✐♦♥✳

❆♥❝❡-/5② ♦✉/❧✐❡5-✿ ✇❡ ❤❛✈❡ ❡✈♦❦❡❞ "❤❛" "❤❡ ❝♦❤♦#"' ♦❢ ❝❛'❡' ❛♥❞ ❝♦♥"#♦❧' ❤❛✈❡ "♦ ❜❡

❣❡♥❡"✐❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉'✳ ❙❛♠♣❧❡' "❤❛" ❛♣♣❡❛#' ❛' ♦✉"❧✐❡#' ♥❡❡❞ "❤❡#❡❢♦#❡ "♦ ❜❡

✐❞❡♥"✐✜❡❞✳ ▼❡"❤♦❞' "♦ '♣♦" ❛♥❞ ❞❡❛❧ ✇✐"❤ "❤❡'❡ ✐♥❞✐✈✐❞✉❛❧' ✇✐❧❧ ❜❡ ♣#❡'❡♥"❡❞ ✐♥

❈❤❛♣/❡5 ✷✳

❙✐♥❣❧❡✲♠❛5❦❡5 ❛♣♣5♦❛❝❤

❆♥ ✐♥✐"✐❛❧ ♥❛"✉#❛❧ ❛♣♣#♦❛❝❤ "♦ ❞❡"❡#♠✐♥❡ "❤❡ ♠❛#❦❡#' ❛''♦❝✐❛"❡❞ ✇✐"❤ "❤❡ ❞✐'❡❛'❡ ✐' "♦

❝♦♥'✐❞❡# "❤❡♠ ♦♥❡ ❜② ♦♥❡ ❛♥❞ "♦ "❡'" "❤❡♠ ❢♦# ❛''♦❝✐❛"✐♦♥✳

❚❤❡ ♠❛✐♥ ❛''♦❝✐❛"✐♦♥ "❡'"' ❜❛'❡❞ ♦♥ "❤❡ ❣❡♥♦"②♣❡' ❛#❡ "❤❡ ❆#♠✐"❛❣❡ ❚#❡♥❞ "❡'"

✭❈♦❝❤#❛♥ ✶✾✺✹✱ ❆#♠✐"❛❣❡ ✶✾✺✺✮ "❤❛" ❛✐♠' "♦ ✜♥❞ ❛ ❧✐♥❡❛# "#❡♥❞ ❜❡"✇❡❡♥ "❤❡ ♣#♦❜❛❜✐❧✐"②

♦❢ ❤❛✈✐♥❣ "❤❡ ❞✐'❡❛'❡ ❛♥❞ "❤❡ ❣❡♥♦"②♣❡'✱ "❤❡ ❣❡♥♦"②♣✐❝ "❡'" "❤❛" ❝♦♠♣✉"❡' ❛ 3❡❛#'♦♥

χ2
'"❛"✐'"✐❝ ♦# ❛♥ ❡①❛❝" ❋✐'❤❡# "❡'" ♦♥ "❤❡ ❣❡♥♦"②♣✐❝ ❝♦♥"✐♥❣❡♥❝② "❛❜❧❡ ♦# "❤❡ ❍❛#❞②✲

❲❡✐♥❜❡#❣ "❡'" ✭◆✐❡❧'❡♥ ❡" ❛❧✳ ✶✾✾✽✮ "❤❛" ❝♦♥'✐❞❡#' ❛ ❞❡✈✐❛"✐♦♥ ❢#♦♠ "❤❡ ❡T✉✐❧✐❜#✐✉♠ ✐♥ "❤❡

❝❛'❡' ♣♦♣✉❧❛"✐♦♥ ❛' ❛♥ ✐♥❞✐❝❛"♦# ♦❢ ❛''♦❝✐❛"✐♦♥ ✇✐"❤ "❤❡ ❞✐'❡❛'❡✳

❖"❤❡# ❛''♦❝✐❛"✐♦♥ "❡'"' ❛#❡ ❜❛'❡❞ ♦♥ "❤❡ ❛❧❧❡❧❡' ❞✐#❡❝"❧② '✉❝❤ ❛' ❢♦# ✐♥'"❛♥❝❡ "❤❡ ❛❧❧❡❧✐❝

"❡'" "❤❛" ✐' ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ "❤❡ ❣❡♥♦"②♣✐❝ "❡'" ♦♥ "❤❡ ❛❧❧❡❧✐❝ ❝♦♥"✐♥❣❡♥❝② "❛❜❧❡✳

❙♦♠❡ ♦❢ "❤❡'❡ ❛''♦❝✐❛"✐♦♥ "❡'"' ❛❧❧♦✇ "♦ ❝♦♥'✐❞❡# ❞✐✛❡#❡♥" ♠♦❞❡' ♦❢ ✐♥❤❡#✐"❛♥❝❡ ♦❢ "❤❡

❞✐'❡❛'❡✳ ❚❤❡'❡ ♠♦❞❡' ❞❡'❝#✐❜❡ ❤♦✇ "❤❡ ❝♦♠❜✐♥❛"✐♦♥ ♦❢ "❤❡ "✇♦ ❛❧❧❡❧❡' ✐♥✢✉❡♥❝❡ "❤❡ ♣#♦❜✲

❛❜✐❧✐"② ♦❢ ❤❛✈✐♥❣ "❤❡ ❞✐'❡❛'❡✳ ❚❤❡ ♠❛✐♥ ♠♦❞❡' ♦❢ ✐♥❤❡#✐"❛♥❝❡ ❛#❡ ❛❞❞✐"✐✈❡✱ ♠✉❧"✐♣❧✐❝❛"✐✈❡✱

#❡❝❡''✐✈❡ ♦# ❞♦♠✐♥❛♥"✳ ❈♦♥'✐❞❡#✐♥❣ "❤❡ ❝♦##❡❝" ♠♦❞❡ ♦❢ ✐♥❤❡#✐"❛♥❝❡ ♦❢ ❛ ♠❛#❦❡# ✐' ✉'✉❛❧❧②
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❛❞♠✐①(✉)❡$ ❞♦ ♥♦( ❝♦))❡$♣♦♥❞ (♦ ❞✐$❝)❡(❡ $()✉❝(✉)❡$ ❛♥❞ )❡♥❞❡) ❡✈❡♥ ♠♦)❡ ❝♦♠♣❧✐❝❛(❡❞

(❤❡ ❞❡(❡)♠✐♥❛(✐♦♥ ♦❢ $✉❜✲♣♦♣✉❧❛(✐♦♥$✳

▼♦)❡♦✈❡)✱ ✇✐(❤ (❤❡ )❡❝❡♥( ❛✈❛✐❧❛❜✐❧✐(② ♦❢ ❧❛)❣❡ ❝♦❤♦)($ ♦❢ ♣❛(✐❡♥($ ❣❡♥♦(②♣❡❞ ❢♦) ♠❛♥②

♠❛)❦❡)$ ❛♥❞ ♠❛♥② ❞✐$❡❛$❡$✱ ✐( ❜❡❝♦♠❡$ ♠♦)❡ ❛♥❞ ♠♦)❡ ✉$✉❛❧ (♦ ❝♦♥❞✉❝( ❛$$♦❝✐❛(✐♦♥ $(✉❞✐❡$

♦♥ $()✉❝(✉)❡❞ ♣♦♣✉❧❛(✐♦♥$✳

❊✛❡❝) ♦♥ ❛,,♦❝✐❛)✐♦♥

❈❧❛$$✐❝❛❧❧②✱ (♦ ✐♥✈❡$(✐❣❛(❡ (❤❡ ❛$$♦❝✐❛(✐♦♥ ❜❡(✇❡❡♥ ❛ ♠❛)❦❡) ❛♥❞ ❛ ❞✐$❡❛$❡ ♦♥❡ ❤❛$ (♦ ❝♦♠✲

♣❛)❡ (❤✐$ ♠❛)❦❡) ❜❡(✇❡❡♥ (❤❡ ❝❛$❡$ ❛♥❞ (❤❡ ❝♦♥()♦❧$✳ ❇❡❝❛✉$❡ ♦❢ ♣♦♣✉❧❛(✐♦♥ $()❛(✐✜❝❛(✐♦♥✱

$✉❝❤ ❛ ❝♦♠♣❛)✐$♦♥ ♠❛② ❜❡ ❜✐❛$❡❞ ❛♥❞ ❧❡❛❞ (♦ ✜♥❞✐♥❣ ❛ $♣✉)✐♦✉$ ❛$$♦❝✐❛(✐♦♥ ♦) (♦ ♠✐$$✐♥❣

❛ ❣❡♥✉✐♥❡ ♦♥❡ ✭❉❡♥❣ ✷✵✵✶✱ ▼❛)❝❤✐♥✐ ❡( ❛❧✳ ✷✵✵✹✱ ❋)❡❡❞♠❛♥ ❡( ❛❧✳ ✷✵✵✹✱ ❍❡✐♠❛♥ ❡( ❛❧✳ ✷✵✵✹✮✳

▲❡( ✉$ ❝♦♥$✐❞❡) (❤❡ $✐(✉❛(✐♦♥ ♦❢ ❋✐❣✉-❡ ✶✳✶✵ ✇❤❡)❡ ♣♦♣✉❧❛(✐♦♥ $()❛(✐✜❝❛(✐♦♥ ✐$ ✐♥ ❡✛❡❝(

❛♥❞ ❛$$✉♠❡ (❤❛( (❤❡ ♠❛)❦❡) ✐♥✈❡$(✐❣❛(❡❞ ✐$ ♥♦( ❛$$♦❝✐❛(❡❞ ✇✐(❤ (❤❡ ❞✐$❡❛$❡✳ ❆ ❝❧❛$$✐❝❛❧ ❛$✲

$♦❝✐❛(✐♦♥ (❡$(✱ ❡✳❣✳ (❤❡ ❚)❡♥❞ (❡$(✱ ❝♦♠♣❛)❡$ (❤❡ ❣❡♥♦(②♣❡$ ❞✐$()✐❜✉(✐♦♥ ❜❡(✇❡❡♥ (❤❡ ❝❛$❡$

❛♥❞ (❤❡ ❝♦♥()♦❧$✳ ❇❡❝❛✉$❡ ❝♦♥()♦❧$ ❛)❡ ♠❛✐♥❧② )❡♣)❡$❡♥(❡❞ ❜② (❤❡ ✜)$( $✉❜✲♣♦♣✉❧❛(✐♦♥✱

❝❛$❡$ ❜② (❤❡ $❡❝♦♥❞ ♦♥❡ ❛♥❞ ❞✉❡ (♦ (❤❡ ❞✐✛❡)❡♥❝❡$ ✐♥ ❣❡♥♦(②♣✐❝ ♣)♦♣♦)(✐♦♥$ ❜❡(✇❡❡♥ (❤❡

(✇♦ $✉❜✲♣♦♣✉❧❛(✐♦♥$✱ (❤❡ ♠❛)❦❡) ♠❛② ❛♣♣❡❛) (♦ ❜❡ ❞✐✛❡)❡♥(✐❛❧❧② ❞✐$()✐❜✉(❡❞ ❜❡(✇❡❡♥ ❝❛$❡$

❛♥❞ ❝♦♥()♦❧$✳ ❍♦✇❡✈❡)✱ (❤✐$ ❞✐$()✐❜✉(✐♦♥ ♦❢ ❣❡♥♦(②♣❡$ ✐$ ❞✉❡ (♦ (❤❡ ❣❡♥❡(✐❝ ❞✐✛❡)❡♥❝❡$ ❜❡✲

(✇❡❡♥ (❤❡ $✉❜✲♣♦♣✉❧❛(✐♦♥$ ♥♦( ❜❡(✇❡❡♥ (❤❡ (✇♦ $(❛(✉$ ❣)♦✉♣$✳ ❚❤✐$ )❡♣)❡$❡♥($ ✇❤❛( ✇❡

❝❛❧❧ ❛ ,♣✉-✐♦✉, ❛,,♦❝✐❛)✐♦♥✳

❖♥ (❤❡ ♦(❤❡) ❤❛♥❞ ✐❢ ✇❡ ❛$$✉♠❡ (❤❛( (❤❡ ♠❛)❦❡) ✐♥✈❡$(✐❣❛(❡❞ ✐$ ❛$$♦❝✐❛(❡❞ ✇✐(❤ (❤❡

❞✐$❡❛$❡✱ ✐( ✐$ ♣♦$$✐❜❧❡ (❤❛( (❤❡ ❞✐✛❡)❡♥❝❡$ ✐♥ ❣❡♥♦(②♣❡ ❢)❡N✉❡♥❝✐❡$ ❜❡(✇❡❡♥ (❤❡ (✇♦ $✉❜✲

♣♦♣✉❧❛(✐♦♥$ ❜❛❧❛♥❝❡ (❤❡ ❞✐✛❡)❡♥❝❡$ ❞✉❡ (♦ (❤❡ $(❛(✉$ ❛♥❞ (❤❡♥ ❤✐❞❡ (❤❡ ❡①✐$(✐♥❣ ❛$$♦❝✐❛✲

(✐♦♥✳

❆ (❤✐)❞ $✐(✉❛(✐♦♥ ❝❛♥ ♦❝❝✉) ✇❤❡♥ (❤❡ ♠❛)❦❡) ✐$ ❛$$♦❝✐❛(❡❞ ✇✐(❤ (❤❡ ❞✐$❡❛$❡ ❛♥❞ (❤❡

❞✐✛❡)❡♥❝❡$ ✐♥ ❣❡♥♦(②♣❡ ❢)❡N✉❡♥❝✐❡$ ❞✉❡ (♦ $()❛(✐✜❝❛(✐♦♥ ✐♥✢❛(❡ (❤♦$❡ ❞✉❡ (♦ (❤❡ ❛$$♦❝✐✲

❛(✐♦♥✳ ■♥ (❤✐$ ❝❛$❡✱ (❤❡ ♠❛)❦❡) ❝♦✉❧❞ ❛♣♣❡❛) (♦ ❜❡ $()♦♥❣❧② ❛$$♦❝✐❛(❡❞ ✇✐(❤ (❤❡ ❞✐$❡❛$❡

✇❤✐❧❡ ✐( ❝♦))❡$♣♦♥❞$ ❛❝(✉❛❧❧② (♦ ❛ ✇❡❛❦ ❛$$♦❝✐❛(✐♦♥✳

❚❤❡ ❝❧❛$$✐❝❛❧ ♣♦♣✉❧❛(✐♦♥✲❜❛$❡❞ ❛$$♦❝✐❛(✐♦♥ (❡$($ ❡✈♦❦❡❞ ✐♥ ❙❡❝)✐♦♥ ✶✳✸✳✷ ❛)❡ ✈✉❧♥❡)✲

❛❜❧❡ (♦ ♣♦♣✉❧❛(✐♦♥ $()❛(✐✜❝❛(✐♦♥✳ ■♥ ♣)❡$❡♥❝❡ ♦❢ ♣♦♣✉❧❛(✐♦♥ $()✉❝(✉)❡ (❤❡✐) ❢❛❧$❡✲♣♦$✐(✐✈❡

❛♥❞ ❢❛❧$❡✲♥❡❣❛(✐✈❡ )❛(❡$ ❛)❡ ✐♥✢❛(❡❞✳



✸✻ ✶✳ ■♥&'♦❞✉❝&✐♦♥

✶✳✹✳✹ ❆♥❛❧②(✐( ♦❢ ♣♦♣✉❧❛.✐♦♥ (./✉❝.✉/❡

■❞❡♥$✐❢②✐♥❣ $❤❡ ✉♥❞❡+❧②✐♥❣ -$+✉❝$✉+❡ ♦❢ ♣♦♣✉❧❛$✐♦♥- ✐- ♦❢ ❣+❡❛$ ✐♥$❡+❡-$ ❢♦+ $❤❡ ❣❡♥❡$✐❝

+❡-❡❛+❝❤✳ ■$ ❛❧❧♦✇- $❤❡ -$✉❞② ♦❢ ❡✈♦❧✉$✐♦♥❛+② +❡❧❛$✐♦♥-❤✐♣- ❜❡$✇❡❡♥ ♣♦♣✉❧❛$✐♦♥- ❛- ✇❡❧❧

❛- ❧❡❛+♥✐♥❣ ❛❜♦✉$ $❤❡✐+ ❞❡♠♦❣+❛♣❤✐❝ ❤✐-$♦+✐❡- ✭❈❛✈❛❧❧✐✲❙❢♦+③❛ ✶✾✾✹✱ ❇♦✇❝♦❝❦ ❡$ ❛❧✳ ✶✾✾✹✱

▼♦✉♥$❛✐♥ ❛♥❞ ❈❛✈❛❧❧✐✲❙❢♦+③❛ ✶✾✾✼✱ D+✐$❝❤❛+❞ ❡$ ❛❧✳ ✷✵✵✵❛✱ ▲❡❡ ❡$ ❛❧✳ ✷✵✵✾✮✳ ■♥ ❛❞❞✐$✐♦♥✱

✐$ ♦✛❡+- -♦❧✉$✐♦♥- $♦ ❛❝❝♦✉♥$ ❢♦+ ♣♦♣✉❧❛$✐♦♥ -$+❛$✐✜❝❛$✐♦♥ ✐♥ ❛--♦❝✐❛$✐♦♥ -$✉❞✐❡-✳

❉✉+✐♥❣ $❤❡ ❧❛-$ ❞❡❝❛❞❡-✱ ♠❛♥② -$❛$✐-$✐❝❛❧ ♠❡$❤♦❞- ❢♦❝✉-✐♥❣ ♦♥ -$✉❞②✐♥❣ ♣♦♣✉❧❛$✐♦♥

-$+✉❝$✉+❡ ❛♥❞ ✐$- ❝♦♥-❡L✉❡♥❝❡- ❤❛✈❡ ❜❡❡♥ ❞❡-✐❣♥❡❞✳ ❚❤+❡❡ ♠❛✐♥ ❡♥❞❣❛♠❡- ♦❢ $❤❡-❡ ♠❡$❤✲

♦❞- ❝❛♥ ❜❡ ♦✉$❧✐♥❡❞✿

• ❉❡$❡❝$✐♥❣ ✇❤❡$❤❡+ ❛ ♣♦♣✉❧❛$✐♦♥ ✐- -$+✉❝$✉+❡❞ ❛♥❞ ❣❛✉❣✐♥❣ $❤❡ ❝♦♠♣❧❡①✐$② ♦❢ $❤❡

-$+✉❝$✉+❡✳

• ■❞❡♥$✐❢②✐♥❣ $❤❡ ❛❝$✉❛❧ -✉❜✲♣♦♣✉❧❛$✐♦♥- ❛♥❞ $❤❡ +❡❧❛$✐♦♥- ♦❢ $❤❡ ✐♥❞✐✈✐❞✉❛❧- $♦ $❤❡-❡

-✉❜✲♣♦♣✉❧❛$✐♦♥-✳

• ❆❝❝♦✉♥$✐♥❣ ❢♦+ ♣♦♣✉❧❛$✐♦♥ -$+❛$✐✜❝❛$✐♦♥ ✐♥ ❛--♦❝✐❛$✐♦♥ -$✉❞✐❡-✳

❲❡ ✇✐❧❧ ♣+❡-❡♥$ ✐♥ ❈❤❛♣&❡'2 ✷ ❛♥❞ ✸ $❤❡-❡ -$❛$✐-$✐❝❛❧ ❛♣♣+♦❛❝❤❡- ❞❡❛❧✐♥❣ ✇✐$❤ ♣♦♣✲

✉❧❛$✐♦♥ -$+✉❝$✉+❡✳ ❈❤❛♣&❡' ✷ ✇✐❧❧ ❢♦❝✉- ♦♥ $❤❡ -$❛$✐-$✐❝❛❧ $❡-$- $❤❛$ ❛❧❧♦✇ $♦ ❛❝❝♦✉♥$ ❢♦+

♣♦♣✉❧❛$✐♦♥ -$+❛$✐✜❝❛$✐♦♥✳ ❈❤❛♣&❡' ✸ ✇✐❧❧ ❜❡ ❞❡❞✐❝❛$❡❞ $♦ ♠❡$❤♦❞- ✐♥❢❡++✐♥❣ $❤❡ -$+✉❝$✉+❡

♦❢ $❤❡ ♣♦♣✉❧❛$✐♦♥-✳



Chapter 2
❆❝❝♦✉♥%✐♥❣ ❢♦) *♦♣✉❧❛%✐♦♥

❙%)❛%✐✜❝❛%✐♦♥ ✐♥ ●❡♥♦♠❡✲❲✐❞❡

❛66♦❝✐❛%✐♦♥ 6%✉❞✐❡6

❲❡ ♣#❡$❡♥&❡❞ ✐♥ &❤❡ ■♥&#♦❞✉❝&✐♦♥ &❤❡ ❞✐✛❡#❡♥& $&❡♣$ ♦❢ ❛ ●❡♥♦♠❡✲❲✐❞❡ ❛$$♦❝✐❛&✐♦♥ $&✉❞②✳

❲❡ ❛❧$♦ ❡♠♣❤❛$✐③❡❞ &❤❡ ♣♦&❡♥&✐❛❧ $♦✉#❝❡$ ♦❢ ❡##♦#$ &❤❛& ❝❛♥ ❛✛❡❝& &❤❡ ✈❛❧✐❞✐&② ♦# &❤❡ ✐♥&❡#✲

♣#❡&❛❜✐❧✐&② ♦❢ &❤❡ ✜♥❞✐♥❣$✳ ❲❡ ❢♦❝✉$ ✐♥ &❤✐$ ❝❤❛♣&❡# ♦♥ &❤❡ ❜✐❛$ ✐♥❞✉❝❡❞ ❜② &❤❡ $&#✉❝&✉#❡

♦❢ &❤❡ ♣♦♣✉❧❛&✐♦♥$✳ ❈♦♥$✐❞❡#✐♥❣ ❛ $✐♥❣❧❡✲♠❛#❦❡# ❛♥❛❧②$✐$ $&#❛&❡❣② &♦ ❧♦♦❦ ❢♦# ❛$$♦❝✐❛&✐♦♥✱

✇❡ ❡①❛♠✐♥❡ &❤❡ ❛♣♣#♦❛❝❤❡$ ❞❡❛❧✐♥❣ ✇✐&❤ ♣♦♣✉❧❛&✐♦♥ $&#❛&✐✜❝❛&✐♦♥✳

❲❡ ✜#$& ✐♥&#♦❞✉❝❡ &❤❡ ❜❛❝❦❣#♦✉♥❞ ♦❢ ❛$$♦❝✐❛&✐♦♥ &❡$&✐♥❣✱ ❝❧❛$$✐❝❛❧ $&❛&✐$&✐❝❛❧ &❡$&$ &♦

✐❞❡♥&✐❢② ♠❛#❦❡#$ ❛$$♦❝✐❛&❡❞ &♦ ❞✐$❡❛$❡$✱ ❛❧♦♥❣ ✇✐&❤ $♦♠❡ $&❛&✐$&✐❝❛❧ ❜❛❝❦❣#♦✉♥❞ ♥❡❝❡$$❛#②

&♦ &❤❡ ✉♥❞❡#$&❛♥❞✐♥❣ ♦❢ ♠♦#❡ ❝♦♠♣❧❡① &❡$&$✳

❲❡ &❤❡♥ ♣#❡$❡♥& &❤❡ ❞✐✛❡#❡♥& $&#❛&❡❣✐❡$ &❤❛& ❡①✐$& &♦ ❛❝❝♦✉♥& ❢♦# ♣♦♣✉❧❛&✐♦♥ $&#❛&✲

✐✜❝❛&✐♦♥ ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛$$♦❝✐❛&✐♦♥ $&✉❞✐❡$✳ ❲❡ ❛❧$♦ ♣#♦♣♦$❡ ❛ ❝♦♠♣❛#✐$♦♥ ♦❢ &❤❡$❡

$&#❛&❡❣✐❡$ ❜❛$❡❞ ♦♥ ❛ ✇✐❞❡ ❛♥❞ #❡❛❧✐$&✐❝ $❡& ♦❢ $✐♠✉❧❛&✐♦♥$ ❝♦✈❡#✐♥❣ ✈❛#✐♦✉$ &②♣❡$ ♦❢ ♣♦♣✲

✉❧❛&✐♦♥ $&#✉❝&✉#❡✳ ❖✉# ❣♦❛❧ ❜❡✐♥❣ &♦ ♣#♦✈✐❞❡ ❛ ♣#❛❝&✐❝❛❧ ❛♥$✇❡# &♦ &❤❡ B✉❡$&✐♦♥✿ ✇❤❛& ✐$

&❤❡ ❜❡$& ❛♣♣#♦❛❝❤ &♦ ❛✈♦✐❞ &❤❡ ❜✐❛$ ✐♥❞✉❝❡❞ ❜② ♣♦♣✉❧❛&✐♦♥ $&#❛&✐✜❝❛&✐♦♥ ✐♥ ❛♥② ❣❡♥❡&✐❝

$&✉❞②❄ ❚❤❡ #❡$✉❧&$ ♦❢ &❤✐$ ❛♥❛❧②$✐$ ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐$❤❡❞ ✐♥ F▲❖❙ ❖◆❊ ✭❇♦✉❛③✐③ ❡& ❛❧✳

✷✵✶✶✮✳

✷✳✶ ■♥%&♦❞✉❝%✐♦♥

✷✳✶✳✶ ●❡♥❡&✐❝ ❞❛&❛

●❡♥❡&✐❝ ❞❛&❛ ❛✈❛✐❧❛❜❧❡ ❢♦# ❛$$♦❝✐❛&✐♦♥ $&✉❞✐❡$ ❣❡♥❡#❛❧❧② ❝♦♠♣#✐$❡$ ❞✐✛❡#❡♥& &②♣❡$ ♦❢ ✐♥✲

❢♦#♠❛&✐♦♥ ❝♦♥❝❡#♥✐♥❣ &❤❡ ✐♥❞✐✈✐❞✉❛❧$ ❛♥❞ &❤❡ ♠❛#❦❡#$ ❣❡♥♦&②♣❡❞✳ ❚❤❡ ✜#$& ✐♥❢♦#♠❛&✐♦♥

✸✼



✸✽ ✷✳ ❆❝❝♦✉♥)✐♥❣ ❢♦- .♦♣✉❧❛)✐♦♥ ❙)-❛)✐✜❝❛)✐♦♥ ✐♥ ●❲❆❙6

❝♦""❡$♣♦♥❞$ (♦ ❛ (❛❜❧❡ ♠❛❞❡ ♦❢ (❤❡ ❣❡♥♦(②♣❡$ ♦❢ ❛❧❧ (❤❡ $❛♠♣❧❡$ ❢♦" ❛❧❧ (❤❡ ♠❛"❦❡"$✳ ■♥✲

❢♦"♠❛(✐♦♥ "❡❧❛(✐✈❡ (♦ (❤❡ ✐♥❞✐✈✐❞✉❛❧$ ❛"❡ ❛❧$♦ ❛✈❛✐❧❛❜❧❡ $✉❝❤ ❛$ (❤❡ $(❛(✉$ ✭❝❛$❡ ♦" ❝♦♥("♦❧✮

❛♥❞ $♦♠❡(✐♠❡$ ❛❞❞✐(✐♦♥❛❧ ✐♥❢♦"♠❛(✐♦♥ $✉❝❤ ❛$ (❤❡ ❣❡♥❞❡"✱ (❤❡ ❛❣❡ ♦" (❤❡ ❡(❤♥✐❝✐(②✳ ❚❤❡

✐♥❢♦"♠❛(✐♦♥ ❛❜♦✉( ❡(❤♥✐❝✐(② ✐$ $❡❧❞♦♠ ❛✈❛✐❧❛❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ♠♦"❡ ♦" ❧❡$$ ♣"❡❝✐$❡ ❛❝❝♦"❞✐♥❣

(♦ (❤❡ ❞❛(❛❜❛$❡✳

❆ ❧❛$( ♣✐❡❝❡ ♦❢ ✐♥❢♦"♠❛(✐♦♥ ♣❡"(❛✐♥$ (♦ (❤❡ ♠❛"❦❡"$ ❛♥❞ ❝❛♥ ✐♥❝❧✉❞❡ (❤❡✐" ♣♦$$✐❜❧❡

❛❧❧❡❧❡$ ♦" (❤❡✐" ♣♦$✐(✐♦♥$ ♦♥ (❤❡ ❣❡♥♦♠❡✳ ❲❡ ❝♦♥$✐❞❡" ❤❡"❡ (❤❡ ❝❛$❡ ♦❢ ❙◆@ ♠❛"❦❡"$✳

❚❤❡$❡ ❞✐✛❡"❡♥( ✐♥❢♦"♠❛(✐♦♥ ❝❛♥ ❜❡ "❡♣"❡$❡♥(❡❞ ❛$ (❛❜❧❡$✳ ❚❛❜❧❡ ✷✳✶ ❞✐$♣❧❛②$ (❤❡ ✐♥✲

❢♦"♠❛(✐♦♥ ❛❜♦✉( (❤❡ $❛♠♣❧❡$ ❛♥❞ (❤❡ ❣❡♥♦(②♣❡$ ❛♥❞ ❚❛❜❧❡ ✷✳✷ ❝♦♥❝❡"♥$ (❤❡ ✐♥❢♦"♠❛(✐♦♥

❛❜♦✉( (❤❡ ♠❛"❦❡"$✳

SNP1 SNP2 . . . SNPp ❙(❛(✉$ ●❡♥❞❡" ❆❣❡ ❊(❤♥✐❝✐(②

i1 ✵ ✷ . . . ✷ ❉ ❢ ✷✻ ❊♥❣❧✐$❤

i2 ✶ ✷ . . . ✶ ❍ ❢ ✸✶ ❊♥❣❧✐$❤

✳

✳

✳

in ✶ ✵ . . . ✶ ❍ ♠ ✹✷ ●❡"♠❛♥

❚❛❜❧❡ ✷✳✶✿ ❙❛♠♣❧❡6 ✐♥❢♦-♠❛)✐♦♥✳ ❉ ❂ ❞✐$❡❛$❡❞✱ ❍ ❂ ❤❡❛❧(❤②✱ ❢ ❂ ❢❡♠❛❧❡✱ ♠ ❂ ♠❛❧❡✳

◆❛♠❡ ✭"$■❉✮ ❈❤" @♦$✐(✐♦♥

M1 "$✶✷✸✹✺✻ ✶ ✶✷✸✹✺✺✺

M2 "$✷✸✹✺✻✼ ✶ ✶✷✸✼✼✾✸

✳

✳

✳

Mp "$✷✸✹✺✻✼ ✶ ✶✷✸✼✻✾✼

❚❛❜❧❡ ✷✳✷✿ ▼❛-❦❡-6 ✐♥❢♦-♠❛)✐♦♥✳ ❊❛❝❤ ❙◆@ ♠❛"❦❡" ❤❛$ ❛ ✉♥✐R✉❡ "$■❉ ❛$ ✐❞❡♥(✐✜❡" ✐♥

✐♥(❡"♥❛(✐♦♥❛❧ ❞❛(❛❜❛$❡$✳

❋♦" ❝❡"(❛✐♥ ♦❢ (❤❡$❡ ✈❛"✐❛❜❧❡$✱ ✐( ✐$ ♥❡❝❡$$❛"② (♦ ♣"♦✈✐❞❡ ♠♦"❡ ❢♦"♠❛❧ $(❛(✐$(✐❝❛❧ ♥♦(❛✲

(✐♦♥$ (❤❛( ✇❡ ✇✐❧❧ ❝♦♥$❡"✈❡ ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣ ♦❢ (❤✐$ ♠❛♥✉$❝"✐♣(✳ ❲❡ ❝❛❧❧

X = (xij)16i6n
16j6p

(❤❡ n × p ❣❡♥♦(②♣❡ ♠❛("✐① ❢♦" (❤❡ n ✐♥❞✐✈✐❞✉❛❧$ ❛♥❞ (❤❡ p ♠❛"❦❡"$✳ ❊❛❝❤ (❡"♠ xij ❝♦"✲

"❡$♣♦♥❞$ (♦ (❤❡ ❣❡♥♦(②♣❡ ♦❢ $❛♠♣❧❡ i ❢♦" (❤❡ ♠❛"❦❡" j ❛♥❞ ✐$ ❝♦❞❡❞ ✵✱ ✶ ♦" ✷ ❛❝❝♦"❞✐♥❣

(♦ (❤❡ ♥✉♠❜❡" ♦❢ ✈❛"✐❛♥( ❛❧❧❡❧❡$✳ ❋♦" ❛ ❙◆@ ✇✐(❤ ❛❧❧❡❧❡$ a ❛♥❞ A ✇❤❡"❡ A ✐$ (❤❡ ✈❛"✐❛♥(✱

(❤❡ ♣♦$$✐❜❧❡ ❣❡♥♦(②♣❡$ ❛"❡ aa ✭❝♦❞❡❞ ✵✮✱ aA ♦" Aa ✭✐♥❞✐$(✐♥❣✉✐$❤❛❜❧❡ ❛♥❞ ❝♦❞❡❞ ✶✮ ❛♥❞



✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ✸✾

AA ✭❝♦❞❡❞ ✷✮✳ ❚❤✐+ ❝♦❞✐♥❣ ♦❢ ❙◆1 ❞❛3❛ ✐+ ♦♥❡ ♦❢ 3❤❡ ♠♦+3 ✉+❡❞ ✐♥ ♣7❛❝3✐❝❡✳ ■♥ ❝❡73❛✐♥

+❡33✐♥❣+ ✐3 ❝♦77❡+♣♦♥❞+ 3♦ 3❤❡ ❝♦❞✐♥❣ ❢♦7 ❛♥ ❛❞❞✐3✐✈❡ ♠♦❞❡❧✱ 3❤❛3 ✐+ ✉+✉❛❧❧② ❛++✉♠❡❞✳ ❆❧+♦

✐3 ❤❛+ 3❤❡ ❛❞✈❛♥3❛❣❡ ♦❢ ❜❡✐♥❣ ✐♥3❡7♣7❡3❛❜❧❡ ✐♥ ❛ ?✉❛❧✐3❛3✐✈❡ ♠❛♥♥❡7✱ ❝♦♠♣❛7✐♥❣ 3❤❡ ❞✐✛❡7✲

❡♥3 ❣❡♥♦3②♣❡+ 3♦ 3❤❡ 7❡❢❡7❡♥❝❡ ❣❡♥♦3②♣❡✱ ♦7 ✐♥ ❛ ?✉❛♥3✐3❛3✐✈❡ ♠❛♥♥❡7 ❜② ♠❡❛+✉7✐♥❣ 3❤❡

❛♠♦✉♥3 ♦❢ 7❡❢❡7❡♥❝❡ ❛❧❧❡❧❡✳

❚❤❡ ♣❤❡♥♦3②♣❡ ✈❡❝3♦7 ✐+ ❞❡♥♦3❡❞ ❜②

Y = (y1, . . . , yn),

✇❤❡7❡ yi ✐+ 3❤❡ +3❛3✉+ ♦❢ +❛♠♣❧❡ i ❝♦❞❡❞ ✵ ✭❤❡❛❧3❤②✮ ♦7 ✶ ✭❞✐+❡❛+❡❞✮✳

❆ +♣❡❝✐✜❝✐3② ♦❢ ❣❡♥❡3✐❝ ❞❛3❛ ✐+ 3❤❛3 ✉+✉❛❧❧② 3❤❡ ♥✉♠❜❡7 ♦❢ ♠❛7❦❡7+ ✐+ ❣7❡❛3❡7 3❤❛♥ 3❤❡

♥✉♠❜❡7 ♦❢ ✐♥❞✐✈✐❞✉❛❧+✱ p ≫ n✳ ❚❤✐+ ❤✐❣❤ ❞✐♠❡♥+✐♦♥ ♦❢ 3❤❡ ❞❛3❛ 7❡?✉✐7❡+ 3❤❡ ✉+❡ ❝❡73❛✐♥

+♣❡❝✐✜❝ +3❛3✐+3✐❝❛❧ 3❡❝❤♥✐?✉❡+✳

✷✳✶✳✷ ▼❡❛&✉(❡& ♦❢ ❛&&♦❝✐❛-✐♦♥

❲❤❡♥ 3❡+3✐♥❣ ❢♦7 ❛++♦❝✐❛3✐♦♥ ✐3 ✐+ ❜♦3❤ ✐♠♣♦73❛♥3 3♦ +3❛3✐+3✐❝❛❧❧② ❞❡3❡7♠✐♥❡ ✐❢ 3❤❡ ❛++♦✲

❝✐❛3✐♦♥ ✐+ +✐❣♥✐✜❝❛♥3 ❛♥❞ 3♦ ❛++❡++ ✐3+ ❞❡❣7❡❡✳ ❚❤❡ +3❛3✐+3✐❝❛❧ 3❡+3+ ❛7❡ ✉+❡❞ 3♦ ♣7♦✈✐❞❡

❡✈✐❞❡♥❝❡ ♦❢ 3❤❡ ❛++♦❝✐❛3✐♦♥ ❛♥❞ ♠❡❛+✉7❡+ ♦❢ ❛++♦❝✐❛3✐♦♥ ❛7❡ ✉+❡❞ 3♦ ?✉❛♥3✐❢② ✐3✳ ❲❡

♣7❡+❡♥3 3✇♦ ♦❢ 3❤❡+❡ ♠❡❛+✉7❡+ 3❤❛3 ❛7❡ 3❤❡ 7❡❧❛3✐✈❡ 7✐+❦ ✭❘❘✮ ❛♥❞ 3❤❡ ♦❞❞+✲7❛3✐♦ ✭❖❘✮✳

❚❤❡+❡ 3✇♦ ♠❡❛+✉7❡+ ❝♦♠♣❛7❡ 3❤❡ ♣7♦❜❛❜✐❧✐3② ♦❢ ❜❡✐♥❣ ❛✛❡❝3❡❞ ❜② ❛ ❞✐+❡❛+❡ ✐♥ ❢✉♥❝3✐♦♥ ♦❢

3❤❡ ❡①♣♦+✉7❡ 3♦ ❛ ❝❡73❛✐♥ 7✐+❦ ❢❛❝3♦7✳ ❚❤✐+ ❢❛❝3♦7 ❝❛♥ ❤❛✈❡ +❡✈❡7❛❧ ❧❡✈❡❧+ ❛♥❞ ❛ 7❡❢❡7❡♥❝❡

❧❡✈❡❧ 3❤❛3 ❝♦77❡+♣♦♥❞+ 3♦ ♥♦ ❡①♣♦+✉7❡✳ ■♥ 3❤❡ ❝❛+❡ ♦❢ ❣❡♥❡3✐❝ ❛++♦❝✐❛3✐♦♥✱ 3❤❡ 7✐+❦ ❢❛❝3♦7

❝❛♥ ❜❡ 3❤❡ ♠❛7❦❡7✱ ❛♥❞ 3❤❡ ❞✐✛❡7❡♥3 ❧❡✈❡❧+ 3❤❡ ❣❡♥♦3②♣❡+ aa✱ aA/Aa ❛♥❞ AA ✇✐3❤ A
❜❡✐♥❣ 3❤❡ ✈❛7✐❛♥3 ❛❧❧❡❧❡✳ ❚♦ ✐♥37♦❞✉❝❡ 3❤❡ 7❡❧❛3✐✈❡ 7✐+❦ ❛♥❞ 3❤❡ ♦❞❞+✲7❛3✐♦ ✇❡ ❝♦♥+✐❞❡7 ❛+

❛ 7✐+❦ ❢❛❝3♦7 ❛ ♠❛7❦❡7 x ✇✐3❤ 3❤❡ 3❤7❡❡ ❣❡♥♦3②♣❡+ ❝♦❞❡❞ ✵ ✭3❤❡ 7❡❢❡7❡♥❝❡✮✱ ✶ ♦7 ✷ ❛+ ❞✐✛❡7✲

❡♥3 ❧❡✈❡❧+✳ ❲❡ ❝❛❧❧ px=i 3❤❡ ♣7♦❜❛❜✐❧✐3② ♦❢ ❜❡✐♥❣ ❛✛❡❝3❡❞ ❜② 3❤❡ ❞✐+❡❛+❡ ✇✐3❤ 3❤❡ ❣❡♥♦3②♣❡ i✳

❚❤❡ 7❡❧❛3✐✈❡ 7✐+❦ ✐+ 3❤❡ 7✐+❦ ♦❢ ❜❡✐♥❣ ❛✛❡❝3❡❞ ❜② 3❤❡ ❞✐+❡❛+❡ 7❡❧❛3✐✈❡ 3♦ 3❤❡ ❡①♣♦+✉7❡✳

■3 ❝♦77❡+♣♦♥❞+ 3♦ 3❤❡ 7❛3✐♦ ♦❢ 3❤❡ ♣7♦❜❛❜✐❧✐3✐❡+ ♦❢ ❤❛✈✐♥❣ 3❤❡ ❞✐+❡❛+❡ ❢♦7 3✇♦ ❧❡✈❡❧+ ♦❢ 3❤❡

❢❛❝3♦7✳ ❚❤❡ 7❡❧❛3✐✈❡ 7✐+❦ ♦❢ 3❤❡ ❣❡♥♦3②♣❡ i ❝♦♠♣❛7❡❞ 3♦ 3❤❡ ❣❡♥♦3②♣❡ 0 ✐+

RRi/0 =
px=i

px=0

.

❚❤❡ ✐♥3❡7♣7❡3❛3✐♦♥ ♦❢ 3❤❡ 7❡❧❛3✐✈❡ 7✐+❦ ✐+ ❛+ ❢♦❧❧♦✇+✳ ■❢ RRi/0 = 2 3❤❡♥ 3❤❡ ✐♥❞✐✈✐❞✉❛❧+

✇✐3❤ ❣❡♥♦3②♣❡ i ❛7❡ 3✇♦ 3✐♠❡+ ♠♦7❡ ❧✐❦❡❧② 3❤❛♥ 3❤♦+❡ ✇✐3❤ ❣❡♥♦3②♣❡ 0 ♦❢ ❜❡✐♥❣ ❛✛❡❝3❡❞ ❜②

3❤❡ ❞✐+❡❛+❡✳ ▼♦7❡ ❣❡♥❡7❛❧❧②✱ ✐❢ RRi/0 = 1 3❤❡♥ 3❤❡7❡ ✐+ ♥♦ ❞✐✛❡7❡♥❝❡ ❜❡3✇❡❡♥ 3❤❡ ❣❡♥♦3②♣❡+

0 ❛♥❞ i✱ ✐❢ RRi/0 > 1 3❤❡♥ ✐3 ✐+ ♠♦7❡ ❧✐❦❡❧② 3♦ ❜❡ ❛✛❡❝3❡❞ ❜② 3❤❡ ❞✐+❡❛+❡ ✇✐3❤ 3❤❡ ❣❡♥♦3②♣❡

i 3❤❛♥ ✇✐3❤ 3❤❡ ❣❡♥♦3②♣❡ 0 ❛♥❞ ✐❢ RRi/0 < 1 ✐3 ✐+ 3❤❡ ♦♣♣♦+✐3❡✳



✹✵ ✷✳ ❆❝❝♦✉♥)✐♥❣ ❢♦- .♦♣✉❧❛)✐♦♥ ❙)-❛)✐✜❝❛)✐♦♥ ✐♥ ●❲❆❙6

❈❛6❡6 ❈♦♥)-♦❧6

x = i a b
x = 0 c d

❚❛❜❧❡ ✷✳✸✿ ❈♦♥)✐♥❣❡♥❝② )❛❜❧❡ ♦❢ ❛ -✐6❦ ❢❛❝)♦- ❝♦♠♣❛-❡❞ )♦ )❤❡ ❞✐6❡❛6❡✳ ❚❤❡

*✉❛♥-✐-② a✱ b✱ c ❛♥❞ d ❛2❡ -❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦✉♥-6 ❢♦2 ❡❛❝❤ ❝♦♠❜✐♥❛-✐♦♥ 6-❛-✉6✴❢❛❝-♦2✳

❯6✐♥❣ ❚❛❜❧❡ ✷✳✸✱ -❤❡ 2❡❧❛-✐✈❡ 2✐6❦ ❝❛♥ ❜❡ ❡6-✐♠❛-❡❞ ❜②

RRi/0 =
a/(a+ b)

c/(c+ d)
.

❚❤❡ ♦❞❞6✲2❛-✐♦ ✐6 ❞❡✜♥❡❞ ❛6 -❤❡ 2❛-✐♦ ♦❢ -❤❡ ♦❞❞6✳ ❆♥ ♦❞❞ 2❡✢❡❝-6 -❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢

❜❡✐♥❣ ❛✛❡❝-❡❞ ❜② ❛ ❞✐6❡❛6❡ ❣✐✈❡♥ ❛ ❝❡2-❛✐♥ ❡①♣♦6✉2❡✳ ■- ❝♦22❡6♣♦♥❞6 -♦ -❤❡ 2❛-✐♦ ♦❢ -❤❡

♣2♦❜❛❜✐❧✐-② ♦❢ ❜❡✐♥❣ ❛✛❡❝-❡❞ ❜② -❤❡ ❞✐6❡❛6❡ ✇✐-❤ ❛ ❝❡2-❛✐♥ ❡①♣♦6✉2❡ ❛♥❞ -❤❡ ♣2♦❜❛❜✐❧✐-②

♦❢ ♥♦- ❜❡✐♥❣ ❛✛❡❝-❡❞ ✇✐-❤ -❤✐6 6❛♠❡ ❡①♣♦6✉2❡✳

Ox=i =
px=i

1− px=i

.

❚❤❡ ♦❞❞6✲2❛-✐♦ ♦❢ ❜❡✐♥❣ ❛✛❡❝-❡❞ ❜② -❤❡ ❞✐6❡❛6❡ ✐6

ORi/0 =
Ox=i

0x=0

=
px=i(1− px=0)

(1− px=i)px=0

.

❖❞❞6✲2❛-✐♦6 ❛2❡ ❛❧✇❛②6 ♣♦6✐-✐✈❡✳ ■❢ ORi/0 = 1 -❤❡♥ -❤❡2❡ ✐6 ♥♦- ♠♦2❡ 2✐6❦ ♦❢ ❜❡✐♥❣ ❛✛❡❝-❡❞
✇✐-❤ -❤❡ ❣❡♥♦-②♣❡ i -❤❛♥ ✇✐-❤ -❤❡ ❣❡♥♦-②♣❡ 0✳ ■❢ ORi/0 > 1 -❤❡♥ -❤❡2❡ ✐6 ❛♥ ✐♥❝2❡❛6❡❞
2✐6❦ ✇✐-❤ -❤❡ ❣❡♥♦-②♣❡ i ❝♦♠♣❛2❡❞ -♦ -❤❡ ❣❡♥♦-②♣❡ 0 ❛♥❞ ✐❢ ORi/0 < 1 ✐- ✐6 -❤❡ ♦♣♣♦6✐-❡✳

❆♥ ❛❞✈❛♥-❛❣❡ ♦❢ -❤❡ ♦❞❞6✲2❛-✐♦ ❝♦♠♣❛2❡❞ -♦ -❤❡ 2❡❧❛-✐✈❡ 2✐6❦ ✐6 -❤❛- ✐- -2❡❛-6 -❤❡ -✇♦

✈❛2✐❛❜❧❡6 ✭6-❛-✉6 ❛♥❞ ❡①♣♦6✉2❡✮ 6②♠♠❡-2✐❝❛❧❧②✳ ❚❤✐6 ♠❡❛♥6 -❤❛- ✐♥6-❡❛❞ ♦❢ ❝♦♥6✐❞❡2✐♥❣

-❤❡ ♣2♦❜❛❜✐❧✐-② ♦❢ ❜❡✐♥❣ ❛✛❡❝-❡❞ ❜② -❤❡ ❞✐6❡❛6❡ ❣✐✈❡♥ -❤❡ ❣❡♥♦-②♣❡✱ -❤❡ ♦❞❞6✲2❛-✐♦ ❝❛♥ ❜❡

❞❡✜♥❡❞ ✉6✐♥❣ -❤❡ ♣2♦❜❛❜✐❧✐-② ♦❢ ❤❛✈✐♥❣ ❛ ❝❡2-❛✐♥ ❣❡♥♦-②♣❡ ❣✐✈❡♥ -❤❡ 6-❛-✉6✳

❯6✐♥❣ -❤❡ ❚❛❜❧❡ ✷✳✸✱ -❤❡ ♦❞❞6✲2❛-✐♦ ❝❛♥ ❜❡ ❡6-✐♠❛-❡❞ ❜②

ORi/0 =
ad

bc
.

❖❞❞6✲2❛-✐♦6 ❛2❡ ♣2❡❢❡2❛❜❧② ✉6❡❞ ✐♥ ❣❡♥❡-✐❝ 6-✉❞✐❡6 ❜❡❝❛✉6❡ -❤❡② ❝❛♥ ❜❡ ❡❛6✐❧② ❡6-✐♠❛-❡❞✳

■♥❞❡❡❞✱ ✐- ✐6 ❛❧6♦ ♣♦66✐❜❧❡ -♦ ❡6-✐♠❛-❡ ♦❞❞6✲2❛-✐♦6 ✉6✐♥❣ ❧♦❣✐6-✐❝ 2❡❣2❡66✐♦♥ ❛6 ✇❡ ✇✐❧❧ ♣2❡6❡♥-

✐♥ -❤❡ ♥❡①- 6❡❝-✐♦♥✳

■♥ ❛❞❞✐-✐♦♥✱ -❤❡✐2 ✐♥-❡2♣2❡-❛-✐♦♥ ✐6 ✐♥-✐♠❛-❡❧② ❧✐♥❦❡❞ -♦ -❤❛- ♦❢ -❤❡ ❛66♦❝✐❛-✐♦♥ -❡6-✳

❉❡-❡2♠✐♥✐♥❣ -❤❛- ❛ ♠❛2❦❡2 ✐6 ♥♦- ❛66♦❝✐❛-❡❞ ✇✐-❤ -❤❡ ❞✐6❡❛6❡✱ ✐✳❡✳ -❤❡ ❣❡♥♦-②♣❡ ❛♥❞ -❤❡



✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ✹✶

 !❛!✉ ❛$❡ ✐♥❞❡♣❡♥❞❡♥!✱ ✐ ❡+✉✐✈❛❧❡♥! !♦ ❤❛✈✐♥❣ ❛❧❧ ♣♦  ✐❜❧❡ ♦❞❞ ✲$❛!✐♦ ❜❡!✇❡❡♥ !❤❡ ❞✐ ❡❛ ❡

❛♥❞ !❤❡ ❞✐✛❡$❡♥! ❣❡♥♦!②♣❡ ❜❡✐♥❣ ❡+✉❛❧ !♦ ✶✳

✷✳✶✳✸ ▲✐♥❡❛) ❛♥❞ ❧♦❣✐./✐❝ )❡❣)❡..✐♦♥.

❘❡❣$❡  ✐♦♥ ❛♥❛❧② ❡ ❛$❡ ♠❡!❤♦❞ !❤❛! ♠♦❞❡❧ !❤❡ $❡❧❛!✐♦♥ ❤✐♣ ❜❡!✇❡❡♥ ❛ ❞❡♣❡♥❞❡♥! ✈❛$✐❛❜❧❡

y ✭❛❧ ♦ ❝❛❧❧❡❞ ♦✉!❝♦♠❡✮ ❛♥❞ ♦♥❡ ♦$  ❡✈❡$❛❧ ✐♥❞❡♣❡♥❞❡♥! ✈❛$✐❛❜❧❡ x1, . . . , xp✳ ❘❡❣$❡  ✐♦♥

♠♦❞❡❧ ❡ !✐♠❛!❡ !❤❡ ❝♦♥❞✐!✐♦♥❛❧ ❡①♣❡❝!❛!✐♦♥ ♦❢ !❤❡ ❞❡♣❡♥❞❡♥! ✈❛$✐❛❜❧❡ ❣✐✈❡♥ !❤❡ ✐♥❞❡♣❡♥✲

❞❡♥! ✈❛$✐❛❜❧❡ E(y | x1, . . . xp)✳ ❆ $❡❣$❡  ✐♦♥ ❢✉♥❝!✐♦♥ ✐ ✉ ❡❞ !♦ ♠♦❞❡❧ !❤✐ ❡①♣❡❝!❛!✐♦♥

E(y | x1, . . . xp) = f(x1, . . . , xp,β),

✇❤❡$❡ β ✐ ❛ ✈❡❝!♦$ ♦❢ ✉♥❦♥♦✇♥ ♣❛$❛♠❡!❡$ ✭♦$ ❝♦❡✣❝✐❡♥! ✮ !❤❛! ✐ ❡ !✐♠❛!❡❞ ❛♥❞ +✉❛♥!✐✜❡ 

!❤❡ ❡✛❡❝! ♦❢ ❡❛❝❤ ✈❛$✐❛❜❧❡ ♦♥ !❤❡ ♦✉!❝♦♠❡✳ ■♥ ♠♦ ! ♦❢ !❤❡  ✐!✉❛!✐♦♥ ✱ β = (β1, . . . , βp) ❛ 

!❤❡$❡ ✐ ♦♥❡ ♣❛$❛♠❡!❡$ ♣❡$ ✈❛$✐❛❜❧❡✳

❆ $❡❣$❡  ✐♦♥ ♠♦❞❡❧ ❝❛♥ ❜❡ $❡✲✇$✐!!❡♥ ❛ 

y = f(x1, . . . , xp,β) + ε,

✇❤❡$❡ ε $❡♣$❡ ❡♥! ❛ ♥♦✐ ❡ ❛❧ ♦ ❝❛❧❧❡❞ ❡$$♦$✳

❆ $❡❣$❡  ✐♦♥ ❛♥❛❧② ✐ ✐ ❜❛ ❡❞ ♦♥ ❛  ❛♠♣❧❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥! ✐♥❞✐✈✐❞✉❛❧ ✱ ❢♦$ ✇❤✐❝❤ !❤❡

❞✐✛❡$❡♥! ✈❛$✐❛❜❧❡ ❤❛✈❡ ❜❡❡♥ ♦❜ ❡$✈❡❞✱ ❛♥❞ !❤❛! ✐ ✉ ❡❞ !♦ ❡ !✐♠❛!❡ !❤❡ ✉♥❦♥♦✇♥ ♣❛$❛♠✲

❡!❡$ ✳ ❈❧❛  ✐❝❛❧ ❛  ✉♠♣!✐♦♥ ♦❢ $❡❣$❡  ✐♦♥ ♠♦❞❡❧ ❛$❡ !❤❛! ✭✐✮ !❤❡ ❡$$♦$ ❛$❡ ✉♥❝♦$$❡❧❛!❡❞✱

✭✐✐✮ !❤❡② ❤❛✈❡ ♠❡❛♥ ♦❢ ③❡$♦ ❝♦♥❞✐!✐♦♥❛❧ ♦♥ !❤❡ ✐♥❞❡♣❡♥❞❡♥! ✈❛$✐❛❜❧❡ ✭E(ε | x1, . . . xp) = 0✮
❛♥❞ ✭✐✐✐✮ !❤❡② ❤❛✈❡ ❝♦♥ !❛♥! ✈❛$✐❛♥❝❡ ❛❝$♦  ♦❜ ❡$✈❛!✐♦♥ ✭V(ε) = σ2

✮✳ ❆❧ ♦ !❤❡ ❡ ♠♦❞❡❧ 

❛  ✉♠❡ !❤❛! ✭✐✈✮ !❤❡ ✐♥❞❡♣❡♥❞❡♥! ✈❛$✐❛❜❧❡ ❛$❡ ✐♥❞❡❡❞ ✐♥❞❡♣❡♥❞❡♥! ❢$♦♠ ❡❛❝❤ ♦!❤❡$ ❛♥❞

✭✈✮ !❤❡② ❛$❡ ♦❜ ❡$✈❡❞ ✇✐!❤♦✉! ❡$$♦$ ✳

❲❡ ♣$❡ ❡♥! ✐♥ !❤✐  ❡❝!✐♦♥ !❤❡ ❧✐♥❡❛$ ❛♥❞ ❧♦❣✐ !✐❝ ♠♦❞❡❧ !❤❛! ❛$❡ ✉ ❡❞ ✐♥ ❛  ♦❝✐❛!✐♦♥

 !✉❞✐❡ !♦ ❛♥❛❧②③❡ !❤❡ $❡❧❛!✐♦♥ ❤✐♣ ❜❡!✇❡❡♥ ❛ ♣❤❡♥♦!②♣❡ ✭y✮ ❛♥❞ ❛ ♠❛$❦❡$ ✭x✮✳

❙✐♠♣❧❡ ❧✐♥❡❛& &❡❣&❡44✐♦♥

▲✐♥❡❛$ $❡❣$❡  ✐♦♥ ♠♦❞❡❧ ❛  ✉♠❡ !❤❛! !❤❡ ❢✉♥❝!✐♦♥ f ❝♦$$❡ ♣♦♥❞ !♦ ❛ ❧✐♥❡❛$ ❢✉♥❝!✐♦♥✳

y = α + βx+ ε

❚❤❡ ♣❛$❛♠❡!❡$ α ❝♦$$❡ ♣♦♥❞ !♦ !❤❡ ❝♦♥ !❛♥! ✐♥❞❡♣❡♥❞❡♥! ✈❛$✐❛❜❧❡ ❛❧ ♦ ❝❛❧❧❡❞ !❤❡ ✐♥!❡$✲

❝❡♣!✳ ❚❤✐ ♠♦❞❡❧ ✐ ✉ ❡❞ ✇❤❡♥ !❤❡ ♦✉!❝♦♠❡ ✐ ❛ ❝♦♥!✐♥✉♦✉ ✈❛$✐❛❜❧❡✳
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❚❤❡ ❡#$✐♠❛$✐♦♥ ♦❢ $❤❡ ♣❛,❛♠❡$❡,# ❝❛♥ ❜❡ ❝♦♥❞✉❝$❡❞ ✉#✐♥❣ $❤❡ ♦,❞✐♥❛,② ❧❡❛#$ #4✉❛,❡ ♦,

$❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡$❤♦❞#✳

■$ ✐# ♣♦##✐❜❧❡ $♦ ❛##❡## $❤❡ #✐❣♥✐✜❝❛♥❝❡ ♦❢ $❤❡ ♣❛,❛♠❡$❡, β✱ ❛♥❞ $❤❡,❡❢♦,❡ ❞❡$❡,♠✐♥❡
✇❤❡$❤❡, ♦, ♥♦$ $❤❡ ❝♦,,❡#♣♦♥❞✐♥❣ ✈❛,✐❛❜❧❡ x ❡①♣❧❛✐♥# $❤❡ ♦✉$❝♦♠❡✱ ❜② ❛##✉♠✐♥❣ $❤❛$ $❤❡
❡,,♦,# ❛,❡ ♥♦,♠❛❧❧② ❞✐#$,✐❜✉$❡❞ ❛♥❞ $❡#$✐♥❣ $❤❡ ❤②♣♦$❤❡#✐#

H0 : {β = 0}.

❯!✉❛❧❧② ❛ t✲'❡!' ✐! ❝♦♥❞✉❝'❡❞ '♦ ❛!!❡!! '❤✐! ❤②♣♦'❤❡!✐!✳

❙✐♠♣❧❡ ❧♦❣✐()✐❝ +❡❣+❡((✐♦♥

-+✐♥❝✐♣❧❡

❚❤❡ ❧♦❣✐!'✐❝ 3❡❣3❡!!✐♦♥ ✐! ✉!❡❞ ✇❤❡♥ '❤❡ ♦✉'❝♦♠❡ ✐! ❛ ❝❛'❡❣♦3✐❝❛❧ ✈❛3✐❛❜❧❡✳ ❚❤✐! 3❡❣3❡!!✐♦♥

♠♦❞❡❧ ✐! '❤❡3❡❢♦3❡ ♠♦3❡ !✉✐'❛❜❧❡ ❢♦3 ❛!!♦❝✐❛'✐♦♥ '❡!'✐♥❣ ❛! '❤❡ ♣❤❡♥♦'②♣❡ ✐! ❛ ❞✐!❝3❡'❡

✈❛3✐❛❜❧❡✳ ❚❤❡ ❡①♣❡❝'❛'✐♦♥ ♦❢ '❤❡ ♣❤❡♥♦'②♣❡ ❝♦♥❞✐'✐♦♥❛❧ ♦♥ '❤❡ ❣❡♥♦'②♣❡ ✭E(y | x)✮ ✐!
❛❝'✉❛❧❧② ❡<✉✐✈❛❧❡♥' '♦ '❤❡ ♣3♦❜❛❜✐❧✐'② ♦❢ ❜❡✐♥❣ ❛✛❡❝'❡❞ ❜② '❤❡ ❞✐!❡❛!❡ ❝♦♥❞✐'✐♦♥❛❧ ♦♥ '❤❡

❣❡♥♦'②♣❡ (P(Y = 1 | x) = px)✳ ❚❤❡ ❧♦❣✐!'✐❝ ❢✉♥❝'✐♦♥ ✐! ✉!❡❞ '♦ ♠♦❞❡❧ '❤✐! ♣3♦❜❛❜✐❧✐'②✳

px =
eα+βx

1 + eα+βx
,

✇❤✐❝❤ ✐! ❡<✉✐✈❛❧❡♥' '♦

logit(px) = α + βx.

❚❤✐! ♠♦❞❡❧ ❧❡❛❞! '♦ ✈❛❧✉❡! ♦❢ px ❛❧✇❛②! ❝♦♠♣3✐!❡❞ ❜❡'✇❡❡♥ ✵ ❛♥❞ ✶ ✇❤✐❝❤ ✐! ✈❛❧✐❞ ❢♦3
❛ ♣3♦❜❛❜✐❧✐'②✳

❚❤❡ ❧♦❣✐!'✐❝ ♠♦❞❡❧ ❝❛♥ ❛❧!♦ ❜❡ ❡①♣3❡!!❡❞ ✐♥ '❡3♠! ♦❢ ♦❞❞!

log(Ox) = α + βx.

❚❤❡ ♣❛3❛♠❡'❡3! ♦❢ '❤❡ ❧♦❣✐!'✐❝ ♠♦❞❡❧ ❝❛♥ ❜❡ ✐♥'❡3♣3❡'❡❞ ✉!✐♥❣ '❤❡ ♦❞❞!✲3❛'✐♦✳ ■❢ ✇❡

❝♦♥!✐❞❡3 '✇♦ ❣❡♥♦'②♣❡ ✈❛❧✉❡!✱ xA ❛♥❞ xB✱ '❤❛' x ❝❛♥ '❛❦❡ '❤❡♥

ORxA/xB
= eβ(xA−xB),

log(ORxA/xB
) = β(xA − xB).

❚❤❡ ❛❞✈❛♥'❛❣❡ ♦❢ '❤❡ ❧♦❣✐!'✐❝ 3❡❣3❡!!✐♦♥ ✐! '❤❛' ✐' '❤❡3❡❢♦3❡ ❛❧❧♦✇! '❤❡ ❡!'✐♠❛'✐♦♥ ♦❢ '❤❡

♦❞❞!✲3❛'✐♦ '❤3♦✉❣❤ '❤❡ ♣❛3❛♠❡'❡3!✳ ❚❤❡!❡ ♣❛3❛♠❡'❡3! ❝❛♥ ❜❡ ❡!'✐♠❛'❡❞ ✉!✐♥❣ ❛ ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ ♠❡'❤♦❞✳



✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ✹✸

❙✐❣♥✐✜❝❛♥❝❡ ♦❢ %❤❡ ♣❛&❛♠❡%❡&

❚✇♦ ♠❡%❤♦❞( ❝❛♥ ❜❡ ✉(❡❞ %♦ %❡(% %❤❡ (✐❣♥✐✜❝❛♥❝❡ ♦❢ %❤❡ ♣❛3❛♠❡%❡3 ✇❤✐❝❤ ❝♦33❡(♣♦♥❞( %♦

%❤❡ ♥✉❧❧ ❤②♣♦%❤❡(✐(

H0 : {β = 0}.
❚❤❡ ❧✐❦❡❧✐❤♦♦❞ 3❛%✐♦ %❡(% ❝♦♠♣❛3❡( %❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ %❤❡ ♥✉❧❧ ♠♦❞❡❧ ✇✐%❤ ♦♥❧② %❤❡

✐♥%❡3❝❡♣% ❛♥❞ ❛♥ ❛❧%❡3♥❛%✐✈❡ ♠♦❞❡❧ %❤❛% ❛❧(♦ ✐♥❝❧✉❞❡( %❤❡ ❣❡♥♦%②♣❡✳ ❚❤❡ (%❛%✐(%✐❝ ✐(

D = −2log( ❧✐❦❡❧✐❤♦♦❞ ♦❢ %❤❡ ♥✉❧❧ ♠♦❞❡❧

❧✐❦❡❧✐❤♦♦❞ ♦❢ %❤❡ ❛❧%❡3♥❛%✐✈❡ ♠♦❞❡❧

),

❛♥❞ ❢♦❧❧♦✇( ❛ χ2(df2 − df1) ❞✐(%3✐❜✉%✐♦♥ ✉♥❞❡3 %❤❡ ♥✉❧❧ ✇❤❡3❡ df1 ❛♥❞ df2 ❛3❡ %❤❡ ❞❡❣3❡❡(
♦❢ ❢3❡❡❞♦♠ ♦❢ ❡❛❝❤ ♠♦❞❡❧✳

❆♥♦%❤❡3 ❛♣♣3♦❛❝❤ %♦ %❡(% ♦♥❡ ❝♦❡✣❝✐❡♥% ✐( %❤❡ ❲❛❧❞ (%❛%✐(%✐❝

Z =
β̂

√

V(β̂)
,

%❤❛% ❢♦❧❧♦✇( ❛ (%❛♥❞❛3❞ ♥♦3♠❛❧ ❞✐(%3✐❜✉%✐♦♥ N (0, 1) ✉♥❞❡3 H0✳

❊①%❡♥9✐♦♥ %♦ ♠✉❧%✐♣❧❡ ✈❛&✐❛❜❧❡9

■% ✐( ♣♦((✐❜❧❡ %♦ ✐♥❝❧✉❞❡ (❡✈❡3❛❧ ✈❛3✐❛❜❧❡( X = (x1, . . . , xp) ✐♥%♦ %❤❡ ❧♦❣✐(%✐❝ ♠♦❞❡❧ %❤❛%
❣❡♥❡3❛❧❧② ❜❡❝♦♠❡(

logit(P(Y = 1 | x1, . . . , xp)) = β0 +

p
∑

j=1

βjxj,

✇❤❡3❡ β0 ❝♦33❡(♣♦♥❞( ❤❡3❡ %♦ %❤❡ ✐♥%❡3❝❡♣% ❛♥❞ β = (β1, . . . , βp) ✐( %❤❡ ♣❛3❛♠❡%❡3 %♦ ❜❡
❡(%✐♠❛%❡❞✳

❚❤❡ ✐♥%❡3♣3❡%❛%✐♦♥ ✐♥ %❡3♠( ♦❢ ♦❞❞(✲3❛%✐♦ ❝❛♥ (%✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ❡①❝❡♣% %❤❛% ✐♥ (✉❝❤ ❛

♠♦❞❡❧ %❤❡(❡ ♠❡❛(✉3❡( ❛3❡ ❝❛❧❝✉❧❛%❡❞ ❢♦3 ❛ ❝❡3%❛✐♥ ✈❛3✐❛❜❧❡ xj ❝♦♥(✐❞❡3✐♥❣ %❤❛% ❛❧❧ ♦%❤❡3

✈❛3✐❛❜❧❡ ❛3❡ ❦❡♣% ✜①❡❞ ❛% ❛ ❝❡3%❛✐♥ ❧❡✈❡❧✳

■♥ ♦3❞❡3 %♦ %❡(% %❤❡ ♣❛3❛♠❡%❡3 ✐% ✐( ♥❡❝❡((❛3② %♦ ✐♥%3♦❞✉❝❡ ❝❡3%❛✐♥ ?✉❛♥%✐%✐❡( %❤❛% ❛3❡

%❤❡ (❝♦3❡ ❢✉♥❝%✐♦♥

S(β) =
∂

∂β
L(Y,β),

❛♥❞ %❤❡ ❋✐(❤❡3 ✐♥❢♦3♠❛%✐♦♥

If (β) = −E(
∂2

∂ββ′
L(Y,β)),
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✇❤❡#❡ L(Y,β) ✐% &❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ &❤❡ ♠♦❞❡❧✳

❚♦ &❡%& &❤❡ ♥✉❧❧ ❤②♣♦&❤❡%✐% ♦❢ ♥✉❧❧✐&② ♦❢ q ❝♦❡✣❝✐❡♥&%

H0 : ④ βj1 = . . . = βjq = 0 ⑥,

✐& ✐% ♣♦%%✐❜❧❡ &♦ ✉%❡ &❤❡ ❧✐❦❡❧✐❤♦♦❞ #❛&✐♦ &❡%& &❤❛& ✐% ❡①♣#❡%%❡❞ ✐♥ &❤❡ %❛♠❡ ✇❛② ❛% ✇✐&❤ ♦♥❡

✈❛#✐❛❜❧❡ ♦# &❤❡ %❝♦#❡ &❡%& &❤❛& ✐% ❜❛%❡❞ ♦♥ &❤❡ %&❛&✐%&✐❝

S = S(β̂H0
)′I−1f (β̂H0

)S(β̂H0
),

✇❤❡#❡ β̂H0
✐% &❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡%&✐♠❛&♦# ♦❢ β ✉♥❞❡# H0✳ ❚❤✐% %&❛&✐%&✐❝ ❢♦❧❧♦✇% ❛

χ2(q) ❞✐%&#✐❜✉&✐♦♥ ✉♥❞❡# &❤❡ ♥✉❧❧✳

✷✳✷ ❈❧❛%%✐❝❛❧ ❛%%♦❝✐❛)✐♦♥ )❡%)%

❚❤❡ ♠❛✐♥ ❛%%♦❝✐❛&✐♦♥ &❡%&% ❝❛♥ ❜❡ ❜❛%❡❞ ♦♥ &❤❡ ❣❡♥♦&②♣✐❝ ❝♦♥&✐♥❣❡♥❝② &❛❜❧❡ ✭❚❛❜❧❡ ✷✳✹✮✱

✐♥❞✐❝❛&✐♥❣ &❤❡ ♥✉♠❜❡# ♦❢ ✐♥❞✐✈✐❞✉❛❧% ❢♦# ❛ ❣✐✈❡♥ ❣❡♥♦&②♣❡ ❛♥❞ %&❛&✉%✱ ♦# ♦♥ &❤❡ ❛❧❧❡❧✐❝

❝♦♥&✐♥❣❡♥❝② &❛❜❧❡ ✭❚❛❜❧❡ ✷✳✺✮✱ ✐♥❞✐❝❛&✐♥❣ &❤❡ ♥✉♠❜❡# ♦❢ ✐♥❞✐✈✐❞✉❛❧% ❢♦# ❛ ❣✐✈❡♥ ❛❧❧❡❧❡ ❛♥❞

%&❛&✉%✳ ❚❤❡%❡ &❛❜❧❡% ❛#❡ #❡♣#❡%❡♥&❡❞ ✉%✐♥❣ ❛ ♠❛#❦❡# ✇✐&❤ ❛❧❧❡❧❡% a/A ❛♥❞ ❣❡♥♦&②♣❡% aa✱
aA ♦# Aa &❤❛& ❛#❡ ♥♦& ❞✐✛❡#❡♥&✐❛❜❧❡ ❛♥❞ AA✳

❛❛ ❛❆✴❆❛ ❆❆ ❚♦(❛❧

❈❛5❡ D0 D1 D2 ND

❈♦♥(,♦❧ H0 H1 H2 NH

❚♦(❛❧ N0 N1 N2 N

❚❛❜❧❡ ✷✳✹✿ ●❡♥♦(②♣✐❝ (❛❜❧❡✳ ❚❤✐% &❛❜❧❡ ❝♦♥%✐❞❡#% ❛ ❙◆F ✇✐&❤ ❛❧❧❡❧❡% a ❛♥❞ A✳ Di

#❡♣#❡%❡♥&% &❤❡ ♥✉♠❜❡# ♦❢ ❝❛%❡% ✇✐&❤ &❤❡ ❣❡♥♦&②♣❡ i✱ Hi &❤❡ ♥✉♠❜❡# ♦❢ ❝♦♥&#♦❧% ✇✐&❤ &❤❡

❣❡♥♦&②♣❡ i ❛♥❞ Ni &❤❡ ♥✉♠❜❡# ♦❢ ✐♥❞✐✈✐❞✉❛❧% ✇✐&❤ &❤❡ ❣❡♥♦&②♣❡ i✳

❛ ❆ ❚♦(❛❧

❈❛5❡ Da = 2D0 +D1 DA = 2D2 +D1 2ND

❈♦♥#$♦❧ Ha = 2H0 +H1 HA = 2H2 +H1 2NH

❚♦#❛❧ Na = 2N0 +N1 NA = 2N2 +N1 2N

❚❛❜❧❡ ✷✳✺✿ ❆❧❧❡❧✐❝ #❛❜❧❡✳ ❚❤✐+ ,❛❜❧❡ ❝♦♥+✐❞❡1+ ❛ ❙◆4 ✇✐,❤ ❛❧❧❡❧❡+ a ❛♥❞ A✳ Da ❛♥❞ DA

1❡♣1❡+❡♥, ,❤❡ ♥✉♠❜❡1 ♦❢ ❝❛+❡+ ✇✐,❤ ,❤❡ ❛❧❧❡❧❡ a ♦1 A✱ Ha ❛♥❞ HA ,❤❡ ♥✉♠❜❡1 ♦❢ ❝♦♥,1♦❧+

✇✐,❤ ,❤❡ ❛❧❧❡❧❡ a ♦1 A ❛♥❞ Na ❛♥❞ NA ,❤❡ ♥✉♠❜❡1 ♦❢ ✐♥❞✐✈✐❞✉❛❧+ ✇✐,❤ ,❤❡ ❛❧❧❡❧❡ a ♦1 A✳



✷✳✷ ❈❧❛%%✐❝❛❧ ❛%%♦❝✐❛)✐♦♥ )❡%)% ✹✺

❲❡ ♣#❡$❡♥& &❤❡ &❤#❡❡ ♠❛✐♥ ✉♥❛❞❥✉$&❡❞ ❛$$♦❝✐❛&✐♦♥ &❡$&$ &❤❛& ❛#❡ &❤❡ ❣❡♥♦&②♣✐❝ &❡$&✱

&❤❡ ❆#♠✐&❛❣❡ ❚#❡♥❞ &❡$& ❛♥❞ &❤❡ ❛❧❧❡❧✐❝ &❡$&✳ ❋♦# ❛❧❧ &❤❡$❡ &❡$&$ ✇❡ ✐♥&#♦❞✉❝❡ ❜♦&❤ &❤❡

❢♦#♠❛❧ ❞❡✜♥✐&✐♦♥ ❛♥❞ &❤❡ ✐♥&❡#♣#❡&❛&✐♦♥ ✐♥ &❡#♠$ ♦❢ ❧♦❣✐$&✐❝ #❡❣#❡$$✐♦♥✳

✷✳✷✳✶ ●❡♥♦'②♣✐❝ '❡,'

❚❤❡ ❣❡♥♦&②♣✐❝ &❡$& ❝♦♠♣❛#❡$ &❤❡ ♣#♦♣♦#&✐♦♥ ♦❢ &❤❡ ❞✐✛❡#❡♥& ❣❡♥♦&②♣❡$ ❜❡&✇❡❡♥ &❤❡ ❝❛$❡$

❛♥❞ &❤❡ ❝♦♥&#♦❧$✳ ■& ✐$ ❞✐#❡❝&❧② ❜❛$❡❞ ♦♥ &❤❡ ❣❡♥♦&②♣✐❝ ❝♦♥&✐♥❣❡♥❝② &❛❜❧❡✳ ❚❤✐$ &❡$& ❞♦❡$

♥♦& ❛$$✉♠❡ ❛♥② ♠♦❞❡ ♦❢ ✐♥❤❡#✐&❛♥❝❡ ❢♦# &❤❡ ♠❛#❦❡#✳ ❚❤❡ ♥✉❧❧ ❤②♣♦&❤❡$✐$ ♦❢ &❤✐$ &❡$& ✐$

H0 :







pD0
= p0pD ; pH0

= p0pH
pD1

= p1pD ; pH1
= p1pH

pD2
= p2pD ; pH2

= p2pH







,

✇❤❡#❡ pDi
❛♥❞ pHi

❛#❡ &❤❡ ♣#♦♣♦#&✐♦♥$ ♦❢ ❞✐$❡❛$❡❞ ❛♥❞ ❤❡❛❧&❤② ✐♥❞✐✈✐❞✉❛❧$ ✇✐&❤ &❤❡

❣❡♥♦&②♣❡ i✱ pi ✐$ &❤❡ ♣#♦♣♦#&✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧$ ✇✐&❤ &❤❡ ❣❡♥♦&②♣❡ i ❛♥❞ pD ❛♥❞ pH ❛#❡ &❤❡
♣#♦♣♦#&✐♦♥$ ♦❢ ❞✐$❡❛$❡❞ ❛♥❞ ❤❡❛❧&❤② ✐♥❞✐✈✐❞✉❛❧$✳ ❚❤❡ ❝♦##❡$♣♦♥❞✐♥❣ &❡$& $&❛&✐$&✐❝ ✐$

SG =
2

∑

i=0

(

Di − NDNi

N

)

NDNi

N

+

(

Hi − NHNi

N

)

NHNi

N

.

❚❤✐$ $&❛&✐$&✐❝ ✐$ ❛ @❡❛#$♦♥ $&❛&✐$&✐❝ ❛♥❞ ❢♦❧❧♦✇$ ❛ χ2(2) ❞✐$&#✐❜✉&✐♦♥ ✉♥❞❡# H0✳

❚❤✐$ &❡$& ❝♦##❡$♣♦♥❞$ &♦ &❤❡ ❢♦❧❧♦✇✐♥❣ #❡❣#❡$$✐♦♥ ♠♦❞❡❧

logit(p) = α + β1z1 + β2z2,

H0 : {β1 = β2 = 0},
✇❤❡#❡ z1 ❛♥❞ z2 ❛#❡ ❞✉♠♠② ✈❛#✐❛❜❧❡$ &❤❛& #❡♣#❡$❡♥& &❤❡ ❣❡♥♦&②♣❡$✳ ❚❤❡ ❣❡♥♦&②♣❡ aa

✐$ ❝♦❞❡❞

(

z1=0
z2=0

)

✱ aA/Aa ✐$ ❝♦❞❡❞
(

z1=1
z2=0

)

❛♥❞ AA ✐$ ❝♦❞❡❞
(

z1=1
z2=1

)

✳

✷✳✷✳✷ ❆.♠✐'❛❣❡ ❚.❡♥❞ '❡,'

❚❤❡ ❆#♠✐&❛❣❡ ❚#❡♥❞ &❡$& ✭❈♦❝❤#❛♥ ✶✾✺✹✱ ❆#♠✐&❛❣❡ ✶✾✺✺✮ ❛✐♠$ &♦ ✜♥❞ ❛ ❧✐♥❡❛# &#❡♥❞ ❜❡✲

&✇❡❡♥ &❤❡ ♣#♦❜❛❜✐❧✐&② ♦❢ ❤❛✈✐♥❣ &❤❡ ❞✐$❡❛$❡ ❛♥❞ &❤❡ ❣❡♥♦&②♣❡$✳ ■♥ &❤✐$ &❡$&✱ &❤❡ ❣❡♥♦&②♣❡$

❛#❡ ♦#❞❡#❡❞ ✇❤✐❝❤ ❧❡❛❞$ &♦ ❣❛✐♥✐♥❣ ❛ ❞❡❣#❡❡ ♦❢ ❢#❡❡❞♦♠✳ ❚❤❡ ♦#❞❡# ♦❢ &❤❡ ❣❡♥♦&②♣❡$ ❛$✲

$✉♠❡$ &❤❛& &❤❡#❡ ✐$ ❛ I✉❛♥&✐&❛&✐✈❡ ❡✛❡❝& ❞❡♣❡♥❞✐♥❣ ♦♥ &❤❡ ♥✉♠❜❡# ♦❢ #❡❢❡#❡♥❝❡ ❛❧❧❡❧❡✳ ❚❤❡

♥✉❧❧ ❤②♣♦&❤❡$✐$ ✐$

H0 : {
pD0

p0
=

pD1

p1
=

pD2

p2
},

❛♥❞ &❤❡ &❡$& $&❛&✐$&✐❝ ❝❛♥ ❜❡ ❡①♣#❡$$❡❞ ❛❝❝♦#❞✐♥❣ &♦ ✭❙❛$✐❡♥✐ ✶✾✾✼✮ ❛$



✹✻ ✷✳ ❆❝❝♦✉♥)✐♥❣ ❢♦- .♦♣✉❧❛)✐♦♥ ❙)-❛)✐✜❝❛)✐♦♥ ✐♥ ●❲❆❙6

ST =
N [N(D1 + 2D2)−ND(N1 + 2N2)]

2

NDNH [N(N1 + 4N2)− (N1 + 2N2)2]
.

❚❤✐# #$❛$✐#$✐❝ ❢♦❧❧♦✇# ❛ χ2(1) ✉♥❞❡/ $❤❡ ♥✉❧❧ ❤②♣♦$❤❡#✐#✳

❚❤✐# $❡#$ ❝♦//❡#♣♦♥❞# $♦ ❛ ❧♦❣✐#$✐❝ /❡❣/❡##✐♦♥ ♠♦❞❡❧ ✉#✐♥❣ $❤❡ ❣❡♥♦$②♣❡ ✈❛/✐❛❜❧❡ x
❝♦❞❡❞ ✵✱ ✶ ♦/ ✷ #✉❝❤ ❛# ✐♥❞✐❝❛$❡❞ ✐♥ $❤❡ ♣/❡✈✐♦✉# #❡❝$✐♦♥✳

logit(p) = α + βx,

H0 : {β = 0}.

❆♥ ❛❞✈❛♥$❛❣❡ ♦❢ $❤✐# $❡#$ ✐# $❤❛$ ✐$ ❛❧❧♦✇# $♦ ❛❝❝♦✉♥$ ❢♦/ ❞✐✛❡/❡♥$ ♠♦❞❡# ♦❢ ✐♥❤❡/✐$❛♥❝❡

✭❙❧❛❣❡/ ❛♥❞ ❙❝❤❛✐❞ ✷✵✵✶✮✳ ❇② ♠♦❞✐❢②✐♥❣ $❤❡ ❝♦❞✐♥❣ ♦❢ $❤❡ ❣❡♥♦$②♣❡ ✈❛/✐❛❜❧❡ x✱ ✐$ ✐#
♣♦##✐❜❧❡ $♦ ❛❧#♦ ❝♦♥#✐❞❡/ ❞♦♠✐♥❛♥$ ❛♥❞ /❡❝❡##✐✈❡ ♠♦❞❡#✳

✷✳✷✳✸ ❆❧❧❡❧✐❝ (❡)(

❚❤❡ ❛❧❧❡❧✐❝ $❡#$ ✐# $❤❡ ❛♥❛❧♦❣✉❡ ♦❢ $❤❡ ❣❡♥♦$②♣✐❝ $❡#$ ❜❛#❡❞ ♦♥ $❤❡ ❛❧❧❡❧❡# ✐♥#$❡❛❞ ♦❢ $❤❡

❣❡♥♦$②♣❡#✳ ■$ ❝♦♠♣❛/❡# $❤❡ ❛❧❧❡❧❡# ❝♦✉♥$# ❜❡$✇❡❡♥ $❤❡ ❝❛#❡# ❛♥❞ $❤❡ ❝♦♥$/♦❧#✳ ❚❤✐# $❡#$

✐# ❜❛#❡❞ ♦♥ $❤❡ ♥✉❧❧ ❤②♣♦$❤❡#✐#

H0 :

{

pDa
= papD ; pHa

= papH
pDA

= pApD ; pHA
= pApH

}

,

❛♥❞ ✉#❡# $❤❡ B❡❛/#♦♥ $❡#$ #$❛$✐#$✐❝

SA =
2N [(2D2 +D1)(2H0 +H1)− (2D0 +D1)(2H2 +H1)]

2

2NDNH(2N2 +N1)(2N0 +N1)

$❤❛$ ❢♦❧❧♦✇# ❛ χ2(1) ❞✐#$/✐❜✉$✐♦♥ ✉♥❞❡/ H0✳

❆ ❧♦❣✐#$✐❝ /❡❣/❡##✐♦♥ ♠♦❞❡❧ ✉#✐♥❣ $❤❡ ✈❛/✐❛❜❧❡ z ❝♦//❡#♣♦♥❞✐♥❣ $♦ $❤❡ ❛❧❧❡❧❡ ✭z = 0 ❢♦/
a ❛♥❞ z = 1 ❢♦/ A✮ ❝❛♥ ❜❡ ❛##♦❝✐❛$❡❞ $♦ $❤✐# $❡#$✳

logit(p) = α + βz,

H0 : {β = 0}.

❆# ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥$/✐❜✉$❡# $♦ $✇♦ ♦❜#❡/✈❛$✐♦♥# ✭♦♥❡ ❢♦/ ❡❛❝❤ ❛❧❧❡❧❡✮✱ $❤✐# $❡#$ ❝❛♥

❜❡ ❜✐❛#❡❞✳ ❆❧$❡/♥❛$✐✈❡ ❛❧❧❡❧✐❝ $❡#$# $❤❛$ ♦❜✈✐❛$❡ $❤✐# ❜✐❛# ❤❛✈❡ ❜❡❡♥ ❞❡#✐❣♥❡❞ ✭●✉❡❞❥ ❡$ ❛❧✳

✷✵✵✻❜✮✳



✷✳✸ ❆$$♦❝✐❛)✐♦♥ )❡$)$ ❛❝❝♦✉♥)✐♥❣ ❢♦/ ♣♦♣✉❧❛)✐♦♥ $)/✉❝)✉/❡ ✹✼
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❋✐❣✉(❡ ✷✳✶✿ ■♥✢❛)❡❞ χ2
❞✐6)-✐❜✉)✐♦♥✳ ❚❤✐! ◗✲◗ ♣❧♦% !❤♦✇! %❤❡ ✐♥✢❛%✐♦♥ ♦❢ %❤❡ %❡!%

!%❛%✐!%✐❝ ❞✐!%(✐❜✉%✐♦♥ ✐♥ ♣(❡!❡♥❝❡ ♦❢ !%(❛%✐✜❝❛%✐♦♥✳

❚❤❡ ●❡♥♦♠✐❝ ❝♦♥%(♦❧ ❛✐♠! %♦ ❡!%✐♠❛%❡ ❛ ❢❛❝%♦( λ ❝❛❧❧❡❞ ✈❛"✐❛♥❝❡ ✐♥✢❛(✐♦♥ ❢❛❝(♦" %❤❛%

(❡♣(❡!❡♥%! %❤❡ ❞❡❣(❡❡ ♦❢ !%(❛%✐✜❝❛%✐♦♥ ❛♥❞ ✐! ✉!❡❞ %♦ ❝♦((❡❝% %❤❡ ♦❜!❡(✈❡❞ !%❛%✐!%✐❝ ❞✐!%(✐✲

❜✉%✐♦♥ %♦ ✜% ❛ χ2
❞✐!%(✐❜✉%✐♦♥✳

❚❤❡ ❢❛❝%♦( λ ✐! ❝❛❧❝✉❧❛%❡❞ ✉!✐♥❣ %❤❡ ✐♥❢♦(♠❛%✐♦♥ ❝♦♥%❛✐♥❡❞ ✐♥ !❡✈❡(❛❧ ♠❛(❦❡(! ✐♥❝❧✉❞❡❞
✐♥ %❤❡ !%✉❞② ❛♥❞ ♥♦% ♦♥❧② %❤❡ ♦♥❡ ❜❡✐♥❣ %❡!%❡❞✳



✷✳✸ ❆$$♦❝✐❛)✐♦♥ )❡$)$ ❛❝❝♦✉♥)✐♥❣ ❢♦/ ♣♦♣✉❧❛)✐♦♥ $)/✉❝)✉/❡ ✹✾

λ =
median(S1, . . . , SL)

0.456

✇❤❡#❡ (S1, . . . , SL) ❛#❡ %❤❡ ❚#❡♥❞ %❡)% )%❛%✐)%✐❝) ❢♦# L ♥♦♥✲❛))♦❝✐❛%❡❞ ❛♥❞ ✉♥❧✐♥❦❡❞ ♠❛#❦✲
❡#)

✶

❛♥❞ ✵✳✹✺✻ ✐) %❤❡ ♠❡❞✐❛♥ ♦❢ %❤❡ ❡①♣❡❝%❡❞ χ2
❞✐)%#✐❜✉%✐♦♥ ✐❢ %❤❡#❡ ✇❛) ♥♦ ✐♥✢❛%✐♦♥✳ ❚❤❡

❢❛❝%♦# λ ✐) %❤❡♥ ✉)❡❞ %♦ ❝♦##❡❝% %❤❡ ❞✐)%#✐❜✉%✐♦♥ ♦❢ %❤❡ %❡)% )%❛%✐)%✐❝ ♦❢ ❡❛❝❤ ♠❛#❦❡# %❡)%❡❞
)♦ %❤❛% %❤❡ ♥❡✇ ❞✐)%#✐❜✉%✐♦♥ S2

i /λ ❝❛♥ ❜❡ ❝♦♠♣❛#❡❞ %♦ ❛ χ2
❞✐)%#✐❜✉%✐♦♥✳

❈♦♠♠❡♥)$

■♥ ❛❞❞✐%✐♦♥ %♦ ❝♦##❡❝% %❤❡ %❡)% )%❛%✐)%✐❝✱ %❤❡ ❢❛❝%♦# λ ❝❛♥ ❜❡ ✉)❡❞ ❛) ❛♥ ✐♥❞✐❝❛%♦# ♦❢ %❤❡
♣#❡)❡♥❝❡ ❛♥❞ %❤❡ ❞❡❣#❡❡ ♦❢ )%#❛%✐✜❝❛%✐♦♥✳ ■♥ ♣#❛❝%✐❝❡✱ ✇❡ ✉)✉❛❧❧② ❝♦♥)✐❞❡# %❤❛% ❛ λ ✐♥❢❡#✐♦#
%♦ 1.05 ✐♥❞✐❝❛%❡) %❤❛% %❤❡#❡ ✐) ♥♦ )%#❛%✐✜❝❛%✐♦♥ ✭B#✐❝❡ ❡% ❛❧✳ ✷✵✶✵✮✳ ❚❤❡ ❤✐❣❤❡# ✐) λ✱ %❤❡
♠♦#❡ ✐♠♣♦#%❛♥% %❤❡ )%#❛%✐✜❝❛%✐♦♥ ❝❛♥ ❜❡ ❝♦♥)✐❞❡#❡❞✳

❚❤❡ ●❡♥♦♠✐❝ ❝♦♥%#♦❧ #❡❧✐❡) ♦♥ ♦♥❡ ♠❛❥♦# ❤②♣♦%❤❡)✐) %❤❛% %❤❡ ✐♥✢❛%✐♦♥ ❢❛❝%♦# ✐) ✉♥✐H✉❡

❢♦# ❛❧❧ ♠❛#❦❡#)✳ ❚❤✐) ✐) %❤❡ ♠❛✐♥ ✇❡❛❦♥❡)) ♦❢ %❤❡ ♠❡%❤♦❞ ❛) ✐% ✐) ♥♦% ❧✐❦❡❧② %❤❛% ❛❧❧ %❤❡

❙◆B) ❡H✉❛❧❧② #❡✢❡❝% %❤❡ )%#❛%✐✜❝❛%✐♦♥✳ ■♥ ❛❞❞✐%✐♦♥✱ %❤❡ ♥✉♠❜❡# ♦❢ ♠❛#❦❡#) ♥❡❝❡))❛#② %♦

♣#♦♣❡#❧② ❡)%✐♠❛%❡ λ ❞❡♣❡♥❞) ♦♥ %❤❡ ❝♦♠♣❧❡①✐%② ♦❢ %❤❡ )%#✉❝%✉#❡ ♦❢ %❤❡ ♣♦♣✉❧❛%✐♦♥✳ ❖♥
%❤❡ ♦%❤❡# ❤❛♥❞✱ %❤✐) ♠❡%❤♦❞ ✐) ❝♦♠♣✉%❛%✐♦♥❛❧❧② ❡❛)② %♦ ♣#♦❣#❛♠ ❛♥❞ #✉♥) #❛%❤❡# ❢❛)%✳

❆❧%❡#♥❛%✐✈❡) %♦ %❤❡ ❝❧❛))✐❝❛❧ ●❡♥♦♠✐❝ ❝♦♥%#♦❧ ❤❛✈❡ ❜❡❡♥ ♣#♦♣♦)❡❞ )✉❝❤ ❛) %❤❡ ●❈♠❡❛♥

%❤❛% ✉)❡) ❛♥ ❡)%✐♠❛%✐♦♥ ♦❢ λ ❜❛)❡❞ ❞✐#❡❝%❧② ♦♥ %❤❡ ♠❡❛♥ ♦❢ %❤❡ %❡)% )%❛%✐)%✐❝) ✐♥)%❡❛❞ ♦❢ ♦♥
%❤❡ ♠❡❞✐❛♥ ✭❘❡✐❝❤ ❛♥❞ ●♦❧❞)%❡✐♥ ✷✵✵✶✮✱ %❤❡ ●❈❋ %❤❛% ❝♦♥)✐❞❡#) λ %♦ ❜❡ ✈❛#✐❛❜❧❡ ❤❛✈✐♥❣
❛ ❞✐)%#✐❜✉%✐♦♥ %♦ ❛❝❝♦✉♥% ❢♦# ✐%) ✈❛#✐❛❜✐❧✐%② ✭❉❡✈❧✐♥ ❡% ❛❧✳ ✷✵✵✹✮ ♦# %❤❡ #♦❜✉)% ●❡♥♦♠✐❝

❝♦♥%#♦❧ ✭❘●❈✮ %❤❛% ❝♦♥)✐❞❡#) ❞✐✛❡#❡♥% ❛))♦❝✐❛%✐♦♥ ♠♦❞❡❧) %♦ ❝❛❧❝✉❧❛%❡ %❤❡ ❛❞❥✉)%❡❞ %❡)%

)%❛%✐)%✐❝) ✭❩❤❡♥❣ ❡% ❛❧✳ ✷✵✵✻✮✳

❆❧❧ %❤❡)❡ ●❡♥♦♠✐❝ ❝♦♥%#♦❧ ❛♣♣#♦❛❝❤❡) ♦✛❡# ❛ ✇❛② %♦ ❞❡%❡❝% ❛♥❞ H✉❛♥%✐❢② ❛♥② ❦✐♥❞ ♦❢

)%#❛%✐✜❝❛%✐♦♥ ❛) ✇❡❧❧ ❛) %♦ %❛❦❡ ✐% ✐♥%♦ ❛❝❝♦✉♥% ✇❤❡♥ %❡)%✐♥❣ ♠❛#❦❡#✲❞✐)❡❛)❡ ❛))♦❝✐❛%✐♦♥)✳

✷✳✸✳✸ ❙$%✉❝$✉%❡❞ ❆++♦❝✐❛$✐♦♥

❙%#✉❝%✉#❡❞ ❆))♦❝✐❛%✐♦♥ ✐) ❛ ❝❧❛)) ♦❢ ♠❡%❤♦❞) %❤❛% ✉)❡) ✉♥❧✐♥❦❡❞ ♠❛#❦❡#) %♦ ❞❡%❡#♠✐♥❡

%❤❡ ♣#❡)❡♥❝❡ ♦❢ ♣♦♣✉❧❛%✐♦♥ )%#❛%✐✜❝❛%✐♦♥✱ ✐♥❢❡# ❞❡%❛✐❧) ❛❜♦✉% %❤❡ ♣♦♣✉❧❛%✐♦♥ )%#✉❝%✉#❡ ❛♥❞

❝♦♥❞✉❝% ❛))♦❝✐❛%✐♦♥ %❡)%✐♥❣ ✇❤✐❧❡ ❛❝❝♦✉♥%✐♥❣ ❢♦# %❤❡ ❝♦##❡)♣♦♥❞✐♥❣ ❜✐❛)✳

✶

✐✳❡✳ ♠❛%❦❡%' (❤❛( ❛%❡ ♥♦( ✐♥ ❧✐♥❦❛❣❡ ❞✐'❡/✉✐❧✐❜%✐✉♠✳



✺✵ ✷✳ ❆❝❝♦✉♥)✐♥❣ ❢♦- .♦♣✉❧❛)✐♦♥ ❙)-❛)✐✜❝❛)✐♦♥ ✐♥ ●❲❆❙6

❉❡)❡❝)✐♥❣ ♣♦♣✉❧❛)✐♦♥ 6)-❛)✐✜❝❛)✐♦♥

 !✐#❝❤❛!❞ ❡# ❛❧✳ ♣!♦♣♦-❡❞ ❛ -#❛#✐-#✐❝❛❧ #❡-# #♦ ❞❡#❡❝# ♣♦♣✉❧❛#✐♦♥ -#!❛#✐✜❝❛#✐♦♥ ✭ !✐#❝❤❛!❞

❛♥❞ ❘♦-❡♥❜❡!❣ ✶✾✾✾✮✳ ❚❤✐- ♠❡#❤♦❞ ✉-❡- L ✉♥❧✐♥❦❡❞ ♠❛!❦❡!- #❤❛# ❛!❡ ❛❧-♦ ♥♦# ✐♥ ❧✐♥❦❛❣❡

❞✐-❡;✉✐❧✐❜!✐✉♠ ✇✐#❤ #❤❡ ♣♦#❡♥#✐❛❧ ❝❛♥❞✐❞❛#❡ ♠❛!❦❡!- -♦ #❤❡② ❛!❡ ♥♦# ❛--♦❝✐❛#❡❞ ✇✐#❤ #❤❡

❞✐-❡❛-❡✳ ❚❤❡ !❛#✐♦♥❛❧❡ ♦❢ #❤✐- #❡-# ❢♦! -#!❛#✐✜❝❛#✐♦♥ ✐- #❤❛# ✐❢ #❤❡!❡ ✐- ♥♦ -#!❛#✐✜❝❛#✐♦♥✱

#❤❡ -❡# ♦❢ ✉♥❧✐♥❦❡❞ ♠❛!❦❡!- -❤♦✉❧❞ ♥♦# ❜❡ ❛--♦❝✐❛#❡❞ ✇✐#❤ #❤❡ ❞✐-❡❛-❡✳ ❇② ❝♦♠❜✐♥✐♥❣ #❤❡

❛--♦❝✐❛#✐♦♥ #❡-# -#❛#✐-#✐❝- ♦❢ ❡❛❝❤ ♦❢ #❤❡-❡ ♠❛!❦❡!- (S1, . . . , SL)✱ ✐# ✐- ♣♦--✐❜❧❡ #♦ ❝♦♠♣✉#❡
❛ ❣❧♦❜❛❧ -#❛#✐-#✐❝

Ss =
L

∑

i=1

Si,

#❤❛# ❢♦❧❧♦✇- ❛ χ2
❞✐-#!✐❜✉#✐♦♥ ✉♥❞❡! #❤❡ ♥✉❧❧ ❤②♣♦#❤❡-✐-

H0 : {◆♦♥❡ ♦❢ #❤❡ L ✉♥❧✐♥❦❡❞ ♠❛!❦❡!- ✐- ❛--♦❝✐❛#❡❞ ✇✐#❤ #❤❡ ❞✐-❡❛-❡}.

❚❤❡ ♥✉♠❜❡! ♦❢ ❞❡❣!❡❡- ♦❢ ❢!❡❡❞♦♠ ♦❢ #❤✐- -#❛#✐-#✐❝ ❡;✉❛❧- #♦ #❤❡ -✉♠ ♦❢ #❤❡ ♥✉♠❜❡! ♦❢

❞❡❣!❡❡- ♦❢ ❢!❡❡❞♦♠ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ #❡-#✳

❚❤❡ ❛♠♦✉♥# ♦❢ ✉♥❧✐♥❦❡❞ ♠❛!❦❡!- #♦ ❝♦♥❞✉❝# -✉❝❤ ❛ #❡-# ❞❡♣❡♥❞- ♦♥ #❤❡ ❝♦♠♣❧❡①✐#② ♦❢

#❤❡ ♣♦♣✉❧❛#✐♦♥ -#!✉❝#✉!❡ ✐♥✈♦❧✈❡❞✳

❆66♦❝✐❛)✐♦♥ )❡6)✐♥❣

 ❡!❢♦!♠✐♥❣ ❛ ❙#!✉❝#✉!❡❞ ❆--♦❝✐❛#✐♦♥ #❡-# ❝♦!!❡-♣♦♥❞- #♦ ✐♥❢❡!!✐♥❣ #❤❡ ♣♦♣✉❧❛#✐♦♥ -#!✉❝#✉!❡

❛♥❞ #❤❡♥ #❡-#✐♥❣ ❢♦! ❛--♦❝✐❛#✐♦♥ ❝♦♥❞✐#✐♦♥❛❧❧② ♦♥ #❤❡ ✐♥❢❡!!❡❞ -#!✉❝#✉!❡ ✭ !✐#❝❤❛!❞ ❡# ❛❧✳

✷✵✵✵❜✱ ❙❛##❡♥ ❡# ❛❧✳ ✷✵✵✶✮✳ ❲❡ ♣!❡-❡♥# ❤❡!❡ #❤❡ ❛--♦❝✐❛#✐♦♥ #❡-# ♣!♦♣♦-❡❞ ❜②  !✐#❝❤❛!❞

❡# ❛❧✳ ❛♥❞ ❛✈❛✐❧❛❜❧❡ ✐♥ #❤❡ -♦❢#✇❛!❡ ❙!"❛!

✷

✳ ❚❤❡ ♠❡#❤♦❞ #♦ ✐♥❢❡! ♣♦♣✉❧❛#✐♦♥ -#!✉❝#✉!❡

❛--✉♠❡- #❤❡ ❡①✐-#❡♥❝❡ ♦❢ K ❣❡♥❡#✐❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉- -✉❜✲♣♦♣✉❧❛#✐♦♥- ❛♥❞ ❛--✐❣♥- #❤❡ ✐♥✲

❞✐✈✐❞✉❛❧- #♦ #❤❡-❡ -✉❜✲♣♦♣✉❧❛#✐♦♥- ♦! ❞❡#❡!♠✐♥❡- ❤♦✇ ♠✉❝❤ ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧✬- ❣❡♥♦♠❡

❝♦♠❡- ❢!♦♠ ❡❛❝❤ -✉❜✲♣♦♣✉❧❛#✐♦♥

✸

✳ ❚❤❡ ❛❧❣♦!✐#❤♠ ✉-❡❞ ❜②  !✐#❝❤❛!❞ ❡# ❛❧✳ #♦ ❝♦♥❞✉❝# #❤✐-

✐♥❢❡!❡♥❝❡ ✐- ❙!"✉❝!✉"❡ ❛♥❞ ✇✐❧❧ ❜❡ ❢✉!#❤❡! ❞❡#❛✐❧❡❞ ✐♥ ❈❤❛♣)❡- ✸ #❤❛# ✐- ❞❡❞✐❝❛#❡❞ #♦

#❤❡ ✐♥❢❡!❡♥❝❡ ♦❢ ♣♦♣✉❧❛#✐♦♥ -#!✉❝#✉!❡✳ ❲❡ #❤❡!❡❢♦!❡ ❛--✉♠❡ ❤❡!❡ #❤❛# #❤❡ -#!✉❝#✉!❡ ♦❢ #❤❡

♣♦♣✉❧❛#✐♦♥ ❤❛✈❡ ❜❡❡♥ ✐♥❢❡!!❡❞ ❛♥❞ ♣!❡-❡♥# #❤❡ ❛❞❥✉-#❡❞ ❛--♦❝✐❛#✐♦♥ #❡-#✳

❚❤❡ ♠❛✐♥ #❡-# ❢♦! ❙#!✉❝#✉!❡❞ ❆--♦❝✐❛#✐♦♥✱ ❙!"❛!✱ ✐- ❜❛-❡❞ ♦♥ ❛ ❧✐❦❡❧✐❤♦♦❞ !❛#✐♦ #❡-#

❛♥❞ #❤❡ ♥✉❧❧ ❤②♣♦#❤❡-✐-

H0 : {❚❤❡ ❣❡♥♦#②♣❡ ❢!❡;✉❡♥❝✐❡- ❛!❡ ✐♥❞❡♣❡♥❞❡♥# ❢!♦♠ #❤❡ ❞✐-❡❛-❡ -#❛#✉-}.
✷

❤!!♣✿✴✴♣%✐!❝❤✳❜*❞✳✉❝❤✐❝❛❣♦✳❡❞✉✴*♦❢!✇❛%❡✳❤!♠❧

✸
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✷✳✸ ❆$$♦❝✐❛)✐♦♥ )❡$)$ ❛❝❝♦✉♥)✐♥❣ ❢♦/ ♣♦♣✉❧❛)✐♦♥ $)/✉❝)✉/❡ ✺✶

▲❡" x = (x1, . . . , xn) ❜❡ "❤❡ ♠❛&❦❡& "❡("❡❞✱ y = (y1, . . . , yn) "❤❡ ("❛"❡( ♦❢ "❤❡ n ✐♥❞✐✈✐❞✉✲

❛❧(✱ q = (qik) 16i6n
16k6K

"❤❡ ❛❞♠✐①"✉&❡ ♣&♦♣♦&"✐♦♥(✱ "❤❛" ❛&❡ "❤❡ ♣&♦♣♦&"✐♦♥( ♦❢ ✐♥❞✐✈✐❞✉❛❧ i✬(

❣❡♥♦♠❡ ❝♦♠✐♥❣ ❢&♦♠ "❤❡ k− th ✐♥❢❡&&❡❞ (✉❜✲♣♦♣✉❧❛"✐♦♥ ❛♥❞ p = (pkj)16k6K
06j62

"❤❡ ❢&❡8✉❡♥❝②

♦❢ ❣❡♥♦"②♣❡ j ✐♥ (✉❜✲♣♦♣✉❧❛"✐♦♥ k✳ ❲❡ ❛❧(♦ ❞❡✜♥❡ P0 = {pkj; 1 6 k 6 K, 0 6 j 6 2} ❛♥❞
P1 = {pykj; 1 6 k 6 K, 0 6 j 6 2, y = 0 ♦& 1} "❤❡ ❣❡♥♦"②♣❡ ❢&❡8✉❡♥❝✐❡( ✉♥❞❡& H0 ❛♥❞ H1✳

❆( ❛ ♠❛""❡& ♦❢ ❢❛❝"✱ ✉♥❞❡& "❤❡ ♥✉❧❧✱ "❤❡ ❣❡♥♦"②♣❡( ❛&❡ ✐♥❞❡♣❡♥❞❡♥" ♦❢ "❤❡ ("❛"✉(✱ ❤♦✇❡✈❡&

✉♥❞❡& H1 "❤❡(❡ ❢&❡8✉❡♥❝✐❡( ❛&❡ ❞✐✛❡&❡♥" ❜❡"✇❡❡♥ "❤❡ ❝❛(❡( ❛♥❞ "❤❡ ❝♦♥"&♦❧(✳

❚❤❡ ❧✐❦❡❧✐❤♦♦❞ &❛"✐♦ "❡(" ❝♦&&❡(♣♦♥❞( "♦ "❤❡ &❛"✐♦ ♦❢ "❤❡ ❞✐("&✐❜✉"✐♦♥( ♦❢ x ✉♥❞❡& H0

❛♥❞ H1

Λ(x) =
PH1

(x;P1, q)

PH0
(x;P0, q)

.

❚❤✐( &❛"✐♦ ✐♥❝❧✉❞❡( ✐♥❢♦&♠❛"✐♦♥ ❛❜♦✉" "❤❡ ✐♥❢❡&&❡❞ ♣♦♣✉❧❛"✐♦♥ ("&✉❝"✉&❡✳ ■" ❛❝"✉❛❧❧② ❝♦&✲

&❡(♣♦♥❞( "♦ ❛ &❛"✐♦ ("&❛"✐✜❡❞ ❜❡"✇❡❡♥ "❤❡ ❞✐✛❡&❡♥" (✉❜✲♣♦♣✉❧❛"✐♦♥(✳

❚❤❡ "✇♦ ❞✐("&✐❜✉"✐♦♥( ❝❛♥ ❜❡ ❡("✐♠❛"❡❞ ❜②

PH0
(xi = j | P0, q, y) =

K
∑

k=1

qikpkj,

PH1
(xi = j | P1, q, y) =

K
∑

k=1

qikp
yi
kj.

❚❤❡ ❡("✐♠❛"✐♦♥ ♦❢ q✱ "❤❛" ❝♦&&❡(♣♦♥❞( "♦ "❤❡ ♣♦♣✉❧❛"✐♦♥ ("&✉❝"✉&❡✱ ✐( ❝♦♥❞✉❝"❡❞ ✉(✐♥❣ "❤❡

(♦❢"✇❛&❡ ❙!"✉❝!✉"❡ ❛♥❞ "❤❡ ❡("✐♠❛"✐♦♥( ♦❢ P0 ❛♥❞ P1 ✉(✐♥❣ ❊▼ ❛❧❣♦&✐"❤♠(✳

❚❤✐( "❡(" ("❛"✐("✐❝ ❤❛( ❛♥ ✉♥❦♥♦✇♥ ❞✐("&✐❜✉"✐♦♥✱ "❤❡&❡❢♦&❡ ✐"( (✐❣♥✐✜❝❛♥❝❡ ✐( ❡♠♣✐&✐❝❛❧❧②

❝❛❧❝✉❧❛"❡❞ ❜②

p− value =
#({Λ(x(b)) ≥ Λ(x), b = 1 . . . B})

B
,

✇❤❡&❡ #() &❡♣&❡(❡♥"( "❤❡ ❝❛&❞✐♥❛❧ ❢✉♥❝"✐♦♥ ❛♥❞ (x(b))16b6B ❛&❡ B (✐♠✉❧❛"❡❞ &❛♥❞♦♠ ❞&❛✇(

❢&♦♠ ✉♥❞❡& H0✳

❚❤✐( ("❛"✐("✐❝❛❧ "❡(" ✐( ❝♦♠♣✉"❛"✐♦♥❛❧❧② 8✉✐"❡ ✐♥"❡♥(✐✈❡✳ ❋✐&(" "❤❡ ❡("✐♠❛"✐♦♥ ♦❢ "❤❡

♣❛&❛♠❡"❡&( q✱ P0 ❛♥❞ P1 ❤❛✈❡ ❛ ❤✐❣❤ ❝♦♠♣✉"❛"✐♦♥❛❧ ❝♦("✱ "❤❡♥ "❤❡ ❝♦♠♣✉"❛"✐♦♥ ♦❢ ❛♥

❡♠♣✐&✐❝❛❧ p✲✈❛❧✉❡ ❧❡❛❞( "♦ &❡♣❡❛"✐♥❣ "❤❡(❡ ❡("✐♠❛"✐♦♥( ♠❛♥② "✐♠❡(✳

◆♦"❡ "❤❛" ❛♥♦"❤❡& ❙"&✉❝"✉&❡❞ ❆((♦❝✐❛"✐♦♥ ❛♣♣&♦❛❝❤ ✇❛( ♣&♦♣♦(❡❞ ✐♥ ✭❙❛""❡♥ ❡" ❛❧✳

✷✵✵✶✮ ❛♥❞ (✐♠✉❧"❛♥❡♦✉(❧② ✐♥❢❡&( "❤❡ ♣♦♣✉❧❛"✐♦♥ ("&✉❝"✉&❡ ❛♥❞ ♣❡&❢♦&♠( "❤❡ ❛((♦❝✐❛"✐♦♥

"❡("✳ ❚❤✐( ❛♣♣&♦❛❝❤ ✐( ❤♦✇❡✈❡& &❛&❡❧② ✉(❡❞ ✐♥ ♣&❛❝"✐❝❡✳
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 !✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥+ ❛♥❛❧②-✐- ✭ ❈❆✮ ✐- ❛ ✇❛② ♦❢ ❡①♣❧♦!✐♥❣ ❞❛+❛ ❜② ❝!❡❛+✐♥❣ ❛①❡- ♦❢ ✈❛!✐✲

❛+✐♦♥✱ +❤❛+ ❛!❡ ❧✐♥❡❛! ❝♦♠❜✐♥❛+✐♦♥- ♦❢ +❤❡ ♦!✐❣✐♥❛❧ ✈❛!✐❛❜❧❡- ❛♥❞ !❡♣!❡-❡♥+ +❤❡ ✈❛!✐❛❜✐❧✐+②

♦❢ +❤❡ ❞❛+❛✳ ❊❛❝❤ ❛①✐- ♦❢ ✈❛!✐❛+✐♦♥ ❛❝❝♦✉♥+ ❢♦! ❛- ♠✉❝❤ ✈❛!✐❛❜✐❧✐+② ❛- ♣♦--✐❜❧❡ +❤❛+ ❤❛-

♥♦+ ❜❡❡♥ ❛❝❝♦✉♥+❡❞ ❢♦! ✐♥ +❤❡ ♣!❡✈✐♦✉- ❛①❡-✳ ❚❤✐- ♣!♦♣❡!+② ♦❢ +❤❡ ♠❡+❤♦❞ ❛❧❧♦✇- ♦♥❡ +♦

❛♥❛❧②③❡ ❛ !❡❞✉❝❡❞ ♥✉♠❜❡! ♦❢ ✈❛!✐❛❜❧❡-✱ ❝❛❧❧❡❞ ♣!✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥+- ✭ ❈-✮✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣

♠♦-+ ♦❢ +❤❡ !❡❧❡✈❛♥+ ✐♥❢♦!♠❛+✐♦♥✳ ❚❤✐- ❢❡❛+✉!❡ ✐- ♣❛!+✐❝✉❧❛!❧② ✐♠♣♦!+❛♥+ ✐♥ ❣❡♥❡+✐❝ -+✉❞✐❡-

✇❤❡!❡ +❤❡ ♥✉♠❜❡! ♦❢ ♠❛!❦❡!- ❛♥❛❧②③❡❞ ✐- ✈❡!② ❧❛!❣❡✳

-,✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥( ❛♥❛❧②5✐5 ❛♣♣❧✐❡❞ (♦ ❣❡♥❡(✐❝ ❞❛(❛

-❈❆ ♠❡(❤♦❞

❚❤❡ ♠♦-+ ✉-❡❞  ❈❆✲❜❛-❡❞ ♠❡+❤♦❞ ✇❛- ✐♥+!♦❞✉❝❡❞ ✐♥ ✷✵✵✻ ✭ !✐❝❡ ❡+ ❛❧✳ ✷✵✵✻✱  ❛++❡!-♦♥

❡+ ❛❧✳ ✷✵✵✻✮✳ ❚❤❡ ❛✉+❤♦!- -✉❣❣❡-+ +❤❛+ ♠❛✐♥ ❛①❡- ♦❢ ✈❛!✐❛+✐♦♥ ♦❢ ❛  ❈❆ ❛♣♣❧✐❡❞ +♦ ❙◆ 

❞❛+❛ !❡♣!❡-❡♥+ +❤❡ ❛♥❝❡-+!❛❧ ❣❡♥❡+✐❝ ✈❛!✐❛❜✐❧✐+② ❜❡+✇❡❡♥ ✐♥❞✐✈✐❞✉❛❧- ❛♥❞ +❤❡!❡❢♦!❡ ♣!♦✈✐❞❡

❛ ✇❛② ♦❢ ❛♥❛❧②③✐♥❣ ♣♦♣✉❧❛+✐♦♥ -+!✉❝+✉!❡ ❛♥❞ ❛❝❝♦✉♥+✐♥❣ ❢♦! -+!❛+✐✜❝❛+✐♦♥✳ ❚❤✐- ♠❡+❤♦❞

✐- ✐♠♣❧❡♠❡♥+❡❞ ✐♥ +❤❡ -♦❢+✇❛!❡ ❊✐❣❡♥%♦❢(

✹

✳

▲❡+ ✉- ❝♦♥-✐❞❡! +❤❡ n × p ❣❡♥♦+②♣❡ ♠❛+!✐① X ❛- ✐♥+!♦❞✉❝❡❞ ✐♥ ❙❡❝(✐♦♥ ✷✳✶✳✶✳ ❲❡

✜!-+ ❛--✉♠❡ +❤❛+ ❛❧❧ +❤❡ ♠❛!❦❡!- ❛!❡ ✉♥❧✐♥❦❡❞✳ ❚♦ ❝♦♥❞✉❝+ ❛  ❈❆ ♦❢ +❤✐- ♠❛+!✐① ✐+ ✐- ✜!-+

♥❡❝❡--❛!② +♦ ❝❡♥+❡! ❛♥❞ ♥♦!♠❛❧✐③❡ +❤❡ ❞❛+❛✳ ❲❡ +❤❡!❡❢♦!❡ ❞❡✜♥❡ +❤❡ ❝♦❧✉♠♥ ♠❡❛♥-

µj =

∑n
i=1 xij

n
,

❛♥❞ +❤❡ ♦❜-❡!✈❡❞ ❛❧❧❡❧❡ ❢!❡J✉❡♥❝② ♦❢ ❡❛❝❤ ♠❛!❦❡!

pj =
1 +

∑n
i=1 xij

2 + 2n
,

✇❤❡!❡ +❤❡ ♠✐--✐♥❣ ❡♥+!✐❡- ❛!❡ ❡①❝❧✉❞❡❞ ❢!♦♠ +❤❡ ❝♦♠♣✉+❛+✐♦♥✳ ❚❤❡ ♥❡✇ ❣❡♥♦+②♣❡ ♠❛+!✐①

X̃ ✐- ❞❡✜♥❡❞ -♦ +❤❛+ ❡❛❝❤ ❡♥+!② ✐-

x̃ij =
xij − µj

√

pj(1− pj)
.

■❢ +❤❡ ♠❛!❦❡!- ❛!❡ ♥♦+ ✉♥❧✐♥❦❡❞✱ +❤❡♥ ✐+ ✐- ♣♦--✐❜❧❡ +♦ !❡❣!❡-- ❡❛❝❤ ♠❛!❦❡! ♦♥ +❤❡ d
♣!❡❝❡❞✐♥❣ ♠❛!❦❡!- ❛♥❞ +♦ ✉-❡ +❤❡ !❡-✐❞✉❛❧- ♦❢ -✉❝❤ !❡❣!❡--✐♦♥- ❛- ♥❡✇ ✈❛!✐❛❜❧❡-✳ ❚❤✐- ♦♣✲

❡!❛+✐♦♥ ❛❧❧♦✇- +♦ ❛❝❝♦✉♥+ ❢♦! +❤❡ ❧✐♥❦❛❣❡ ❞✐-❡J✉✐❧✐❜!✐✉♠ ❜❡+✇❡❡♥ +❤❡ ♠❛!❦❡!-✳  ❛++❡!-♦♥

❡+ ❛❧✳ -✉❣❣❡-+ +❤❛+ ❝♦♥-✐❞❡!✐♥❣ d = 1 ♦! 2 ✐- ❣❡♥❡!❛❧❧② -✉✣❝✐❡♥+✳

✹

❤!!♣✿✴✴❣❡♥❡♣❛!❤✳♠❡❞✳❤❛,✈❛,❞✳❡❞✉✴⑦,❡✐❝❤✴❙♦❢!✇❛,❡✳❤!♠



✷✳✸ ❆$$♦❝✐❛)✐♦♥ )❡$)$ ❛❝❝♦✉♥)✐♥❣ ❢♦/ ♣♦♣✉❧❛)✐♦♥ $)/✉❝)✉/❡ ✺✸

❖♥❡ #❤❡♥ ❝♦♠♣✉#❡* ❛ *✐♥❣✉❧❛/ ✈❡❝#♦/ ❞❡❝♦♠♣♦*✐#✐♦♥ ♦❢ #❤❡ n × n ❝♦✈❛/✐❛♥❝❡ ♠❛#/✐①
1
p
X̃X̃ ′

✳ ❚❤✐* ②✐❡❧❞* ❛ *❡# ♦❢ ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#* (PC1, . . . , PCn−1)✳ ❚❤❡*❡ ♣/✐♥❝✐♣❛❧
❝♦♠♣♦♥❡♥#* /❡♣/❡*❡♥# #❤❡ ❝♦♦/❞✐♥❛#❡* ♦❢ #❤❡ ✐♥❞✐✈✐❞✉❛❧* ♦♥ *❡✈❡/❛❧ *✉❜✲*♣❛❝❡* ❛♥❞ ❛❧❧♦✇

❛♠♦♥❣ ♦#❤❡/* #♦ ❛❝❝♦✉♥# ❢♦/ ♣♦♣✉❧❛#✐♦♥ *#/❛#✐✜❝❛#✐♦♥ ♦/ #♦ ❝❧✉*#❡/ ✐♥❞✐✈✐❞✉❛❧* ✐♥#♦ ❤♦♠♦✲

❣❡♥❡♦✉* *✉❜✲♣♦♣✉❧❛#✐♦♥*✳ ●❡♥❡#✐❝ ❛♥❞ ❣❡♥❡❛❧♦❣✐❝❛❧ ✐♥#❡/♣/❡#❛#✐♦♥* ♦❢ #❤❡*❡ *✉❜✲*♣❛❝❡* ❛/❡

❛❧*♦ ❛✈❛✐❧❛❜❧❡✳ ❖♥❡ ❝❛♥ /❡❢❡/ #♦ ✭=❛##❡/*♦♥ ❡# ❛❧✳ ✷✵✵✻✱ ▼❝❱❡❛♥ ✷✵✵✾✮ ❢♦/ ❢✉/#❤❡/ ❞❡#❛✐❧*✳

❆$$❡$$✐♥❣ )❤❡ ♥✉♠❜❡/ ♦❢ $✐❣♥✐✜❝❛♥) ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥)$

❆♥ ✐♠♣♦/#❛♥# ✐**✉❡ ✇✐#❤ =❈❆ ❛♣♣❧✐❡❞ #♦ ❣❡♥❡#✐❝ ❞❛#❛ ✐* #♦ ❞❡#❡/♠✐♥❡ #❤❡ ♥✉♠❜❡/

♦❢ *✐❣♥✐✜❝❛♥# ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#*✱ #❤❛# ✐* #❤❡ ♥✉♠❜❡/ ♦❢ ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#* #❤❛#

❛❝#✉❛❧❧② ❞❡*❝/✐❜❡ ❛ *#/✉❝#✉/❡ ♦❢ #❤❡ ♣♦♣✉❧❛#✐♦♥✳ ❆ ♣♦**✐❜❧❡ #❡❝❤♥✐H✉❡ #♦ ❞♦ *♦ ✐* #♦ ✉*❡

#❤❡ ❡✐❣❡♥✈❛❧✉❡* ❛♥❞ #❤❡ ❚/❛❝②✲❲✐❞♦♠ ❞✐*#/✐❜✉#✐♦♥ ✭❚/❛❝② ❛♥❞ ❲✐❞♦♠ ✶✾✾✹✮✳ ■# ❤❛* ❜❡❡♥

❞❡♠♦♥*#/❛#❡❞ #❤❛# ❛❢#❡/ ❛ *✉✐#❛❜❧❡ ♥♦/♠❛❧✐③❛#✐♦♥✱ #❤❡ ❧❛/❣❡*# ❡✐❣❡♥✈❛❧✉❡ ❢♦❧❧♦✇* #❤❡ ❚/❛❝②✲

❲✐❞♦♠ ❞✐*#/✐❜✉#✐♦♥ ✭❏♦❤♥*#♦♥❡ ✷✵✵✶✮✳ =❛##❡/*♦♥ ❡# ❛❧✳ ❡①#❡♥❞❡❞ #❤✐* #❤❡♦/② #♦ ❞❡#❡/♠✐♥❡

❛ *#❛#✐*#✐❝ ❢♦/ #❤❡ k − th ❡✐❣❡♥✈❛❧✉❡ λk✱ #❤❛# /❡♣/❡*❡♥#* #❤❡ k − th ❛①✐* ♦❢ ✈❛/✐❛#✐♦♥✳ ❚❤❡
*#❛#✐*#✐❝ ✐*

λk − µ(n, p, λk, . . . , λn− 1)

σ(n, p, λk, . . . , λn− 1)
,

✇❤❡#❡ µ ❛♥❞ σ ❛#❡ ♥♦#♠❛❧✐③❛,✐♦♥ ❢✉♥❝,✐♦♥0 ❞❡♣❡♥❞✐♥❣ ♦♥ ,❤❡ ❡✐❣❡♥✈❛❧✉❡0 ❛♥❞ ♦♥ ,❤❡ ❞❡❣#❡❡
♦❢ ❧✐♥❦❛❣❡ ❞✐0❡5✉✐❧✐❜#✐✉♠ ✐♥ ,❤❡ ❞❛,❛✳

❚❤❡ 0,#❛,❡❣② ,♦ ❞❡,❡#♠✐♥❡ ,❤❡ ♥✉♠❜❡# ♦❢ 0✐❣♥✐✜❝❛♥, ♣#✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥,0 ❝♦##❡0♣♦♥❞0

,♦ ,❡0,✐♥❣ ♦♥❡ ❛❢,❡# ❛♥♦,❤❡# ,❤❡ ♥✉❧❧ ❤②♣♦,❤❡0❡0

H0 : { ❚❤❡ k − th ♣#✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥, ✐0 ♥♦, 0✐❣♥✐✜❝❛♥,},

❜② ,❤❡ ✉0❡ ♦❢ ,❤❡ ❛❜♦✈❡ ,❡0, 0,❛,✐0,✐❝ ,❤❛, ❢♦❧❧♦✇0 ❛ ❚#❛❝②✲❲✐❞♦♠ ❞✐0,#✐❜✉,✐♦♥✳

❆♣♣❧✐❝❛&✐♦♥ ♦❢ &❤❡ ,❈❆

❆ ✜#0, ✉0❡ ♦❢ ,❤❡0❡ ❛①❡0 ♦❢ ✈❛#✐❛,✐♦♥ ✐0 ,♦ ♣#♦✈✐❞❡ ❣#❛♣❤✐❝❛❧ #❡♣#❡0❡♥,❛,✐♦♥0 ♦❢ ,❤❡

✐♥❞✐✈✐❞✉❛❧0✳ ❋✐❣✉1❡2 ✶✳✼ ❛♥❞ ✶✳✽ ❛#❡ ❡①❛♠♣❧❡0 ♦❢ 0✉❝❤ #❡♣#❡0❡♥,❛,✐♦♥0✳ ❚❤✐0 ,②♣❡ ♦❢

#❡♣#❡0❡♥,❛,✐♦♥ ✐0 ✇✐❞❡❧② ✉0❡❞ ,♦ ♣#♦✈✐❞❡ ❛ ❣#❛♣❤✐❝❛❧ ♦✈❡#✈✐❡✇ ♦❢ ,❤❡ ♣♦♣✉❧❛,✐♦♥ 0,#✉❝,✉#❡✳

❆♥♦,❤❡# ♣♦00✐❜❧❡ ❛♣♣❧✐❝❛,✐♦♥ ♦❢ ,❤❡ ♣#✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥,0 ✐0 ,♦ ❤✐❣❤❧✐❣❤, ♦✉,❧✐❡# ✐♥❞✐✲

✈✐❞✉❛❧0 ✐♥ ❛ ❣❡♥❡,✐❝ 0,✉❞✐❡0✳ ■♥❞❡❡❞✱ ❜② ♣❧♦,,✐♥❣ ❛❧❧ ,❤❡ ✐♥❞✐✈✐❞✉❛❧0 ♦❢ ❛ 0,✉❞② ♦♥ 0❡✈❡#❛❧

❛①❡0 ♦❢ ✈❛#✐❛,✐♦♥✱ ♦# ❜② ❛♥❛❧②,✐❝❛❧❧② ❧♦♦❦✐♥❣ ❛, ,❤❡0❡ ❛①❡0✱ ✐, ✐0 ♣♦00✐❜❧❡ ,♦ ❞❡,❡#♠✐♥❡ ✇❤✐❝❤

✐♥❞✐✈✐❞✉❛❧0 0❡❡♠ ,♦ ❧✐❡ ❢❛#,❤❡# ,❤❛♥ ,❤❡ ♦,❤❡#0✳ A#✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥, ❛♥❛❧②0✐0 ✐0 ,❤❡#❡❢♦#❡

♦❢,❡♥ ✉0❡❞ ✐♥ ♣#❛❝,✐❝❡ ✐♥ ,❤❡ ✜#0, 0,❡♣0 ♦❢ ❛ ❣❡♥❡,✐❝ 0,✉❞② ✭❙❡❝&✐♦♥ ✶✳✸✳✷✮✳
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.❈❆ ❛♥❞ ❝❧✉6)❡-✐♥❣ ♦❢ ❣❡♥❡)✐❝ ❞❛)❛

❚❤❡ #❡$ ♦❢ #✐❣♥✐✜❝❛♥$ ♣.✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥$# #❡❧❡❝$❡❞ $♦ ❞❡#❝.✐❜❡ $❤❡ #$.✉❝$✉.❡ ♦❢ $❤❡ ♣♦♣✉❧❛✲

$✐♦♥ ❝❛♥ ❛❧#♦ ❜❡ ✉#❡❞ $♦ ❝❧✉#$❡. ✐♥❞✐✈✐❞✉❛❧# ✐♥$♦ ❣❡♥❡$✐❝❛❧❧② ❤♦♠♦❣❡♥❡♦✉# #✉❜✲♣♦♣✉❧❛$✐♦♥#✳

❋♦. ✐♥#$❛♥❝❡ ❛ ●❛✉##✐❛♥ ▼✐①$✉.❡ ♠♦❞❡❧ ♦. ❛ k−means ❛❧❣♦.✐$❤♠ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ $♦ $❤❡#❡

♣.✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥$# ✭▲❡❡ ❡$ ❛❧✳ ✷✵✵✾✮✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ #✉❝❤ ❝❧✉#$❡.✐♥❣ ♠❡$❤♦❞ ✇✐❧❧ ❜❡

♣.❡#❡♥$❡❞ ✐♥ ❈❤❛♣)❡- ✸✳

❆66♦❝✐❛)✐♦♥ )❡6)✐♥❣

■♥ ♦.❞❡. $♦ ❛❝❝♦✉♥$ ❢♦. ♣♦♣✉❧❛$✐♦♥ #$.❛$✐✜❝❛$✐♦♥✱ ❛ #$❛$✐#$✐❝❛❧ $❡#$ ✉#✐♥❣ $❤❡ .❡#✉❧$# ♦❢

$❤❡ F❈❆ ❛♣♣❧✐❡❞ $♦ ❣❡♥❡$✐❝ ❞❛$❛ ❤❛✈❡ ❜❡❡♥ ❞❡#✐❣♥❡❞ ✭F.✐❝❡ ❡$ ❛❧✳ ✷✵✵✻✮✳ ●✐✈❡♥ $❤❛$

$❤❡ ♣.✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥$# .❡♣.❡#❡♥$ ❛①❡# ♦❢ ❣❡♥❡$✐❝ ✈❛.✐❛$✐♦♥✱ ✐$ ✐# ♣♦##✐❜❧❡ $♦ ♣.♦❥❡❝$ $❤❡

❣❡♥♦$②♣❡# ♦♥ $❤❡ ♠❛✐♥ ❛①❡# $♦ ♦❜$❛✐♥ ♥❡✇ ✈❛.✐❛❜❧❡# $❤❛$ ❝♦..❡#♣♦♥❞ $♦ $❤❡ ♣.♦♣♦.$✐♦♥ ♦❢

$❤❡ ❣❡♥♦$②♣❡# $❤❛$ ✐# ❞✉❡ $♦ $❤❡ #$.✉❝$✉.❡ ♦❢ $❤❡ ♣♦♣✉❧❛$✐♦♥✳ ❖♥❡ ❝❛♥ $❤❡♥ #✉❜$.❛❝$ $♦

$❤❡ ♦.✐❣✐♥❛❧ ❣❡♥♦$②♣❡# $❤❡ ♣❛.$ ❞✉❡ $♦ $❤❡ #$.✉❝$✉.❡ ❛♥❞ ♦❜$❛✐♥❡❞ ❛❞❥✉#$❡❞ ❣❡♥♦$②♣❡# xadj✳

❚❤❡ #❛♠❡ $.❛♥#❢♦.♠❛$✐♦♥ ✐# ♣♦##✐❜❧❡ ❢♦. $❤❡ ♣❤❡♥♦$②♣❡# ❛♥❞ ❧❡❛❞# $♦ ❛❞❥✉#$❡❞ ♣❤❡♥♦$②♣❡#

yadj✳
❚❤❡ ❝♦♠♣✉$❛$✐♦♥ ♦❢ $❤❡ ❛❞❥✉#$❡❞ ❞❛$❛ ✐# ✈❡.② ❝♦♠♣✉$❛$✐♦♥❛❧❧② ❡✣❝✐❡♥$ ❛# ✐$ ♦♥❧② ❝♦♥✲

#✐#$# ✐♥ ♦♣❡.❛$✐♦♥# ♦♥ ♠❛$.✐❝❡# ♦. ✈❡❝$♦.#✳

❯#✐♥❣ $❤❡#❡ ❛❞❥✉#$❡❞ ❞❛$❛✱ ❛ $❡#$ #$❛$✐#$✐❝ ❝❛♥ ❜❡ ❞❡.✐✈❡❞ ❛# ❛♥ ❡①$❡♥#✐♦♥ ♦❢ $❤❡ ❆.✲

♠✐$❛❣❡ ❚.❡♥❞ $❡#$✱

(n− 1−m)× corr(Xadj, Yadj)
2,

✇❤❡.❡ n ✐# $❤❡ ♥✉♠❜❡. ♦❢ #❛♠♣❧❡# ❛♥❞ m $❤❡ ♥✉♠❜❡. ♦❢ .❡$❛✐♥❡❞ ♣.✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥$#✳

❚❤✐# #$❛$✐#$✐❝ ❢♦❧❧♦✇# ❛ χ2(1) ❞✐#$.✐❜✉$✐♦♥ ✉♥❞❡. $❤❡ ♥✉❧❧ ❤②♣♦$❤❡#✐# ♦❢ ♥♦ ❛##♦❝✐❛$✐♦♥✳

.❈❆✲❧✐❦❡ ♠❡)❤♦❞6

❆❧$❡.♥❛$✐✈❡# $♦ ♣.✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥$ ❛♥❛❧②#❡# ❛.❡ ♣♦##✐❜❧❡✳ ❚❤❡ ♠❛✐♥ ❛❧$❡.♥❛$✐✈❡# ❛.❡ $❤❡

♠✉❧$✐✲❞✐♠❡♥#✐♦♥❛❧ #❝❛❧✐♥❣ ✭▼❉❙✮✱ $❤❛$ ✉#❡# #✐♠✐❧❛.✐$② ♠❛$.✐❝❡# ❜❡$✇❡❡♥ $❤❡ ✐♥❞✐✈✐❞✉❛❧# $♦

❝.❡❛$❡ ❛①❡# ♦❢ ✈❛.✐❛$✐♦♥ ✭▲✐ ❡$ ❛❧✳ ✷✵✵✽✮ ♦. ❧❛♣❧❛❝✐❛♥ ❡✐❣❡♥❢✉♥❝$✐♦♥# ✭❩❤❛♥❣ ❡$ ❛❧✳ ✷✵✵✾❜✮✳

✷✳✸✳✺ ❘❡❣'❡((✐♦♥ ♠♦❞❡❧(

❆# ✇❡ ❤❛✈❡ #❡❡♥ ♣.❡✈✐♦✉#❧②✱ ❝❧❛##✐❝❛❧ ❛##♦❝✐❛$✐♦♥ $❡#$# ❝❛♥ ❜❡ ❡①♣.❡##❡❞ ✐♥ $❡.♠# ♦❢ ❧♦❣✐#$✐❝

.❡❣.❡##✐♦♥ ♠♦❞❡❧#✳ ❙❡✈❡.❛❧ ❛❞❥✉#$♠❡♥$# ♦❢ $❤❡#❡ ♠♦❞❡❧# ❛.❡ ♣♦##✐❜❧❡ $♦ ❛❝❝♦✉♥$ ❢♦. ♣♦♣✉✲

❧❛$✐♦♥ #$.❛$✐✜❝❛$✐♦♥ ✭❙❡$❛❦✐# ❡$ ❛❧✳ ✷✵✵✻✱ ❇❛❧❞✐♥❣ ✷✵✵✻✮✳ ❚❤❡ ♠♦.❡ ❝♦♠♠♦♥❧② ✉#❡❞ ♠♦❞❡❧

❝♦..❡#♣♦♥❞✐♥❣ $♦ $❤❡ ❆.♠✐$❛❣❡ ❚.❡♥❞ $❡#$ ❜❡❝♦♠❡#

❧♦❣✐$(px) = α + βx+ ❈♦✈❛.✐❛$❡✭#✮.



✷✳✸ ❆$$♦❝✐❛)✐♦♥ )❡$)$ ❛❝❝♦✉♥)✐♥❣ ❢♦/ ♣♦♣✉❧❛)✐♦♥ $)/✉❝)✉/❡ ✺✺

❚❡"#✐♥❣ #❤❡ ♥✉❧❧✐#② ♦❢ #❤❡ ♣❛/❛♠❡#❡/ β ❝❛♥ #❤❡/❡❢♦/❡ ♣/♦✈✐❞❡ ❛ ✇❛② #♦ #❡"# ❢♦/ ❛""♦❝✐❛#✐♦♥
✇❤✐❧❡ #❛❦✐♥❣ "#/❛#✐✜❝❛#✐♦♥ ✐♥#♦ ❛❝❝♦✉♥#✳

❆❞❥✉$)♠❡♥) ♦♥ )❤❡ ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥)$

❚❤❡ ❛❞❥✉"#♠❡♥# ♦♥ #❤❡ ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#" ✉"❡" #❤❡ /❡"✉❧#" ♦❢ #❤❡ 9❈❆ ❛♣♣❧✐❡❞ #♦ ❙◆9

❞❛#❛ "✉❝❤ ❛" ❞❡"❝/✐❜❡❞ ✐♥ #❤❡ ♣/❡✈✐♦✉" "❡❝#✐♦♥✳ 9/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#" PC1, . . . , PCm ❛/❡

❛❞❞❡❞ #♦ #❤❡ ❧♦❣✐"#✐❝ ♠♦❞❡❧ ❛" ❝♦✈❛/✐❛#❡"✳ ❚❤❡ ♥✉♠❜❡/ ♦❢ ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#" /❡#❛✐♥❡❞

❝❛♥ ❜❡ ❡"#✐♠❛#❡❞ ✇✐#❤ #❤❡ ❚/❛❝②✲❲✐❞♦♠ ♠❡#❤♦❞ ♦/ ❜❡ ❝❤♦"❡♥ ♠❛♥✉❛❧❧② ❣✐✈❡♥ #❤❡ ❝♦♠✲

♣❧❡①✐#② ♦❢ #❤❡ "#/✉❝#✉/❡✳ ❖♥❡ ❤❛" #♦ ♥♦#❡ #❤❛# #♦♦ ♠✉❝❤ ♣/✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥#" ❝❛♥ ✇❡❛❦❡♥

#❤❡ ❛♥❛❧②"✐" ❛" #❤❡ ♥✉♠❜❡/ ♦❢ ✈❛/✐❛❜❧❡" ✐♥ #❤❡ /❡❣/❡""✐♦♥ ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ #♦♦ ❧❛/❣❡✳ ❲❡

✇✐❧❧ ❞✐"❝✉"" #❤✐" ♣♦✐♥# ✐♥ #❤❡ ❝♦♠♣❛/✐"♦♥ "#✉❞② #❤❛# ✇❡ ❢✉/#❤❡/ ♣/♦♣♦"❡✳

❆❞❥✉$)♠❡♥) ♦♥ ♣♦♣✉❧❛)✐♦♥ ❧❛❜❡❧$

❚❤❡ ❛❞❥✉"#♠❡♥# ♦♥ ❞✐"❝/❡#❡ ♣♦♣✉❧❛#✐♦♥ ❧❛❜❡❧" ❝♦//❡"♣♦♥❞" #♦ ❛❞❞✐♥❣ ❛ ❞✐"❝/❡#❡ ✈❛/✐❛❜❧❡

(ai)16i6n #♦ #❤❡ ♠♦❞❡❧✳ ❚❤✐" ✈❛/✐❛❜❧❡ ✐♥❞✐❝❛#❡" #❤❡ ♣♦♣✉❧❛#✐♦♥ ♦❢ ♦/✐❣✐♥ ♦❢ ❡❛❝❤ "❛♠♣❧❡✳

■# ❝❛♥ ♣❡/#❛✐♥ #♦ #❤❡ /❡❛❧ ♣♦♣✉❧❛#✐♦♥ ♦❢ ♦/✐❣✐♥ ✐❢ #❤✐" ✐♥❢♦/♠❛#✐♦♥ ✐" ❛✈❛✐❧❛❜❧❡ ♦/ #♦ ❛

♣♦♣✉❧❛#✐♦♥ ❡"#✐♠❛#❡❞ #❤/♦✉❣❤ #❤❡ ✉"❡ ♦❢ ❛ ❝❧✉"#❡/✐♥❣ ❛❧❣♦/✐#❤♠✳

✷✳✸✳✻ ▼❡&❛✲❛♥❛❧②,❡,

❆♥♦#❤❡/ ♣♦""✐❜❧❡ ❛♣♣/♦❛❝❤ #♦ ❞❡❛❧ ✇✐#❤ ♣♦♣✉❧❛#✐♦♥ "#/❛#✐✜❝❛#✐♦♥ ✐" #♦ ❝♦♥❞✉❝# #❤❡ ❛♥❛❧✲

②"❡" ✇✐#❤✐♥ K "✉❜✲♣♦♣✉❧❛#✐♦♥" ❝♦♥"✐❞❡/❡❞ ❤♦♠♦❣❡♥❡♦✉" ❛♥❞ #♦ ❝♦♠❜✐♥❡ #❤❡ /❡"✉❧#" ✇✐#❤

♠❡#❛✲❛♥❛❧②"✐" ♠❡#❤♦❞"✱ "✉❝❤ ❛" #❤❡ ❋✐"❤❡/ ♠❡#❤♦❞ ♦/ ❙#♦✉✛❡/✬" ❩ ✲"❝♦/❡ ✭❲❤✐#❧♦❝❦ ✷✵✵✺✮✳

❋♦/ ❛ ❣✐✈❡♥ ♠❛/❦❡/✱ #❤❡ "❛♠❡ ❛""♦❝✐❛#✐♦♥ #❡"# ✐" ❝♦♥❞✉❝#❡❞ ✇✐#❤✐♥ ❡❛❝❤ "✉❜✲♣♦♣✉❧❛#✐♦♥

✇❤✐❝❤ ❧❡❛❞" #♦ ❛ "❡# ♦❢ p✲✈❛❧✉❡" (pi)1≤i≤K ✳ ❯"✉❛❧❧② #❤❡ ❆/♠✐#❛❣❡ ❚/❡♥❞ #❡"# ✐" #❤❡ #❡"#
♣/❡❢❡//❡❞✳ ❚♦ ❞❡/✐✈❡ ❝♦♠❜✐♥❡❞ "#❛#✐"#✐❝"✱ ♦♥❡ ❤❛" #♦ ❛""✉♠❡ #❤❛# ❛❧❧ #❤❡ #❡"#" ❛/❡ ✐♥❞❡✲

♣❡♥❞❡♥#✳

❋✐$❤❡/✬$ ♠❡)❤♦❞

❋✐"❤❡/✬" "#❛#✐"#✐❝ ❝♦//❡"♣♦♥❞" #♦

−2
K
∑

i=1

log(pi),

❛♥❞ ❢♦❧❧♦✇" ❛ χ2(2K) ❞✐"#/✐❜✉#✐♦♥ ✉♥❞❡/ #❤❡ ♥✉❧❧ ❤②♣♦#❤❡"✐" ♦❢ ♥♦ ❛""♦❝✐❛#✐♦♥✳



✺✻ ✷✳ ❆❝❝♦✉♥)✐♥❣ ❢♦- .♦♣✉❧❛)✐♦♥ ❙)-❛)✐✜❝❛)✐♦♥ ✐♥ ●❲❆❙6

❙)♦✉✢❡- Z✲6❝♦-❡ ♠❡)❤♦❞

❙!♦✉✢❡&✬( Z✲(❝♦&❡ (!❛!✐(!✐❝ ✐(
K
∑

i=1

F−1(1− pi),

✇❤❡&❡ F ✐( !❤❡ (!❛♥❞❛&❞ ♥♦&♠❛❧ ❝✉♠✉❧❛!✐✈❡ ❞✐(!&✐❜✉!✐♦♥ ❛♥❞ ❢♦❧❧♦✇( ❛ (!❛♥❞❛&❞ ♥♦&♠❛❧

❞✐(!&✐❜✉!✐♦♥ ✉♥❞❡& !❤❡ ♥✉❧❧ ❤②♣♦!❤❡(✐(✳

❈♦♠♠❡♥)6

❚❤❡(❡ !❡(!( ✐♠♣❧② !❤❛! ♦♥❡ ♥❡❡❞( (♦♠❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉! !❤❡ ❤♦♠♦❣❡♥❡♦✉( (✉❜✲♣♦♣✉❧❛!✐♦♥(✳

❚❤❡② ❝❛♥ ❡✐!❤❡& ❝♦&&❡(♣♦♥❞ !♦ !❤♦(❡ ♣&♦✈✐❞❡❞ ✇✐!❤ !❤❡ ❞❛!❛ ♦& ❜❡ ❡(!✐♠❛!❡❞✳

❆ ♠❛✐♥ ❛((✉♠♣!✐♦♥ ♦❢ !❤❡(❡ ❛♣♣&♦❛❝❤❡( ✐( !❤❛! !❤❡ (!❛!✐(!✐❝❛❧ !❡(!( ❝♦♥❞✉❝!❡❞ ✇✐!❤✐♥
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





p0 = p2a + Fpa(1− pa)
p1 = 2pa(1− pa)− 2Fpa(1− pa)
p2 = (1− pa)

2 + Fpa(1− pa)
,

✇❤❡0❡ pa ✐# )❤❡ ❢0❡E✉❡♥❝② ♦❢ ❛❧❧❡❧❡ a ❛♥❞ F ✐# )❤❡ ❝♦♥#❛♥❣✉✐♥✐)② ❝♦❡✣❝✐❡♥) )❤❛) ✇❡

❝♦♥#✐❞❡0 ♥✉❧❧ ❤❡0❡❛❢)❡0 #♦ )❤❛) )❤❡ ❞✐#❡❛#❡ #✉#❝❡♣)✐❜✐❧✐)② ❧♦❝✉# ✭❉❙▲✮ ✐# ✉♥❞❡0 )❤❡ ❍❛0❞②✲

❲❡✐♥❜❡0❣ ❡E✉✐❧✐❜0✐✉♠✳

❲❡ )❤❡♥ ✇❛♥) )♦ ❝♦♠♣✉)❡ )❤❡ ❣❡♥♦)②♣❡ ❢0❡E✉❡♥❝✐❡# ♦❢ )❤❡ ❉❙▲ ❢♦0 ❝❛#❡# ❛♥❞ ❝♦♥)0♦❧#

pDi
❛♥❞ pHi

✱ ✐ ❂ ✵✱ ✶ ♦0 ✷✱ ✉#✐♥❣ )❤❡ ❞✐#❡❛#❡ ♣0❡✈❛❧❡♥❝❡ Kp✱ )❤❡ ♣❡♥❡)0❛♥❝❡# f0✱ f1 ❛♥❞ f2 ♦❢
)❤❡ ❣❡♥♦)②♣❡# ❛♥❞ )❤❡ ♠♦❞❡ ♦❢ ✐♥❤❡0✐)❛♥❝❡ ♦❢ )❤❡ ❞✐#❡❛#❡✳ ❚❤❡ ♠❛✐♥ ♠♦❞❡# ♦❢ ✐♥❤❡0✐)❛♥❝❡

❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② ❝♦♥#✐❞❡0✐♥❣ )❤❡ 0❡❧❛)✐✈❡ 0✐#❦ RRi/0 = RRi =
fi
f0
✱ ✐ ❂ ✶✱ ✷ ❜②















Recessive RR1 = 1
Additive RR1 =

RR2+1
2

Multiplicative RR1 =
√
RR2

Dominant RR1 = RR2

.

❯#✐♥❣ f0 = Kp/(p0 +RR1.p1 +RR2.p2)✱ f1 = RR1.f0 ❛♥❞ f2 = RR2.f0 ❛♥❞ )❤❡ ❇❛②❡#
❢♦0♠✉❧❛# ✇❡ ❝❛♥ ❡❛#✐❧② ❞❡0✐✈❡ )❤❡ ❞❡#✐0❡❞ ❢0❡E✉❡♥❝✐❡#✳

(pD0
, pD1

, pD2
) =

(

f0.p0
Kp

, f1.p1
Kp

, f2.p2
Kp

)

,

(pH0
, pH1

, pH2
) =

(

(1−f0).p0
Kp

, (1−f1).p1
Kp

, (1−f2).p2
Kp

)

.
✭✷✳✶✮
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❧♦❝❛,❡❞ ❛♠♦♥❣ ,❤❡ ❛✈❛✐❧❛❜❧❡ ❧♦❝✐✳

❲❡ ❛✐♠❡❞ ❛, ❝♦✈❡!✐♥❣ *❡✈❡!❛❧ *✐,✉❛,✐♦♥* ❛* ✐, ♠❛② ❜❡ ❤❛!❞❡! ,♦ ❛❝❝♦✉♥, ❢♦! *,!❛,✐✜✲

❝❛,✐♦♥ ✇✐,❤ ❝❧♦*❡❧② !❡❧❛,❡❞ ♣♦♣✉❧❛,✐♦♥* ,❤❛♥ ✇✐,❤ ✈❡!② ❞✐*,❛♥, ♦♥❡*✳ ❚❤❡!❡❢♦!❡✱ ,♦ ❣❡,

✻
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✶ ✭◆♦♥❡✮ CHB ✵✳✵✺ ✵✳✸ ✷✵✵ ✷✵✵

CHD ✵✳✵✺ ✵✳✸ ✶✷✺ ✼✺

✷ ✭❆❞♠✐①2✉4❡✮

CHB ✵✳✵✶ ✵✳✷ ✼✺ ✶✷✺

CEU ✵✳✵✺ ✵✳✸ ✶✷✺ ✼✺

✸ ✭❉✐6❝4❡2❡✮

TSI ✵✳✵✶ ✵✳✷ ✼✺ ✶✷✺

CHB ✵✳✵✺ ✵✳✸ ✶✷✺ ✼✺

✹ ✭❉✐+❝-❡/❡✮

CEU ✵✳✵✶ ✵✳✷ ✼✺ ✶✷✺

GIH ✵✳✵✺ ✵✳✸ ✶✵ ✻✵

LWK ✵✳✵✶ ✵✳✹ ✸✵ ✺✵

Y RI ✵✳✵✶ ✵✳✹ ✸✵ ✺✵

CEU ✵✳✵✺ ✵✳✷ ✶✵ ✻✵
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CHB ✵✳✵✸ ✵✳✶ ✶✺✵ ✶✵

CHB ✵✳✵✺ ✵✳✸ ✷✵✵✳- ✶✵✵

✻ ✭❉✐+❝-❡/❡✮

CEU ✵✳✵✶ ✵✳✷ ✷✵✵✳✭✶✲-✮ ✶✵✵

❚❛❜❧❡ ✷✳✻✿ ❙✐♠✉❧❛&✐♦♥ ♣❛*❛♠❡&❡*, ❢♦* &❤❡ ,&*❛&✐✜❝❛&✐♦♥ ,❝❡♥❛*✐♦,✳ ❚❤❡ ▼❆❋

✐♥❞✐❝❛/❡❞ ❝♦--❡+♣♦♥❞+ /♦ /❤❛/ ♦❢ /❤❡ ❞✐+❡❛+❡ +✉+❝❡♣/✐❜✐❧✐/② ❧♦❝✉+✳

❙❝❡♥❛*✐♦ ✶✿ ❖♥❡ ❤♦♠♦❣❡♥❡♦✉, ♣♦♣✉❧❛&✐♦♥✳ ❲✐/❤ ♦♥❧② ♦♥❡ +✉❝❤ ♣♦♣✉❧❛/✐♦♥ /❤❡-❡

✐+ ♥♦ +/-❛/✐✜❝❛/✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐+ /♦ ❞❡/❡-♠✐♥❡ ✐❢ /❤❡ ♠❡/❤♦❞+ ❛❝❝♦✉♥/✐♥❣ ❢♦- +/-❛/✐✜❝❛/✐♦♥

❛-❡ -❡❧✐❛❜❧❡ ✇❤❡♥ /❤❡-❡ ❛-❡ ❛♣♣❧✐❡❞ /♦ ❛ ♥♦♥✲+/-❛/✐✜❡❞ ♣♦♣✉❧❛/✐♦♥✳ ■♥❞✐✈✐❞✉❛❧+ ❢-♦♠ ❍❛♥

❈❤✐♥❡+❡ ✐♥ ❇❡✐❥✐♥❣✱ ❈❤✐♥❛ ✭❈❍❇✮ ❛-❡ ✉+❡❞ /♦ +✐♠✉❧❛/❡ /❤❡+❡ ❞❛/❛✳

❙❝❡♥❛*✐♦ ✷✿ ❆❞♠✐①&✉*❡✳ ❲❡ ❝♦♥+✐❞❡-❡❞ ❛♥ ❛❞♠✐①/✉-❡ ♦❢ /✇♦ ♦-✐❣✐♥❛❧❧② ❝❧♦+❡ ♣♦♣✉✲

❧❛/✐♦♥+✿ ❈❤✐♥❡+❡ ✐♥ ▼❡/-♦♣♦❧✐/❛♥ ❉❡♥✈❡-✱ ❈♦❧♦-❛❞♦ ✭❈❍❉✮ ❛♥❞ ❍❛♥ ❈❤✐♥❡+❡ ✐♥ ❇❡✐❥✐♥❣✱

❈❤✐♥❛ ✭❈❍❇✮ ❛-❡ ✉+❡❞✳

❙❝❡♥❛*✐♦ ✸✿ ❚✇♦ ❢❛✐*❧② ❞✐,&❛♥& ❞✐,❝*❡&❡ ♣♦♣✉❧❛&✐♦♥,✳ ❚❤❡ /✇♦ -❡❧❛/✐✈❡❧② ❞✐+/❛♥/

❞✐+❝-❡/❡ ♣♦♣✉❧❛/✐♦♥+ ❛-❡ ❯/❛❤ -❡+✐❞❡♥/+ ✇✐/❤ ◆♦-/❤❡-♥ ❛♥❞ ❲❡+/❡-♥ ❊✉-♦♣❡❛♥ ❛♥❝❡+/-②

❢-♦♠ /❤❡ ❈❊S❍ ❝♦❧❧❡❝/✐♦♥ ✭❈❊❯✮ ❛♥❞ ❚♦+❝❛♥+ ✐♥ ■/❛❧② ✭❚❙■✮✳

❙❝❡♥❛*✐♦ ✹✿ ❚✇♦ ✈❡*② ❞✐,&❛♥& ❞✐,❝*❡&❡ ♣♦♣✉❧❛&✐♦♥,✳ ❚❤❡ /✇♦ ✈❡-② ❞✐+/❛♥/ ❞✐+❝-❡/❡

♣♦♣✉❧❛/✐♦♥+ ❛-❡ ❍❛♥ ❈❤✐♥❡+❡ ✐♥ ❇❡✐❥✐♥❣✱ ❈❤✐♥❛ ✭❈❍❇✮ ❛♥❞ ❯/❛❤ -❡+✐❞❡♥/+ ✇✐/❤ ◆♦-/❤❡-♥

❛♥❞ ❲❡+/❡-♥ ❊✉-♦♣❡❛♥ ❛♥❝❡+/-② ❢-♦♠ /❤❡ ❈❊S❍ ❝♦❧❧❡❝/✐♦♥ ✭❈❊❯✮✳

❙❝❡♥❛*✐♦ ✺✿ ❍✐❡*❛*❝❤✐❝❛❧ ,&*✉❝&✉*❡✳ ❚❤❡ ❤✐❡-❛-❝❤✐❝❛❧ +/-✉❝/✉-❡ ✐+ ❝♦♠♣♦+❡❞ ♦❢ ✜✈❡

♣♦♣✉❧❛/✐♦♥+✿ ❨♦-✉❜❛ ✐♥ ■❜❛❞❛♥✱ ◆✐❣❡-✐❛ ✭❨❘■✮✱ ▲✉❤②❛ ✐♥ ❲❡❜✉②❡✱ ❑❡♥②❛ ✭▲❲❑✮✱ ❍❛♥

❈❤✐♥❡+❡ ✐♥ ❇❡✐❥✐♥❣✱ ❈❤✐♥❛ ✭❈❍❇✮✱ ●✉❥❛-❛/✐ ■♥❞✐❛♥+ ✐♥ ❍♦✉+/♦♥✱ ❚❡①❛+ ✭●■❍✮ ❛♥❞ ❯/❛❤ -❡+✲

✐❞❡♥/+ ✇✐/❤ ◆♦-/❤❡-♥ ❛♥❞ ❲❡+/❡-♥ ❊✉-♦♣❡❛♥ ❛♥❝❡+/-② ❢-♦♠ /❤❡ ❈❊S❍ ❝♦❧❧❡❝/✐♦♥ ✭❈❊❯✮✳

❙❝❡♥❛*✐♦ ✻✿ ❱❛*②✐♥❣ ♣*♦♣♦*&✐♦♥, ♦❢ ❝❛,❡,✴❝♦♥&*♦❧, ❚❤✐+ +❝❡♥❛-✐♦ ✉+❡+ /❤❡ +❛♠❡

♣♦♣✉❧❛/✐♦♥+ ❛+ +❝❡♥❛-✐♦ ✹ ❜✉/ ✇✐/❤ ❛ ✈❛-②✐♥❣ ♣-♦♣♦-/✐♦♥ ♦❢ ❝❛+❡+ ❜❡/✇❡❡♥ /❤❡ /✇♦ +✉❜✲

♣♦♣✉❧❛/✐♦♥+✳ ❚❤❡ ♣-♦♣♦-/✐♦♥ ♦❢ ❝♦♥/-♦❧+ ✐+ ✜①❡❞ ❛♥❞ ❡Z✉❛❧ ✐♥ /❤❡ /✇♦ ♣♦♣✉❧❛/✐♦♥+ ✇❤✐❧❡

/❤❡ ♣-♦♣♦-/✐♦♥ ♦❢ ❝❛+❡+ ✐+ /❛❦❡♥ ✇✐/❤ ❛ ✭ ✱ ✶ ✲  ✮ -❛/✐♦✱ ✇✐/❤  ✈❛-②✐♥❣✳ ❲❤❡♥ /❤✐+ ♣-♦✲

♣♦-/✐♦♥ ✐+ ♦❢ ✵ /❤❡♥ ❛❧❧ /❤❡ ❝❛+❡+ ❛-❡ ✐♥ /❤❡ ❈❊❯ ♣♦♣✉❧❛/✐♦♥ /❤❛/ ✐+ /❤❡ ❧❡++ ❛✛❡❝/❡❞ ❜②
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❖✉/ ❣♦❛❧ ✐%  ♦ ♦❜%❡/✈❡  ❤❡ ❜❡❤❛✈✐♦/ ♦❢  ❤❡ ♠❡ ❤♦❞% ✐♥ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡ ❞❡❣/❡❡ ♦❢ %❛♠♣❧✐♥❣

✐♠❜❛❧❛♥❝❡ ❛♥❞  ♦ ❧♦♦❦ ❛ ✇❤❡ ❤❡/  ❤❡②  ❡♥❞  ♦ ♣❡/❢♦/♠ ✇❡❧❧ ✐♥  ❤❡ ❡① /❡♠❡ ❝❛%❡ ✇❤❡/❡ ❛❧❧

 ❤❡ ❝❛%❡% ❝♦♠❡ ❢/♦♠ ♦♥❧② ♦♥❡ ♦❢  ❤❡ ♣♦♣✉❧❛ ✐♦♥%✳ ■♥  ❤✐% ❧❛  ❡/ ❝❛%❡✱ ✐ ✐% ❛❧%♦ ♦❢ ✐♥ ❡/❡% 

 ♦ ❞❡ ❡/♠✐♥❡ ✐❢  ❤❡ ❜❡% %♦❧✉ ✐♦♥  ♦ ❛❝❝♦✉♥ ❢♦/ ♣♦♣✉❧❛ ✐♦♥ % /❛ ✐✜❝❛ ✐♦♥ ✐% ♥♦  ♦ ❝♦♥%✐❞❡/

♦♥❧②  ❤❡ ❝♦❤♦/ ❝♦♠♣♦%❡❞ ♦❢ ❜♦ ❤ ❝❛%❡% ❛♥❞ ❝♦♥ /♦❧% ❜② ❡①❝❧✉❞✐♥❣  ❤❡ %❛♠♣❧❡%  ❤❛ ❛/❡ ♥♦ 

♠❛ ❝❤❡❞✳ ❚❤❡ ❛♥%✇❡/  ♦  ❤✐% ✐%%✉❡ ✐% ♣❛/ ✐❝✉❧❛/❧② ✉%❡❢✉❧ ❢♦/ ❧❛/❣❡ % ✉❞✐❡% ✇❤❡/❡ ❝♦♥ /♦❧%

✇✐ ❤ ❞✐✛❡/❡♥ ❛♥❝❡% /✐❡% ❛/❡ ✉%❡❞  ♦ ♠❛ ❝❤  ❤❡ ❣❡♥♦ ②♣❡❞ ❝❛%❡%✳

✷✳✹✳✺ ❈♦♠♣❛)✐+♦♥ +-)❛-❡❣②

❲❡ ✉%❡❞ ❛ % ❛ ✐% ✐❝❛❧ ❢/❛♠❡✇♦/❦  ♦ ❛♥❛❧②③❡  ❤❡ ♣♦ ❡♥ ✐❛❧ ♦❢  ❤❡ ♠❛✐♥ ❛♣♣/♦❛❝❤❡% ✐♥✈❡% ✐✲

❣❛ ❡❞  ❤❛ ❢♦❝✉%❡% ♦♥  ❤❡✐/ ❢❛❧%❡✲♣♦%✐ ✐✈❡ /❛ ❡% ❛♥❞ ♣♦✇❡/%✳

◆♦ ❡  ❤❛ ♣♦♣✉❧❛ ✐♦♥ % /❛ ✐✜❝❛ ✐♦♥ ✐% %❛✐❞  ♦ ❧❡❛❞  ♦ %♣✉/✐♦✉% ❛%%♦❝✐❛ ✐♦♥% ❜✉ ❛❧%♦  ♦

♠❛%❦  /✉❡ ❛%%♦❝✐❛ ✐♦♥%✳ ❚❤✐% %❡❝♦♥❞ ❡✛❡❝ ✐% ♠♦/❡  /✐❝❦②  ♦ ♦❜%❡/✈❡ ❜✉  ❤❡ % ❛ ✐% ✐❝❛❧

♣♦✇❡/ ❝❛♥ ❜❡ ✉%❡❢✉❧  ♦ ❞♦ %♦✳ ❆% ✐ ❝♦//❡%♣♦♥❞%  ♦  ❤❡ ♣/♦♣♦/ ✐♦♥ ♦❢ ❙◆J%  ❤❛ ❤❛✈❡ ❜❡❡♥

❞❡ ❡❝ ❡❞ ❛%%♦❝✐❛ ❡❞ ✇❤❡♥  ❤❡② ✇❡/❡✱ ❛ ❧♦%% ♦❢ ♣♦✇❡/ ❜❡ ✇❡❡♥ ❛ %✐ ✉❛ ✐♦♥ ✇✐ ❤ ♥♦ % /❛ ✐✜❝❛✲

 ✐♦♥ ❛♥❞ ❛ %✐ ✉❛ ✐♦♥ ✇✐ ❤ % /❛ ✐✜❝❛ ✐♦♥ ♠❡❛♥%  ❤❛ ❙◆J%  ❤❛ ✉%❡❞  ♦ ❜❡ ❝♦//❡❝ ❧② ❞❡ ❡❝ ❡❞

✐♥  ❤❡ ✜/% %✐ ✉❛ ✐♦♥ ❛/❡ ♥♦ ❧♦♥❣❡/ ✐♥  ❤❡ %❡❝♦♥❞✳ ❚❤✐% ❝♦//❡%♣♦♥❞%  ♦ ♠✐%%✐♥❣ ❛%%♦❝✐❛ ✐♦♥%✳

❇♦ ❤ ❢❛❧%❡✲♣♦%✐ ✐✈❡ /❛ ❡ ❛♥❞ ♣♦✇❡/ ❝❛♥ ❜❡ ❡①♣/❡%%❡❞ ✐♥ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡  ❡% % ❛ ✐% ✐❝✳

❍♦✇❡✈❡/  ❤❡ ❞✐% /✐❜✉ ✐♦♥ ♦❢  ❤✐% % ❛ ✐% ✐❝ ✐% ♥♦ ❛❧✇❛②% ♦❜✈✐♦✉% %♦ ✇❡ ♣/❡❢❡/ ✉%✐♥❣  ❤❡

♣✲✈❛❧✉❡% ✐♥% ❡❛❞✳ ❚❤✉%  ❤❡ ❢❛❧%❡✲♣♦%✐ ✐✈❡ /❛ ❡ ❜❡❝♦♠❡% PH0
(♣✲✈❛❧✉❡ 6 α) ❛♥❞  ❤❡ ♣♦✇❡/

PH1
(♣✲✈❛❧✉❡ 6 α)✳ ■♥ ♦✉/ %✐♠✉❧❛ ✐♦♥%✱ ❡❛❝❤ ❞❛ ❛%❡ ✐% %✐♠✉❧❛ ❡❞ ✇✐ ❤ ♦♥❡ ❞✐%❡❛%❡ %✉%❝❡♣✲

 ✐❜✐❧✐ ② ❧♦❝✉%✱ ❢♦/ ✇❤✐❝❤  ❤❡ ❞❡❣/❡❡ ♦❢ ❛%%♦❝✐❛ ✐♦♥ ✐% ❝♦♥ /♦❧❧❡❞✱ ❛♥❞ ✺✱✺✵✵ ❛❞❞✐ ✐♦♥❛❧ ❙◆J%

 ♦ ❛%%❡%%  ❤❡ ♣♦♣✉❧❛ ✐♦♥ % /✉❝ ✉/❡✳ ❇② ♣❧❛❝✐♥❣ ♦✉/%❡❧✈❡% ✉♥❞❡/  ❤❡ ♥✉❧❧ ❤②♣♦ ❤❡%✐%✱ ♦❢

♥♦ ❛%%♦❝✐❛ ✐♦♥✱  ❤❡♥ ✉♥❞❡/  ❤❡ ❛❧ ❡/♥❛ ✐✈❡ ❤②♣♦ ❤❡%✐%✱ ♦❢ ❛%%♦❝✐❛ ✐♦♥✱ ✇❡ ❝❛♥ /❡%♣❡❝ ✐✈❡❧②

❛%%❡%% ❜♦ ❤ ❢❛❧%❡✲♣♦%✐ ✐✈❡ /❛ ❡ ❛♥❞ ♣♦✇❡/ ♦❢  ❤❡ ♠❡ ❤♦❞%✳ ❚♦ ❞♦ %♦✱ ✇❡ ✉%❡ ❛ ▼♦♥ ❡✲❈❛/❧♦

♠❡ ❤♦❞ ❛♥❞ ❛%%❡%%  ❤❡ %❛♠❡ N✉❛♥ ✐ ②

#
(

{p−valuei 6 α, i = 1 . . . B}
)

B
,

✇❤❡/❡ #() /❡♣/❡%❡♥ %  ❤❡ ❝❛/❞✐♥❛❧ ❢✉♥❝ ✐♦♥✱ ♠❡❛♥✐♥❣  ❤❛ ✇❡ ❝♦✉♥  ❤❡ ♥✉♠❜❡/ ♦❢ p✲✈❛❧✉❡%
✐♥❢❡/✐♦/ ♦/ ❡N✉❛❧  ♦ α✱ ❛♥❞ ❇  ❤❡ ♥✉♠❜❡/ ♦❢ %✐♠✉❧❛ ❡❞ ❞❛ ❛%❡ %✳

❆❧❧  ❤❡ ❉❙▲% %✐♠✉❧❛ ❡❞✱ ✇❤❡ ❤❡/ ✐ ✐% ✉♥❞❡/  ❤❡ ♥✉❧❧ ❤②♣♦ ❤❡%✐% ♦/  ❤❡ ❛❧ ❡/♥❛ ✐✈❡✱

❛/❡ ❞✐✛❡/❡♥ ✐❛ ❡❞ ❜❡ ✇❡❡♥  ❤❡ %✉❜✲♣♦♣✉❧❛ ✐♦♥%✳ ❚❤✐% ✐♠♣❧✐❡%  ❤❛ ❢♦/ ❛❧❧  ❤❡ ♣♦♣✉❧❛ ✐♦♥

% /✉❝ ✉/❡ %❝❡♥❛/✐♦% ❝♦♥%✐❞❡/❡❞✱ ♦♥❡ ❉❙▲ ✐% %✐♠✉❧❛ ❡❞ ♣❡/ %✉❜✲♣♦♣✉❧❛ ✐♦♥✳ ❚❤❡%❡ ❉❙▲ ❛/❡

❡①❝❧✉❞❡❞ ♦❢  ❤❡ ♠❛ ✐♥❣ ♣/♦❝❡%%  ❤❡ ♣♦♣✉❧❛ ✐♦♥% ❛/❡  ❤❡♥ %✉❜♠✐  ❡❞  ♦ ✐♥ ♦/❞❡/  ♦ /❡❛❝❤



✷✳✹ ❈♦♠♣❛(✐*♦♥ ♦❢ ❞✐✛❡(❡♥0 ❛♣♣(♦❛❝❤❡* ✻✸

 ❤❡ ❞❡$✐&❡❞  ②♣❡ ♦❢ $ &✉❝ ✉&❡✳ ❚❤❛ ✇❛②✱  ❤❡ ♣&♦♣❡& ✐❡$ ♦❢  ❤❡ ❉❙▲$✱ $✉❝❤ ❛$  ❤❡ &❡❧❛ ✐✈❡

&✐$❦✱ ❛&❡ ❝♦♥$❡&✈❡❞ ✇❤❛ ❡✈❡& ♣♦♣✉❧❛ ✐♦♥ $ &✉❝ ✉&❡ ✐$ $✐♠✉❧❛ ❡❞ ✭❚❛❜❧❡ ✷✳✻✮✳

◆♦ ❡  ❤❛ ♦♥❧② ♠❡ ❤♦❞$ ✇✐ ❤ ❡=✉✐✈❛❧❡♥ ❢❛❧$❡✲♣♦$✐ ✐✈❡ &❛ ❡ ❝❛♥ ❜❡ ❝♦♠♣❛&❡❞ ✐♥  ❡&♠

♦❢ ♣♦✇❡&✳ ❚❤✐$ ✐♠♣❧✐❡$  ❤❛ ❛ ♠❡ ❤♦❞ ✇✐ ❤ ❤✐❣❤ ♣♦✇❡& ✐$ ♥♦ ❜❡  ❡&  ❤❛♥ ♦♥❡ ✇✐ ❤ ❧♦✇

♣♦✇❡& ✐❢  ❤❡ ✜&$ ♦♥❡ ❞✐❞ ♥♦ ♠❛✐♥ ❛✐♥ ❛ ❝♦&&❡❝ ❢❛❧$❡✲♣♦$✐ ✐✈❡ &❛ ❡✳

❲❡ $✐♠✉❧❛ ❡❞ ❞❛ ❛ ❢♦& $❡✈❡&❛❧ ❉❙▲ &❡❧❛ ✐✈❡ &✐$❦$ &❛♥❣✐♥❣ ❢&♦♠ ✶ ✭♥♦ ❛$$♦❝✐❛ ✐♦♥✮  ♦ ✷✳✺

✭$ &♦♥❣ ❛$$♦❝✐❛ ✐♦♥✮✳ ❋♦& ❡❛❝❤ &❡❧❛ ✐✈❡ &✐$❦ ❛ ♥✉♠❜❡& ♦❢ ❇ ❂ ✷✱✵✵✵ ❞❛ ❛$❡ $ ✇❡&❡ $✐♠✉❧❛ ❡❞

 ♦ ❣❡ ❛♥ ❛❝❝✉&❛ ❡ ❡$ ✐♠❛ ✐♦♥ ♦❢  ❤❡ $ ❛ ✐$ ✐❝❛❧ =✉❛❧✐ ② ✐♥❞✐❝❛ ♦&$✳ ❲❡ ❣❡♥✉✐♥❡❧② ❡$ ✐♠❛ ❡❞

 ❤❡ ✐♥❞✐❝❛ ♦&$ ✇✐ ❤  ❤✐$ ♣&♦❝❡$$ ❛$ ✇❡ ❝♦♥ &♦❧❧❡❞  ❤❡ ❞❡❣&❡❡ ♦❢ ❛$$♦❝✐❛ ✐♦♥  ❤&♦✉❣❤  ❤❡

$✐♠✉❧❛ ✐♦♥ ♠♦❞❡❧✳ ◆♦ ❡  ❤❛  ❤❡&❡ ✐$ ❛♥ ❡=✉✐✈❛❧❡♥❝❡ ❜❡ ✇❡❡♥  ❤❡ ❢❛❧$❡✲♣♦$✐ ✐✈❡ &❛ ❡ ❛♥❞

 ❤❡ ♣♦✇❡& ✇❤❡♥  ❤❡ &❡❧❛ ✐✈❡ &✐$❦ ✐$ ♦❢ ✶✳ ❆ ❧❡✈❡❧ α = 5% ✇❛$ ❝❤♦$❡♥ ❢♦& ❛❧❧  ❤❡  ❡$ $✳ ❉❛ ❛

$✐♠✉❧❛ ✐♦♥$ ❛♥❞ ❝♦♠♣❛&✐$♦♥ ♦❢  ❤❡ $ &❛ ❡❣✐❡$ ✇❡&❡ ♣❡&❢♦&♠❡❞ ✉$✐♥❣  ❤❡ $♦❢ ✇❛&❡ ❘

✽

✳

✷✳✹✳✻ ❘❡&✉❧)&

❚❤❡ &❡$✉❧ $ ♦❢  ❤❡ ❝♦♠♣❛&✐$♦♥ ❛&❡ ♣&❡$❡♥ ❡❞ ✐♥  ❤✐$ $❡❝ ✐♦♥ ❢♦& ❡❛❝❤ $❝❡♥❛&✐♦ ✭❋✐❣✉(❡*

✷✳✹ 0♦ ✷✳✶✶✮✳ ❚❛❜❧❡ ✷✳✼ $✉♠♠❛&✐③❡$  ❤❡ ❡$ ✐♠❛ ✐♦♥$ ♦❢ λ ❢♦&  ❤❡ ❞✐✛❡&❡♥ $❝❡♥❛&✐♦$✳

❚❤❡$❡ ❡$ ✐♠❛ ✐♦♥$ ✇❡&❡ ❝♦♥❞✉❝ ❡❞ ✉$✐♥❣  ❤❡ ●❡♥♦♠✐❝ ❝♦♥ &♦❧ ❜❛$❡❞ ♦♥  ❤❡ ♠❡❞✐❛♥ ♦❢  ❤❡

❆&♠✐ ❛❣❡ ❚&❡♥❞  ❡$ $ ❛ ✐$ ✐❝$✳

❙❝❡♥❛(✐♦ λ
❙❝❡♥❛&✐♦ ✶ ✶✳✵✵✷

❙❝❡♥❛&✐♦ ✷ ✶✳✵✵✾

❙❝❡♥❛&✐♦ ✸ ✶✳✵✻✺

❙❝❡♥❛&✐♦ ✹ ✷✳✼✶✶

❙❝❡♥❛&✐♦ ✺ ✾✳✺✼✶

❚❛❜❧❡ ✷✳✼✿ ❊*0✐♠❛0❡❞ λ ❢♦( 0❤❡ ❞✐✛❡(❡♥0 *❝❡♥❛(✐♦*✳ ❈❧❛$$✐❝❛❧ ●❡♥♦♠✐❝ ❝♦♥ &♦❧ ✇❛$

✉$❡❞  ♦ ❝♦♥❞✉❝  ❤❡$❡ ❡$ ✐♠❛ ✐♦♥$✳

❙❝❡♥❛(✐♦ ✶✿ ❖♥❡ ❤♦♠♦❣❡♥❡♦✉* ♣♦♣✉❧❛0✐♦♥

■♥  ❤❡ ✜&$ $❝❡♥❛&✐♦✱ ✇✐ ❤ ❛♥ ✉♥$ &✉❝ ✉&❡❞ ♣♦♣✉❧❛ ✐♦♥✱  ❤❡ ❡$ ✐♠❛ ✐♦♥ ♦❢ λ ✇❛$ ✶✳✵✵✷ ❝♦♥✲
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Evolution of the Variance Inflation Factor
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♠♦❞❡❧- ❛--✉♠❡ #❤❛# #❤❡ ❍❛.❞②✲❲❡✐♥❜❡.❣ ❡M✉✐❧✐❜.✐✉♠ ✐- ✐♥ ❡✛❡❝# ✐♥ #❤❡ ❡-#✐♠❛#❡❞ -✉❜✲

♣♦♣✉❧❛#✐♦♥-✳ ❚❤❡ ♦#❤❡. ❛--✉♠♣#✐♦♥- ♦♥ #❤❡ ❞❛#❛ ❝♦♥❝❡.♥ #❤❡ ❞✐-#.✐❜✉#✐♦♥- ♦❢ #❤❡ ❞✐✛❡.❡♥#

♣❛.❛♠❡#❡.- ✐♥❞✐❝❛#❡❞ ❤❡.❡❛❢#❡.✳

❚❤❡ ♠♦❞❡❧ ✇✐,❤♦✉, ❛❞♠✐①,✉%❡

▲❡# K ❜❡ #❤❡ ♥✉♠❜❡. ♦❢ -✉❜✲♣♦♣✉❧❛#✐♦♥- ❢.♦♠ ✇❤✐❝❤ ✇❡.❡ -❛♠♣❧❡❞ #❤❡ n ✐♥❞✐✈✐❞✉❛❧-✱ Z =
(Z1, ..., Zn) #❤❡ ✉♥❦♥♦✇♥ ✈❡❝#♦. ♦❢ ♣♦♣✉❧❛#✐♦♥ ❧❛❜❡❧- ❛♥❞ P = (pkjl)16k6K

16j6p
16l62

#❤❡ ❢.❡M✉❡♥❝②

♦❢ ❛❧❧❡❧❡ l ❛# ❧♦❝✉- j ✐♥ ♣♦♣✉❧❛#✐♦♥ k✳ X .❡♣.❡-❡♥#- ❤❡.❡ #❤❡ ❣❡♥♦#②♣❡ ♠❛#.✐① ♦❢ ❜✐✲❛❧❧❡❧✐❝

✉♥❧✐♥❦❡❞ ♠❛.❦❡.-✳

❇❛②❡-✐❛♥ ✐♥❢❡.❡♥❝❡ ✐- ✉-❡❞ #♦ ♦❜#❛✐♥ #❤❡ ❞✐-#.✐❜✉#✐♦♥ ♦❢ Pr(Z, P | X)✳ ❚❤✐- ✐- ❞♦♥❡ ✉-✐♥❣
#❤❡ ♣♦-#❡.✐♦. ❞✐-#.✐❜✉#✐♦♥

Pr(Z, P | X) ∝ Pr(Z)Pr(P )Pr(X | Z, P ),

✇❤❡.❡ ❛♥ ✉♥✐❢♦.♠ ♣.✐♦. ✐- ❝❤♦-❡♥ ❢♦. Z ❛♥❞ ❛ ❉✐.✐❝❤❧❡# ♣.✐♦. ❢♦. P

∀ i = 1 . . . n, ∀ k = 1 . . . K, P (Zi = k) = 1/K,

∀ k = 1 . . . K, ∀ j = 1 . . . p, ∀ l = 1 . . . 2, pkjl ∼ D(λ1, λ2),



✽✻ ✸✳ ■♥❢❡(❡♥❝❡ ♦❢ +♦♣✉❧❛0✐♦♥ ❙0(✉❝0✉(❡

❛♥❞ Pr(X | Z, P ) ✐$ ❣✐✈❡♥ ❜②

∀ i = 1 . . . n, j = 1 . . . p, ∀ l = 1 . . . 2, P r(x
(a)
ij = l | Z, P ) ✐$ ❞❡✜♥❡❞ ❜② pzijl,

✇❤❡-❡ x
(a)
ij ✐$ .❤❡ ❝♦♣② ♦❢ ❛❧❧❡❧❡ a ❢♦- $❛♠♣❧❡ i ❛. ❧♦❝✉$ j✳

❚❤❡ ♣♦$.❡-✐♦- ❞✐$.-✐❜✉.✐♦♥ Pr(Z, P | X) ❝❛♥♥♦. ❜❡ ❝♦♠♣✉.❡❞ ❡①❛❝.❧② ❜✉. ♦❜$❡-✈❛.✐♦♥$

(Z(1), P (1))✱ . . .✱ (Z(M), P (M)) ❝❛♥ ❜❡ ❛♣♣-♦①✐♠❛.❡❞ ✉$✐♥❣ ▼❛-❦♦✈ ❈❤❛✐♥ ▼♦♥.❡ ❈❛-❧♦

✭▼❈▼❈✮ ❡$.✐♠❛.✐♦♥$✳

❚❤❡ ♠♦❞❡❧ ✇✐0❤ ❛❞♠✐①0✉(❡

❚♦ ❛❝❝♦✉♥. ❢♦- ❛❞♠✐①.✉-❡✱ ❛ ♥❡✇ ♣❛-❛♠❡.❡- ✐$ ✐♥.-♦❞✉❝❡❞ ✐♥ .❤❡ ♠♦❞❡❧✳ ❚❤❡ ♣❛-❛♠❡.❡-

Q = (qik) 16i6n
16k6K

-❡♣-❡$❡♥.$ .❤❡ ♣-♦♣♦-.✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i✬$ ❣❡♥♦♠❡ .❤❛. ♦-✐❣✐♥❛.❡❞ ❢-♦♠

♣♦♣✉❧❛.✐♦♥ k✳ ❋♦- ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧✱ .❤✐$ ♣❛-❛♠❡.❡- ❢♦❧❧♦✇$ ❛ ❉✐-✐❝❤❧❡. ♣-✐♦- ❞✐$.-✐❜✉.✐♦♥ ❛$

✇❡❧❧✳ ❚❤❡ B✉❛♥.✐.② .❤❛. ✐$ ❡$.✐♠❛.❡❞ ✇✐.❤ ▼❈▼❈ $✐♠✉❧❛.✐♦♥$ ❛-❡ .❤❡♥ (Z(1), P (1), Q(1))✱
. . .✱ (Z(M), P (M), Q(M))✳

❊:0✐♠❛0✐♦♥ ♦❢ 0❤❡ ♥✉♠❜❡( ♦❢ ❝❧✉:0❡(:

❚❤❡ .✇♦ ♠♦❞❡❧$ ♣-❡✈✐♦✉$❧② ✐♥.-♦❞✉❝❡❞ ❛❧❧♦✇ ♦♥❡ .♦ ❡$.✐♠❛.❡ .❤❡ ♣♦♣✉❧❛.✐♦♥$ ♦❢ ♦-✐❣✐♥ ♦❢

.❤❡ ✐♥❞✐✈✐❞✉❛❧$ ✐♥ .❤❡ ❝❛$❡ ♦❢ ❛ ❦♥♦✇♥ ♥✉♠❜❡- ♦❢ ♣♦♣✉❧❛.✐♦♥$ K✳ ■♥ ♣-❛❝.✐❝❡✱ .❤✐$ ♥✉♠❜❡-

✐$ ✉♥❦♥♦✇♥ ❛♥❞ ❤❛$ .♦ ❜❡ ❡$.✐♠❛.❡❞✳ D-✐.❝❤❛-❞ ❡. ❛❧✳ ♣-♦♣♦$❡ ❛ ✇❛② ♦❢ ❡$.✐♠❛.✐♥❣ K
✉$✐♥❣ ❛ ❇❛②❡$✐❛♥ ❛♣♣-♦❛❝❤✱ .❤❡-❡❢♦-❡ .❤❡ ♣♦$.❡-✐♦- ❞✐$.-✐❜✉.✐♦♥

Pr(K | X) ∝ Pr(X | K)Pr(K).

D-♦❜❧❡♠$ ❛-✐$❡ .♦ ❝♦♠♣✉.❡ Pr(X | K) -❡❛$♦♥ ✇❤② .❤❡② ❛❧$♦ ♣-♦♣♦$❡ ❛♥ ❤❛❞ ♦❝ $♦❧✉.✐♦♥

.❤❛. ✐$ $❡❧❡❝.✐♥❣ .❤❡ ♥✉♠❜❡- ♦❢ ❝❧✉$.❡-$ K ♠❛①✐♠✐③✐♥❣ ❛♥ ❡$.✐♠❛.✐♦♥ ♦❢ log(Pr(X|K))✳
❚❤✐$ ✐♥❢♦-♠❛.✐♦♥ ✐$ ❣✐✈❡♥ ✐♥ .❤❡ ♦✉.♣✉. ♦❢ .❤❡ ♣-♦❣-❛♠ ❛❧♦♥❣ ✇✐.❤ .❤❡ ❛❞♠✐①.✉-❡ ♣-♦♣♦-✲

.✐♦♥$ ♦- .❤❡ ♣♦♣✉❧❛.✐♦♥ ❧❛❜❡❧$✳

❊①0❡♥:✐♦♥ ♦❢ 0❤❡ ✐♥✐0✐❛❧ :♦❢0✇❛(❡

❙❡✈❡-❛❧ ❡①.❡♥$✐♦♥$ ♦❢ .❤❡ ♦-✐❣✐♥❛❧ ✈❡-$✐♦♥ ♦❢ ❙!"✉❝!✉"❡ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡② ✐♥❝❧✉❞❡

❛ ♥♦✈❡❧ ♠♦❞❡❧✱ ❝❛❧❧❡❞ ❧✐♥❦❛❣❡ ♠♦❞❡❧✱ ❛❧❧♦✇✐♥❣ ♠❛-❦❡-$ .♦ ❜❡ ✐♥ ❧✐♥❦❛❣❡ ❞✐$❡B✉✐❧✐❜-✐✉♠✳

❆❧$♦ .❤❡② ♣-♦♣♦$❡ .❤❡ F ✲♠♦❞❡❧ .❤❛. ❛$$✉♠❡$ .❤❛. ❞✐✛❡-❡♥. ♣-✐♦- ❞✐$.-✐❜✉.✐♦♥$ ❢♦- .❤❡

❛❧❧❡❧❡ ❢-❡B✉❡♥❝✐❡$ ❛-❡ ♣♦$$✐❜❧❡ .♦ ❛❝❝♦✉♥. ❢♦- .❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ .❤❡ ❢-❡B✉❡♥❝✐❡$ ❜❡.✇❡❡♥

♣♦♣✉❧❛.✐♦♥ ✭❋❛❧✉$❤ ❡. ❛❧✳ ✷✵✵✸✮✳

❆♥♦.❤❡- ❡①.❡♥$✐♦♥ ♦❢ .❤❡ ❛❧❣♦-✐.❤♠ ✇❛$ ❛❧$♦ ❞❡$✐❣♥❡❞ .♦ ❝♦♥$✐❞❡- ❛ $♣❡❝✐❛❧ .②♣❡ ♦❢

♠❛-❦❡-$✱ .❤❡ ❞♦♠✐♥❛♥. ♠❛-❦❡-$ ✭❋❛❧✉$❤ ❡. ❛❧✳ ✷✵✵✼✮✳

❋✐♥❛❧❧②✱ .❤❡ ❧❛$. ❛❞❞✐.✐♦♥ .♦ .❤❡ ♦-✐❣✐♥❛❧ ♠❡.❤♦❞ ✐♥❝❧✉❞❡$ ✐♥❢♦-♠❛.✐♦♥ ❛❜♦✉. .❤❡ $❛♠✲

♣❧✐♥❣ ❧♦❝❛.✐♦♥ ♦❢ .❤❡ ✐♥❞✐✈✐❞✉❛❧$ ✇❤❡♥ ✐. ✐$ ❛✈❛✐❧❛❜❧❡ ❛♥❞ ✐♥❢♦-♠❛.✐✈❡ ✭❍✉❜✐$③ ❡. ❛❧✳ ✷✵✵✾✮✳



✸✳✷ ❆♣♣%♦❛❝❤❡+ ,♦ ✐♥❢❡% ♣♦♣✉❧❛,✐♦♥ +,%✉❝,✉%❡ ✽✼

❆❞✈❛♥,❛❣❡+ ❛♥❞ ❧✐♠✐,❛,✐♦♥+

❚❤❡ ❛❞✈❛♥'❛❣❡) ♦❢ '❤❡ ♠❡'❤♦❞ ♣.♦♣♦)❡❞ ❜② 1.✐'❝❤❛.❞ ❡' ❛❧ ❛.❡ '❤❛' ✐' ♣.♦✈✐❞❡) .❛'❤❡.

.❡❧✐❛❜❧❡ ❡)'✐♠❛'✐♦♥) ♦❢ '❤❡ ♣♦♣✉❧❛'✐♦♥ ♦❢ ♦.✐❣✐♥✳ ■' ❛❧)♦ ❛❧❧♦✇) ❢♦. ❛❞♠✐①'✉.❡ ✐♥ ❛ ✇❛② '❤❛'

❝❛♥ ❜❡ ✉)❡❢✉❧ '♦ ❛❝❝♦✉♥' ❢♦. ❝.②♣'✐❝ ♣♦♣✉❧❛'✐♦♥ )'.✉❝'✉.❡✳ ❲❡ ♣.❡)❡♥'❡❞ '❤❡ ❛❧❣♦.✐'❤♠ ❢♦.

❜✐✲❛❧❧❡❧✐❝ ♠❛.❦❡.)✱ ❤♦✇❡✈❡. ✐' ❝❛♥ ❜❡ ✉)❡ ✇✐'❤ ♠❛.❦❡.) ❤❛✈✐♥❣ ♠♦.❡ '❤❛♥ '✇♦ ❛❧❧❡❧❡)✳

❚❤❡ ♠❛❥♦.) ❞.❛✇❜❛❝❦) ♦❢ '❤✐) ♠❡'❤♦❞ ❛.❡ '❤❡ ❝♦♠♣✉'❛'✐♦♥❛❧ '✐♠❡ ❛♥❞ '❤❡ .❡❧✐❛❜✐❧✐'②

♦❢ '❤❡ ♥✉♠❜❡. ♦❢ ❡)'✐♠❛'❡❞ ♣♦♣✉❧❛'✐♦♥) ✭K✮✳ ❚❤❡ ▼❈▼❈ .✉♥) ♦❢ '❤❡ ❛❧❣♦.✐'❤♠ ❛.❡ .❛'❤❡.

❧♦♥❣ '♦ ❝♦♠♣✉'❡ ✇❤✐❝❤ ♠❛❦❡) ✐' ❞✐✣❝✉❧' '♦ ❛♣♣❧② ❙!"✉❝!✉"❡ ♦♥ ❧❛.❣❡ ❞❛'❛)❡')✳

❚❤❡ ♣.♦❜❧❡♠ ♦❢ '❤❡ ♥✉♠❜❡. ♦❢ ♣♦♣✉❧❛'✐♦♥ ✐) ❛ ♠♦.❡ ❞❡❧✐❝❛'❡ ♦♥❡✳ ❖♥❡ ❤❛) '♦ ❦❡❡♣ ✐♥ ♠✐♥❞

'❤❛' '❤❡ ❝❧✉)'❡.) ❡)'✐♠❛'❡❞ ❜② ❙!"✉❝!✉"❡ ♠❛② ♥♦' .❡♣.❡)❡♥' '❤❡ .❡❛❧ )✉❜✲♣♦♣✉❧❛'✐♦♥) ❜✉'

❤②♣♦'❤❡'✐❝❛❧ ❛♥❝❡)'.❛❧ ♣♦♣✉❧❛'✐♦♥)✳ ❘❡❝❡♥' ❛❧❣♦.✐'❤♠) )✉❝❤ ❛) ❙'.✉❝'✉.❛♠❛ ✭❍✉❡❧)❡♥❜❡❝❦

❛♥❞ ❆♥❞♦❧❢❛''♦ ✷✵✵✼✮ ❛❧❧♦✇ ❛ ❜❡''❡. ❡)'✐♠❛'✐♦♥ ♦❢ K ❛♥❞ ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐'❤ '❤❡ ❝❧✉)✲

'❡.✐♥❣) ❡)'✐♠❛'❡❞ ❜② '❤❡ ♣.♦❣.❛♠ '♦ ♣.♦✈✐❞❡ ♠♦.❡ ❛❝❝✉.❛'❡ ❡)'✐♠❛'✐♦♥) ♦❢ '❤❡ ♣♦♣✉❧❛'✐♦♥

❛♥❝❡)'.✐❡)✳
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∑

i,j

{xijlog
(

K
∑

k=1

qikpkj1
)

+ (2− xij)log
(

K
∑

k=1

qik(1− pkj1)
)

}.
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


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2 ✐❢ ♥♦ ❝♦♠♠♦♥ ❛❧❧❡❧❡
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✹✳ ❊$&✐♠❛&✐♦♥ ♦❢ &❤❡ ♦♣&✐♠❛❧ ♥✉♠❜❡# ♦❢ ❝❧✉$&❡#$ K &♦ ❞❡&❡#♠✐♥❡ ✇❤✐❝❤ ❝❧✉$&❡#$ ♦❢ &❤❡
&#❡❡ ❛#❡ &❤❡ ✜♥❛❧ ♦♥❡$ ✭❋✐❣✉+❡ ✸✳✷✲❈✮✳

✸✳✸✳✷ ❙✐♠✐❧❛.✐0② ♠❛0.✐①

❙❍■#❙ ✐$ ❜❛$❡❞ ♦♥ ❛ $♣❡❝&#❛❧ ❝❧✉$&❡#✐♥❣ ❛❧❣♦#✐&❤♠✳ ❆ $✐♠✐❧❛#✐&② ♠❛&#✐① ✐$ &❤❡#❡❢♦#❡ ♥❡❝❡$✲

$❛#② &♦ ❛♣♣❧② &❤✐$ ❝❧✉$&❡#✐♥❣ ♠❡&❤♦❞✳ ❲❡ ❞❡❝✐❞❡❞ &♦ ❝♦♥$✐❞❡# ❛ $✐♠✐❧❛#✐&② ♠❛&#✐① ❜❛$❡❞
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i i + 1 i + 2

l i j

si,j(l) =











2

1

0

.



✸✳✸ ❙❍■%❙✿ ❙♣❡❝*+❛❧ ❍✐❡+❛+❝❤✐❝❛❧ ❝❧✉1*❡+✐♥❣ ❢♦+ *❤❡ ■♥❢❡+❡♥❝❡ ♦❢ %♦♣✉❧❛*✐♦♥

❙*+✉❝*✉+❡ ✾✸

❚❤❡ #♦#❛❧ '✐♠✐❧❛*✐#② ❜❡#✇❡❡♥ '❛♠♣❧❡' i ❛♥❞ j ✐'

si,j =

p
∑

l=1

si,j(l) =

p
∑

l=1

(2− |xil − xjl|),

✇❤❡#❡ xil✱ xjl ❛#❡ &❤❡ '❛♠♣❧❡ ❣❡♥♦&②♣❡' ❝♦❞❡❞ ✵✱ ✶ ♦# ✷ ❛❝❝♦#❞✐♥❣ &♦ &❤❡ ♥✉♠❜❡# ♦❢

#❡❢❡#❡♥❝❡ ❛❧❧❡❧❡' ♣#❡'❡♥& ❛& &❤❡ ❧♦❝✉' l✳ ❚❤❡ ✜♥❛❧ ♠❛&#✐① S❂(si,j)16i6n
16j6n

✐' ❛ '=✉❛#❡❞ ♠❛&#✐①

♦❢ ❞✐♠❡♥'✐♦♥ n× n✱ n ❜❡✐♥❣ &❤❡ ♥✉♠❜❡# ♦❢ ✐♥❞✐✈✐❞✉❛❧'✳
❖♥❡ ❤❛' &♦ ♥♦&❡ &❤❛& ❛♥② ♣❛✐#✇✐'❡ '✐♠✐❧❛#✐&② ♠❛&#✐① ❝♦✉❧❞ ❜❡ ✉'❡❞ ✐♥ &❤❡ ❛❧❣♦#✐&❤♠

✐♥'&❡❛❞ ♦❢ &❤❡ ♦♥❡ ♣#❡'❡♥&❡❞ ❤❡#❡✳ ❊①❛♠♣❧❡' ♦❢ '✉❝❤ ♠❛&#✐❝❡'✱ ❜❛'❡❞ ❢♦# ✐♥'&❛♥❝❡ ♦♥ ❤❛♣✲

❧♦&②♣❡' ✐♥'&❡❛❞ ♦❢ ❣❡♥♦&②♣❡'✱ ❛#❡ ♣#❡'❡♥&❡❞ ✐♥ ✭▲✐ ❛♥❞ ❨✉ ✷✵✵✽✱ ❇#♦✇♥✐♥❣ ❛♥❞ ❇#♦✇♥✐♥❣

✷✵✶✵✱ ▲❛✇'♦♥ ❡& ❛❧✳ ✷✵✶✷✱ ▲❛✇'♦♥ ❛♥❞ ❋❛❧✉'❤ ✷✵✶✷✮✳ ❲❡ ❞❡❝✐❞❡❞ &❤❡ ❝❤♦✐❝❡ ♦❢ &❤✐' '✐♠✲

✐❧❛#✐&② ♠❡❛'✉#❡ ❛' ✐& ✐' ❢❛'& &♦ ❝♦♠♣✉&❡ ❛♥❞ ✐& ❧❡❞ &♦ ❤✐❣❤ ❡♠♣✐#✐❝❛❧ ♣❡#❢♦#♠❛♥❝❡' ♦❢ &❤❡

❛❧❣♦#✐&❤♠✳

✸✳✸✳✸ ❈#❡❛&✐♦♥ ♦❢ ❛ ❜✐♥❛#② &#❡❡ ✇✐&❤ /✉❝❝❡//✐✈❡ /♣❡❝&#❛❧ ❝❧✉/&❡#✐♥❣

❛❧❣♦#✐&❤♠/

❚❤❡ ❜✐♥❛#② &#❡❡ ♣#♦❞✉❝❡❞ ❜② ❙❍■#❙ ✐' ♦❜&❛✐♥❡❞ ❜② '✉❝❝❡''✐✈❡❧② ❞✐✈✐❞✐♥❣ ❡❛❝❤ ♣♦♣✉❧❛&✐♦♥

✐♥ &✇♦ '✉❜✲♣♦♣✉❧❛&✐♦♥' ✉'✐♥❣ ❛ '♣❡❝&#❛❧ ❝❧✉'&❡#✐♥❣ ❛❧❣♦#✐&❤♠✳ ❙♣❡❝&#❛❧ ❝❧✉'&❡#✐♥❣ ♠❡&❤♦❞'

❝❧✉'&❡# ♣♦✐♥&' ✉'✐♥❣ ❡✐❣❡♥✈❡❝&♦#' ♦❢ ♠❛&#✐❝❡' ❞❡#✐✈❡❞ ❢#♦♠ &❤❡ ✐♥✐&✐❛❧ ❞❛&❛✳ ❲❡ ❞❡❝✐❞❡❞ &♦

✉'❡ &❤❡ ✈❡#'✐♦♥ ♦❢ &❤✐' ♠❡&❤♦❞ ♣#♦♣♦'❡❞ ❜② ◆❣ ❡& ❛❧✳ ✭◆❣ ❡& ❛❧✳ ✷✵✵✶✱ ▲✉①❜✉#❣ ✷✵✵✼✮ &❤❛&

✐' &❤❡ ♥♦#♠❛❧✐③❡❞ '♣❡❝&#❛❧ ❝❧✉'&❡#✐♥❣ ❞❡'❝#✐❜❡❞ ✐♥ &❤❡ &❤#❡❡ ❢♦❧❧♦✇✐♥❣ '&❡♣'✳

❋✐#'&✱ &❤❡ '✐♠✐❧❛#✐&② ♠❛&#✐① S ❝♦♠♣✉&❡❞ ✐♥ &❤❡ ♣#❡✈✐♦✉' '❡❝&✐♦♥ ✐' &#❛♥'❢♦#♠❡❞ ✐♥&♦ ✐&'
♥♦#♠❛❧✐③❡❞ ❧❛♣❧❛❝✐❛♥ L ✇✐&❤

L = I −D−1/2WD−1/2,

✇❤❡#❡ W = S − diag(S)✱ I ✐' &❤❡ ✐❞❡♥&✐&② ♠❛&#✐①

❛♥❞ D ✐' ❛ ❞✐❛❣♦♥❛❧ ❞❡❣#❡❡ ♠❛&#✐① '✉❝❤ ❛' ❡❛❝❤ ❞✐❛❣♦♥❛❧ &❡#♠ di =
n

∑

j=1

wij.

■♥ ❛ '❡❝♦♥❞ '&❡♣✱ ❛ '✐♥❣✉❧❛# ✈❡❝&♦# ❞❡❝♦♠♣♦'✐&✐♦♥ ♦❢ &❤❡ ❧❛♣❧❛❝✐❛♥ L ❂ UΛU ′ ✐' ❝♦♠✲
♣✉&❡❞ ❛♥❞ &❤❡ m ✜#'& ❡✐❣❡♥✈❡❝&♦#' ✭U1✱. . .✱ Um✮ ❛#❡ ♥♦#♠❛❧✐③❡❞ &♦ ❣❡& ♥❡✇ ✈❡❝&♦#' ✭T1✱. . .✱
Tm✮✱ ✇✐&❤ ♥♦#♠' ♦❢ ✶✱ ❞❡✜♥❡❞ ❜②

Ti =
Ui

√
∑m

i=1 U
2
i

.

❚❤❡'❡ ✈❡❝&♦#' ❛#❡ ✉'❡❞ &♦ ❝❧✉'&❡# &❤❡ ♣♦✐♥&'✱ ✐✳❡✳ ❞✐✈✐❞❡ ❛ ♣♦♣✉❧❛&✐♦♥ ✐♥ &✇♦ '✉❜✲♣♦♣✉❧❛&✐♦♥'✳

◆♦&❡ &❤❛& m #❡♣#❡'❡♥&' ❤❡#❡ &❤❡ ♥✉♠❜❡# ♦❢ ❞❡'✐#❡❞ ❝❧✉'&❡#' '♦ m = 2 ✐♥ &❤❡ ❝❛'❡ ♦❢ &❤❡



✾✹ ✸✳ ■♥❢❡(❡♥❝❡ ♦❢ +♦♣✉❧❛0✐♦♥ ❙0(✉❝0✉(❡

❙❍■#❙ ❛❧❣♦$✐&❤♠✳

■♥ ❛ &❤✐$❞ -&❡♣✱ ❛ ❝❧✉-&❡$✐♥❣ ❛❧❣♦$✐&❤♠ ✐- ❛♣♣❧✐❡❞ &♦ &❤❡ ♥❡✇ ✈❡❝&♦$- (T1, T2) &♦ ❝$❡❛&❡

&❤❡ &✇♦ -✉❜✲♣♦♣✉❧❛&✐♦♥-✳ ❲❡ ❞❡❝✐❞❡❞ &♦ ✉-❡ ❛ ●❛✉--✐❛♥ ♠✐①&✉$❡ ♠♦❞❡❧ ✭●▼▼✮ ❝❧✉-&❡$✐♥❣

❛❢&❡$ ❞❡&❡$♠✐♥✐♥❣ ❡♠♣✐$✐❝❛❧❧② &❤❛& &❤❡ ✉-✉❛❧ k−means ❝❧✉-&❡$✐♥❣ ❛❧❣♦$✐&❤♠ ✐- ❧❡-- $♦❜✉-&

&❤❛♥ &❤❡ ●▼▼ ❝❧✉-&❡$✐♥❣ ✇❤❡♥ ❛♣♣❧✐❡❞ &♦ ♦✉$ ❣❡♥❡&✐❝ ❞❛&❛✳ ❚❤❡ ●▼▼ ❝❧✉-&❡$✐♥❣ ✐- ✉-❡❞

✐♥ &❤❡ ✇❛② &❤❡ k − means ✇♦✉❧❞ ❜❡✱ &❤❛& ✐- ❜② -&$✐❝&❧② ✜①✐♥❣ &❤❡ ♥✉♠❜❡$ ♦❢ ❡-&✐♠❛&❡❞

❝❧✉-&❡$- &♦ m = 2✳

■❢ &❤❡ ♣♦♣✉❧❛&✐♦♥ &❤❛& ✇❡ ✇✐-❤ &♦ -♣❧✐& ✐♥ &✇♦ -✉❜✲♣♦♣✉❧❛&✐♦♥- ✐- ❞❡❡♠❡❞ ❤♦♠♦❣❡♥❡♦✉-

❜② &❤❡ ❛❧❣♦$✐&❤♠✱ &❤❡ ●▼▼ ❝❧✉-&❡$✐♥❣ ❝$❡❛&❡- &✇♦ ❝❧✉-&❡$-✱ ♦♥❡ ✇✐&❤ ❛❧❧ &❤❡ -❛♠♣❧❡- ❛♥❞

❛♥ ❡♠♣&② ♦♥❡✳ ❚❤✐- ✐- ❛ &❡$♠✐♥❛&✐♦♥ ❝$✐&❡$✐♦♥ &❤❛& ❞❡✜♥❡- &❤❡ ❡♥❞ ♦❢ ❛ ❜$❛♥❝❤ ♦❢ &❤❡ &$❡❡✱

❝❛❧❧❡❞ ❛ &❡$♠✐♥❛❧ ♥♦❞❡✳ ■♥ ❡①&$❡♠❡ ❝❛-❡-✱ &❤❡ &❡$♠✐♥❛❧ ♥♦❞❡- ❛$❡ ❛❧❧ ❝♦♠♣♦-❡❞ ♦❢ ❛ ✉♥✐A✉❡

-❛♠♣❧❡ ♦❢ &❤❡ ♦$✐❣✐♥❛❧ ♣♦♣✉❧❛&✐♦♥ ✇❤✐❝❤ ❡♥-✉$❡- &❤❡ ❝♦♥✈❡$❣❡♥❝❡ ♦❢ &❤❡ &$❡❡ ❜✉✐❧❞✐♥❣ -&❡♣

♦❢ &❤❡ ❛❧❣♦$✐&❤♠✳

✸✳✸✳✹ #$✉♥✐♥❣ ♦❢ +❤❡ +$❡❡

❚❤❡ ❞✐✈✐-✐✈❡ -&$❛&❡❣② ♦❢ ❙❍■#❙ ❝♦♥-✐-&- ✐♥ ❞✐✈✐❞✐♥❣ &❤❡ ♦$✐❣✐♥❛❧ ♣♦♣✉❧❛&✐♦♥ ✐♥ &✇♦ -✉❜✲

♣♦♣✉❧❛&✐♦♥- ✇✐&❤ &❤❡ -♣❡❝&$❛❧ ❝❧✉-&❡$✐♥❣ ❛❧❣♦$✐&❤♠ ♣$❡✈✐♦✉-❧② ❞❡-❝$✐❜❡❞ ❛♥❞ &♦ ✐&❡$❛&❡

&❤✐- ♣$♦❝❡❞✉$❡ ✇✐&❤✐♥ ❡❛❝❤ -✉❜✲♣♦♣✉❧❛&✐♦♥✳ ❚❤✐- ♣$♦❝❡-- ❧❡❛❞- &♦ &❤❡ ❝♦♠♣✉&❛&✐♦♥ ♦❢ ❛

❜✐♥❛$② &$❡❡ ✭❋✐❣✉(❡ ✸✳✷✲❆✮✳ ■& ✐- ❤♦✇❡✈❡$ ♥♦&✐❝❡❛❜❧❡ &❤❛& ❝❡$&❛✐♥ ❞✐✈✐-✐♦♥- ❛$❡ ♥♦& $❡❧✲

❡✈❛♥& ❡♥♦✉❣❤ ✐♥ &❡$♠- ♦❢ -❡♣❛$❛&✐♥❣ $❡❛❧❧② ❞✐-&✐♥❝& ❣❡♥❡&✐❝ ♣♦♣✉❧❛&✐♦♥-✳ ❆- ❛ $❡-✉❧&✱ ❛

♣$✉♥✐♥❣ ♣$♦❝❡❞✉$❡ ✐- ❛♣♣❧✐❡❞ &♦ &❤❡ &$❡❡ &♦ ♣$♦❣$❡--✐✈❡❧② -✉♣♣$❡-- &❤❡ ♥♦❞❡-✱ ❛♥❞ &❤❡

❝♦$$❡-♣♦♥❞✐♥❣ ❜$❛♥❝❤❡-✱ &❤❛& ❛$❡ &❤❡ ❧❡-- $❡❧❡✈❛♥&✳ ❚❤✐- ♣$♦❝❡❞✉$❡ ❝$❡❛&❡- -❡✈❡$❛❧ ♥❡-&❡❞

&$❡❡-✱ ❡❛❝❤ ❝♦$$❡-♣♦♥❞✐♥❣ &♦ ❛ ♣♦--✐❜❧❡ ❝❧✉-&❡$✐♥❣ ♦❢ &❤❡ ✐♥❞✐✈✐❞✉❛❧- ✇✐&❤ ❛ ❞❡❝$❡❛-✐♥❣

♥✉♠❜❡$ ♦❢ ❝❧✉-&❡$- ✭❋✐❣✉(❡ ✸✳✷✲❇✮✳ ❆& &❤❡ ❧❛-& -&❡♣ ♦❢ &❤❡ ♣$✉♥✐♥❣✱ ❛❧❧ &❤❡ -❛♠♣❧❡- ❛$❡

✐♥ &❤❡ -❛♠❡ ❝❧✉-&❡$✳

❚❤❡ -&$❛&❡❣② ♦❢ &$❡❡ ♣$✉♥✐♥❣ &❤❛& ✇❡ ✉-❡ ✐- &❤❡ $❡❞✉❝❡❞ ❡$$♦$ ♣$✉♥✐♥❣✳ ❆ A✉❛❧✐&②

✐♥❞✐❝❛&♦$ ✐- ❞❡✜♥❡❞ ❛♥❞ ❝❛❧❝✉❧❛&❡❞ ❢♦$ ❡❛❝❤ ♥♦❞❡ ♦❢ &❤❡ &$❡❡✳ ❚❤✐- ✐♥❞✐❝❛&♦$ ✐- ❜❛-❡❞ ♦♥

&❤❡ -✉♠ ♦❢ &❤❡ -A✉❛$❡❞ -✐♠✐❧❛$✐&✐❡- ♦❢ ❛ ♥♦❞❡ ❛♥❞ ♦❢ ✐&- ❧❡❛✈❡-✳ ❲❡ ❞❡✜♥❡ &❤❡ ❢✉♥❝&✐♦♥

❝❛❧❝✉❧❛&✐♥❣ &❤❡ -✉♠ ♦❢ -A✉❛$❡❞ -✐♠✐❧❛$✐&✐❡- ✇✐&❤✐♥ ❛ ♥♦❞❡ A ❜②

SW (A) =
∑

i,j∈A

s2i,j,

✇❤❡$❡ si,j ✐- &❤❡ -✐♠✐❧❛$✐&② ♣$❡✈✐♦✉-❧② ✐♥&$♦❞✉❝❡❞ ❜❡&✇❡❡♥ -❛♠♣❧❡- i ❛♥❞ j✳

❈♦♥-✐❞❡$✐♥❣ ❛ &$❡❡ ❚✱ &❤❡ A✉❛❧✐&② ♦❢ ❛ ♥♦❞❡ G ✇❤✐❝❤ ❤❛- &❤❡ ❧❡❛✈❡- L(G) = (L1, . . . , Ld)
✐- ❞❡✜♥❡❞ ❜②



✸✳✸ ❙❍■%❙✿ ❙♣❡❝*+❛❧ ❍✐❡+❛+❝❤✐❝❛❧ ❝❧✉1*❡+✐♥❣ ❢♦+ *❤❡ ■♥❢❡+❡♥❝❡ ♦❢ %♦♣✉❧❛*✐♦♥

❙*+✉❝*✉+❡ ✾✺

qual(G | ❚) = SW (G)−
d

∑

k=1

SW (Lk).

■♥ "❡$♠& ♦❢ ✐♥"❡$✲❝❧✉&"❡$ &✉♠& "❤❡ /✉❛❧✐"② ❝❛♥ ❜❡ ❡①♣$❡&&❡❞ ❜②

qual(G | ❚) =
∑

16k<k′6d

∑

i∈Lk,j∈Lk′

s2i,j,

✇❤✐❝❤ ❝♦$$❡&♣♦♥❞& "♦ "❤❡ &✉♠ ♦❢ &/✉❛$❡❞ &✐♠✐❧❛$✐"✐❡& ❜❡"✇❡❡♥ "❤❡ ❧❡❛✈❡& ♦❢ G✳

❆" ❡❛❝❤ &"❡♣✱ "❤❡ ♥♦❞❡ ✇✐"❤ "❤❡ ❧♦✇❡&" /✉❛❧✐"② ✈❛❧✉❡✱ Gpruned = argminG∈❚ qual(G | ❚)✱
✐& ♣$✉♥❡❞ ❛❧♦♥❣ ✇✐"❤ "❤❡ &✉❜"$❡❡ ✇❤✐❝❤ ✐" ✐& "❤❡ $♦♦"✳ ❚❤❡ ✐♥❞✐❝❛"♦$& ❛$❡ $❡❝❛❧❝✉❧❛"❡❞ ❛❢"❡$

❡❛❝❤ &"❡♣ "♦ ❛❝❝♦✉♥" ❢♦$ "❤❡ ♥❡✇ "♦♣♦❧♦❣② ♦❢ "❤❡ "$❡❡✳

✸✳✸✳✺ ❊$%✐♠❛%✐♦♥ ♦❢ %❤❡ ♦♣%✐♠❛❧ ♥✉♠❜❡2 ♦❢ ❝❧✉$%❡2$

%+✐♥❝✐♣❧❡

❚❤❡ ♦♣"✐♠❛❧ ♥✉♠❜❡$ ♦❢ ❝❧✉&"❡$& K ✐& $❡❣❛$❞❡❞ ❛& ❛ ✈❛$✐❛❜❧❡ "❤❛" ✐& ❡&"✐♠❛"❡❞ ✉&✐♥❣ ❚✐❜✲

&❤✐$❛♥✐ ❡" ❛❧✳✬& ❣❛♣ &"❛"✐&"✐❝ ✭❚✐❜&❤✐$❛♥✐ ❡" ❛❧✳ ✷✵✵✵✮✳ ❚❤✐& ♠❡"❤♦❞ ❝♦♠♣❛$❡& ❛ /✉❛❧✐"②

✐♥❞✐❝❛"♦$ ❝❛❧❝✉❧❛"❡❞ ♦♥ "❤❡ $❡&✉❧" ♦❢ ❛ ❝❧✉&"❡$✐♥❣ ✐♥ k ❝❧❛&&❡& ♦❢ ❛ ❞❛"❛&❡" ♦❢ ✐♥"❡$❡&" ❛♥❞

"❤❡ ✈❛❧✉❡ "❤❛" "❤✐& ✐♥❞✐❝❛"♦$ ✇♦✉❧❞ "❛❦❡ ✉♥❞❡$ ✐"& ♥✉❧❧ ❞✐&"$✐❜✉"✐♦♥✱ "❤❛" ✐& ✇❤❡♥ "❤❡ &❛♠❡

❝❧✉&"❡$✐♥❣ ❛❧❣♦$✐"❤♠ ✐& ❛♣♣❧✐❡❞ "♦ ❝❧✉&"❡$ ❛ ♥✉❧❧ $❡❢❡$❡♥❝❡ ❞❛"❛&❡" ✐♥ k ❝❧❛&&❡& ❛❧&♦✳

❆ $❛♥❣❡ ♦❢ ♣♦&&✐❜❧❡ ♥✉♠❜❡$& ♦❢ ❝❧✉&"❡$&✱ k = 1 . . . kmax✱ ✐& "❤✉& ✐♥✈❡&"✐❣❛"❡❞ ❛♥❞ ❢♦$

❡❛❝❤ ❛♥ ✐♥❞✐❝❛"♦$ Wk ✐& ❝❛❧❝✉❧❛"❡❞✳ ❚❤❡ ❣❛♣ &"❛"✐&"✐❝ ✐& ❞❡✜♥❡❞ ❢♦$ ❛ ❝❧✉&"❡$✐♥❣ ✇✐"❤ k
❝❧✉&"❡$& ❜②

Gap(k) = E[Wk]−Wk,

❛♥❞ ❡&"✐♠❛"❡❞ ❜②

Ĝap(k) = E∗[Wk]−Wk =
1

B

B
∑

b=1

W ∗
kb −Wk,

✇❤❡$❡ E∗[Wk] $❡♣$❡&❡♥"& "❤❡ ❡①♣❡❝"❛"✐♦♥ ❢$♦♠ "❤❡ ♥✉❧❧ ❞✐&"$✐❜✉"✐♦♥ ❛♥❞ "❤❡$❡❢♦$❡ "❤❡ W ∗
kb

❛$❡ "❤❡ /✉❛❧✐"② ✐♥❞✐❝❛"♦$& ❝❛❧❝✉❧❛"❡❞ ♦♥ B &✐♠✉❧❛"❡❞ ♥✉❧❧ $❡❢❡$❡♥❝❡ ❞❛"❛&❡"&✳ ❚❤❡ &✐♠✉❧❛✲

"✐♦♥ ♣$♦❝❡&& ❢♦$ "❤❡&❡ ❞❛"❛&❡"& ✐& ❞❡&❝$✐❜❡❞ ❤❡$❡❛❢"❡$✳

❙❡✈❡$❛❧ ♣♦&&✐❜❧❡ ❡&"✐♠❛"✐♦♥& ♦❢ "❤❡ ♦♣"✐♠❛❧ ♥✉♠❜❡$ ♦❢ ❝❧✉&"❡$& K ❡①✐&" ✭❉✉❞♦✐" ❛♥❞

❋$✐❞❧②❛♥❞ ✷✵✵✷✮✳ ❚❤❡ ♦♥❡ ✇❡ ✉&❡ ✐& K̂✱ "❤❡ &♠❛❧❧❡&" k &✉❝❤ ❛&

Gap(k) ≥ Gap(k̃)− sk̃,

✇❤❡$❡ k̃ = argmaxk Gap(k) ❛♥❞ sk❂sd((W ∗
kb)16b6B).

√

(1 + 1/B)✳ ◆♦"❡ "❤❛" "❤❡ ❢❛❝"♦$

√

(1 + 1/B) ❛❝❝♦✉♥"& ❢♦$ "❤❡ &✐♠✉❧❛"✐♦♥ ❡$$♦$ ♦❢ "❤❡ W ∗
kb✳



✾✻ ✸✳ ■♥❢❡(❡♥❝❡ ♦❢ +♦♣✉❧❛0✐♦♥ ❙0(✉❝0✉(❡

◗✉❛❧✐0② ✐♥❞✐❝❛0♦(

▲❡" (Ck)k=1,...,kmax
❜❡ ♣♦&&✐❜❧❡ ❝❧✉&"❡+✐♥❣& ♦❢ "❤❡ &❛♠♣❧❡& ✐♥ "❤❡ ❞❛"❛ ✇✐"❤ k ❝❧✉&"❡+& ✐♥ ❛

❝❧✉&"❡+✐♥❣ Ck✳ ❚❤❡&❡ ❝❧✉&"❡+✐♥❣& ❛+❡ ✐♥ ♦✉+ ❛❧❣♦+✐"❤♠ "❤❡ ♦♥❡& ❞❡"❡+♠✐♥❡❞ ❛" ❡❛❝❤ &"❡♣ ♦❢

"❤❡ ♣+✉♥✐♥❣ ✭❋✐❣✉(❡ ✸✳✷✲❇✮✳ ❲❡ ❝❛❧❧Wk "❤❡ 9✉❛❧✐"② ✐♥❞✐❝❛"♦+ ❝❛❧❝✉❧❛"❡❞ ♦♥ "❤❡ ❝❧✉&"❡+✐♥❣

Ck✳ ■❢ ✇❡ ❞❡♥♦"❡ Ck = (D1, . . . , Dk)✱ ✇❤❡+❡ Dr ✐& "❤❡ r−th ❝❧✉&"❡+ ♦❢ Ck✱ "❤❡♥ "❤❡ ✐♥❞✐❝❛"♦+

"❤❛" ✇❡ ❝♦♥&✐❞❡+ ✐&

Wk =
k

∑

r=1

1

2.|Dr|
.Σ(Dr),

✇❤❡+❡ Σ(Dr) ✐& "❤❡ &✉♠ ♦❢ "❤❡ &9✉❛+❡❞ ❞✐&&✐♠✐❧❛+✐"✐❡& ❜❡"✇❡❡♥ "❤❡ &❛♠♣❧❡& ♦❢ "❤❡ r − th
❝❧✉&"❡+ ♦❢ Ck ❛♥❞ |Dr| ✐"& ❝❛+❞✐♥❛❧ ✭✐✳❡✳ "❤❡ ♥✉♠❜❡+ ♦❢ &❛♠♣❧❡& ✐♥ Dr✮✳ ❚❤❡ ❞✐&&✐♠✐❧❛+✐"✐❡&

❛+❡ ❝❛❧❝✉❧❛"❡❞ ❧✐❦❡ ❢♦+ "❤❡ ❆❲❝❧✉%& ❛❧❣♦+✐"❤♠ "❤❛" ✐& ❜② ✐♥✈❡+"✐♥❣ "❤❡ ✈❛❧✉❡& ✭✵ ✐❢ "❤❡

&❛♠♣❧❡& ❤❛✈❡ "❤❡ &❛♠❡ ❣❡♥♦"②♣❡& ❛♥❞ ✷ ✐❢ "❤❡② ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ❛❧❧❡❧❡&✮ ❝♦♠♣❛+❡❞ "♦ "❤❡

&✐♠✐❧❛+✐"✐❡&✳

■♥ "❤❡ ❝❧❛&&✐❝❛❧ ✈❡+&✐♦♥ ♦❢ "❤❡ ❣❛♣ &"❛"✐&"✐❝✱ "❤❡ ❧♦❣❛+✐"❤♠ ♦❢ Wk ✐& ✉&❡❞ ❤♦✇❡✈❡+ &❡✈❡+❛❧

❛❧"❡+♥❛"✐✈❡& ❤❛✈❡ +❡❝❡♥"❧② ❜❡❡♥ ✐♥✈❡&"✐❣❛"❡❞ ✭▼♦❤❛❥❡+ ❡" ❛❧✳ ✷✵✶✶✮✳ ❲❡ ❞❡❝✐❞❡❞ "♦ ✉&❡ "❤❡

❛❢♦+❡♠❡♥"✐♦♥❡❞ ❝+✐"❡+✐♦♥ ❛& ✇❡ ♦❜&❡+✈❡❞ "❤❛" ✐" ❧❡❞ "♦ ❛ ❜❡""❡+ ❡&"✐♠❛"✐♦♥ ♦❢ "❤❡ ♥✉♠❜❡+

♦❢ ❝❧✉&"❡+& ❢♦+ ❜♦"❤ "❤❡ &✐♠✉❧❛"❡❞ ❛♥❞ +❡❛❧ ❣❡♥❡"✐❝ ❞❛"❛ "❤❛" ✇❡ ✉&❡❞ "♦ ❛&&❡&& "❤❡ ♠❡"❤♦❞✳

❙✐♠✉❧❛0✐♦♥ ✉♥❞❡( 0❤❡ ♥✉❧❧ ❞✐=0(✐❜✉0✐♦♥

❚♦ ❝♦♠♣✉"❡ ♥✉❧❧ +❡❢❡+❡♥❝❡ ❞❛"❛&❡"& ✇❡ &✐♠✉❧❛"❡ ❞❛"❛&❡"& ✇✐"❤ ❛ ♥✉♠❜❡+ ♦❢ ✈❛+✐❛❜❧❡& ❛♥❞

✐♥❞✐✈✐❞✉❛❧& ✐❞❡♥"✐❝❛❧ "♦ "❤❡ ♦♥❡& ♦❢ "❤❡ ♦+✐❣✐♥❛❧ ❞❛"❛&❡"&✳ ❊❛❝❤ ✈❛+✐❛❜❧❡ ✇❛& "❛❦❡♥ ✉♥✐✲

❢♦+♠❧② ✇✐"❤✐♥ {0, 1, 2} "♦ ♠❛"❝❤ "❤❡ ❙◆H& ✈❛❧✉❡& ♦❢ "❤❡ ♦+✐❣✐♥❛❧ ❞❛"❛&❡"&✳ ❙✐♠✉❧❛"❡❞ "❤❛"
✇❛②✱ "❤❡ ♥✉❧❧ ❞❛"❛&❡"& ❝♦++❡&♣♦♥❞ "♦ ❞❛"❛ ✇❤❡+❡ "❤❡+❡ ✐& ♥♦ &"+✉❝"✉+❡ ♦❢ "❤❡ ♣♦♣✉❧❛"✐♦♥✳

❚❤✐& &✐♠✉❧❛"✐♦♥ ❝❤♦✐❝❡ ✐& ❛❧&♦ "❤❡ ♦♥❡ ♠❛❞❡ ✐♥ "❤❡ ❛❧❣♦+✐"❤♠ ❆❲❝❧✉%& "❤❛" ✉&❡& ❛ ❣❛♣

&"❛"✐&"✐❝ ♠❡"❤♦❞✳ ◆♦"❡ "❤❛" "❤❡♦+❡"✐❝❛❧❧② ✐" ✐& ♥♦" ♥❡❝❡&&❛+② "♦ ♠❛"❝❤ ❛❧❧ ♦❢ "❤❡ ❢❡❛"✉+❡&
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✉♥❞❡+ "❤❡ ♥✉❧❧✳ ❚❤✐& ❝❤♦✐❝❡ ♦❢ &✐♠✉❧❛"✐♦♥ ♠♦❞❡❧ ✇❛& ♠♦"✐✈❛"❡❞ ❜② "❤❡ ❡♠♣✐+✐❝❛❧ ♣❡+❢♦+✲

♠❛♥❝❡& ♦❢ "❤❡ ❝♦++❡&♣♦♥❞✐♥❣ ❣❛♣ &"❛"✐&"✐❝ "♦ ❡&"✐♠❛"❡ ❛❝❝✉+❛"❡ ♥✉♠❜❡+& ♦❢ ❝❧✉&"❡+& ✐♥ ♦✉+

❛♣♣❧✐❝❛"✐♦♥&✳
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♥❡✇ ♠❛"+✐①✱ ❛& "❤❡ ❞✐&&✐♠✐❧❛+✐"② ❛♥❞ "❤❡ &✐♠✐❧❛+✐"② ♠❛"+✐① ❛+❡ ❧✐♥❡❛+❧② +❡❧❛"❡❞✳ ❚❤❡ ❣❛♣

&"❛"✐&"✐❝ ✐& "❤❡+❡❢♦+❡ ✇❡❧❧ &✉✐"❡❞ "♦ ❞❡"❡+♠✐♥❡ "❤❡ ♦♣"✐♠❛❧ ♥✉♠❜❡+ ♦❢ ❝❧✉&"❡+& ✇✐"❤ "❤✐& ♥❡✇

♠❡"❤♦❞✳
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✸✳✸✳✻ ■♠♣❧❡♠❡♥)❛)✐♦♥

❚❤❡ ❙❍■#❙ ❛❧❣♦'✐)❤♠ ✇❛, ✐♠♣❧❡♠❡♥)❡❞ ✐♥ ❘ ❛♥❞ )❤❡ ▼❝❧✉)* ♣❛❝❦❛❣❡ ✇❛, ✉,❡❞ ✇✐)❤✐♥

)❤❡ ,♣❡❝)'❛❧ ❝❧✉,)❡'✐♥❣ ,)❡♣, )♦ ❛♣♣❧② ●❛✉,,✐❛♥ ♠✐①)✉'❡ ♠♦❞❡❧ ❝❧✉,)❡'✐♥❣✳ ❆ ❘ ♣❛❝❦❛❣❡ ✐,

❢'❡❡❧② ❛✈❛✐❧❛❜❧❡ ❛) ❤**♣✿✴✴)*❛*✳❣❡♥♦♣♦❧❡✳❝♥5)✳❢5✴❧♦❣✐❝✐❡❧)✴❙❍■#❙ ✳

❚❤✐, ❛❧❣♦'✐)❤♠ )❛❦❡, ❛, ✐♥♣✉) ♣❛'❛♠❡)❡', ❛ ❙◆= ♠❛)'✐① ♦❢ ❞✐♠❡♥,✐♦♥ n× p ✇❤❡'❡ n ✐,
)❤❡ ♥✉♠❜❡' ♦❢ ✐♥❞✐✈✐❞✉❛❧, ❛♥❞ p )❤❡ ♥✉♠❜❡' ♦❢ ❙◆=,✳ ❊❛❝❤ ❡♥)'② ♦❢ )❤❡ ♠❛)'✐① ✐, ❝♦❞❡❞
✵✱ ✶ ♦' ✷ ❣✐✈❡♥ )❤❡ ♥✉♠❜❡' ♦❢ '❡❢❡'❡♥❝❡ ❛❧❧❡❧❡, ♣'❡,❡♥) ❛) ❡❛❝❤ ❧♦❝✉, ❢♦' ❡❛❝❤ ,❛♠♣❧❡✳ ■) ✐,

❛❧,♦ ♥❡❝❡,,❛'② )♦ ✐♥❞✐❝❛)❡ )❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡' ♦❢ ❝❧✉,)❡', )♦ ❜❡ ✐♥✈❡,)✐❣❛)❡❞ ✭❞❡♥♦)❡❞

❤❡'❡ kmax✮ ❛♥❞ )❤❡ ♥✉♠❜❡' ♦❢ ♥✉❧❧ ❞❛)❛,❡), ,✐♠✉❧❛)❡❞ ✭B ❤❡'❡✮ )♦ ❛♣♣❧② )❤❡ ❣❛♣ ,)❛)✐,)✐❝✳

❆ ❞❡❢❛✉❧) ✈❛❧✉❡ ♦❢ B = 20 ✐, ,❡) ✐♥ )❤❡ ♣'♦❣'❛♠✳

✸✳✹ ❈♦♠♣❛(✐*♦♥ ♦❢ ❙❍■0❙ 1♦ ♦1❤❡( ❛♣♣(♦❛❝❤❡*

❲❡ ♥♦✇ ♣'♦♣♦,❡ ,❡✈❡'❛❧ ❛♣♣❧✐❝❛)✐♦♥, ♦❢ )❤❡ ❙❍■#❙ ❛❧❣♦'✐)❤♠ )♦ ❙◆= ❞❛)❛,❡),✳ ❲❡ ❝♦♥✲

,✐❞❡'❡❞ ✜✈❡ ,❝❡♥❛'✐♦, ♦❢ ,✐♠✉❧❛)❡❞ ♣♦♣✉❧❛)✐♦♥ ,)'✉❝)✉'❡,✳ ❚❤❡ ,♦❢)✇❛'❡ ●❡♥♦♠❡ ✭▲✐❛♥❣

❡) ❛❧✳ ✷✵✵✼✮ ✇❛, ✉,❡❞ )♦ ,✐♠✉❧❛)❡ )❤❡,❡ ❞❛)❛ ♦❢ ✐♥❝'❡❛,✐♥❣ ❝♦♠♣❧❡①✐)②✳ ❲❡ ❛❧,♦ ❛♣♣❧✐❡❞ )❤❡

♠❡)❤♦❞ )♦ ❛ ,✐♠✉❧❛)❡❞ ❛❞♠✐①❡❞ ❞❛)❛,❡) )❤❛) ✇❛, ♣'♦❞✉❝❡❞ ✉,✐♥❣ )❤❡ ,✐♠✉❧❛)✐♦♥ ♠♦❞❡❧

♣'❡,❡♥)❡❞ ✐♥ ❙❡❝1✐♦♥ ✷✳✹✳✸✳ ■♥ ❛❞❞✐)✐♦♥✱ ✇❡ ❡✈❛❧✉❛)❡❞ )❤❡ ♣❡'❢♦'♠❛♥❝❡, ♦❢ )❤❡ ❛❧❣♦'✐)❤♠

♦♥ )✇♦ '❡❛❧ ❞❛)❛,❡),✱ ♥❛♠❡❧② ❞❛)❛ ❢'♦♠ )❤❡ ❍❛♣▼❛♣ ♣'♦❥❡❝) ✭❈♦♥,♦')✐✉♠ ✷✵✵✺✮ ❛♥❞ )❤❡

=❛♥✲❆,✐❛♥ ❞❛)❛,❡) ✭◆❣❛♠♣❤✐✇ ❡) ❛❧✳ ✷✵✶✶✮✳ ❆ ❝♦♠♣❛'✐,♦♥ ♦❢ ♦✉' ♠❡)❤♦❞ ❙❍■#❙ ❛♥❞ ,♦♠❡

♦❢ )❤❡ ♠❛✐♥ ❛♣♣'♦❛❝❤❡, )❤❛) ❛'❡ ❙*5✉❝*✉5❡✱ ❆❞♠✐①*✉5❡✱ ❆❲❝❧✉)*✱ ❛♥❞ #❈❆❝❧✉)* ✇❛, ❛❧,♦

❝♦♥❞✉❝)❡❞ ♦♥ )❤❡,❡ ❞❛)❛,❡),✳

✸✳✹✳✶ ❊✈❛❧✉❛)✐♦♥ ♦❢ )❤❡ ♠❡)❤♦❞5

▼❡1❤♦❞* ✐♥❝❧✉❞❡❞ ✐♥ 1❤❡ ❝♦♠♣❛(✐*♦♥

❲❡ ❝♦♠♣❛'❡❞ ❙❍■#❙ )♦ ,♦♠❡ ♦❢ )❤❡ ♠♦,) ❝♦♠♠♦♥❧② ✉,❡❞ ❝❧✉,)❡'✐♥❣ ❛❧❣♦'✐)❤♠, ✐♥ )❤❡

❣❡♥❡)✐❝ ✜❡❧❞✳ ❲❡ ✜',) ❝♦♥,✐❞❡'❡❞ )❤❡ ♣❛'❛♠❡)'✐❝ ❛♣♣'♦❛❝❤❡, ❙*5✉❝*✉5❡ ❛♥❞ ❆❞♠✐①*✉5❡✳

❆❧,♦ ✇❡ ✐♥❝❧✉❞❡❞ ❛ ♥♦♥✲♣❛'❛♠❡)'✐❝ ❛♣♣'♦❛❝❤✱ ♥❛♠❡❧② ❆❲❝❧✉)*✱ ❛♥❞ ✜♥❛❧❧② ✇❡ ❛❞❞❡❞ )❤❡

❛❧)❡'♥❛)✐✈❡ ❝❧✉,)❡'✐♥❣ ,)'❛)❡❣② #❈❆❝❧✉)* )♦ )❤❡ ❝♦♠♣❛'✐,♦♥✳

❙❍■#❙ ✇❛, ✉,❡❞ ✇✐)❤ )❤❡ ❞❡❢❛✉❧) ♣❛'❛♠❡)❡',✱ ✐✳❡✳ ✷✵ ♥✉❧❧ ❞❛)❛,❡), ,✐♠✉❧❛)❡❞ ❢♦' )❤❡ ❣❛♣

,)❛)✐,)✐❝✳ ❆ '❡❛,♦♥❛❜❧❡ ♠❛①✐♠✉♠ ♥✉♠❜❡' ♦❢ ❝❧✉,)❡', ✇❛, ❝♦♥,✐❞❡'❡❞ ❢♦' ❛❧❧ )❤❡ ♠❡)❤♦❞,✱

❢♦' ✐♥,)❛♥❝❡✱ ✇❤❡♥ ❛♥❛❧②③✐♥❣ ❛ ❞❛)❛,❡) ✇✐)❤ ✶✵ ✭❦♥♦✇♥✮ ,✉❜✲♣♦♣✉❧❛)✐♦♥, ✇❡ ✐♥✈❡,)✐❣❛)❡❞

✉♣ )♦ ✷✵ ♣♦,,✐❜❧❡ ,✉❜✲♣♦♣✉❧❛)✐♦♥,✳

❚❤❡ ✈❡',✐♦♥ ✷✳✸✳✷✳✶ ♦❢ ❙*5✉❝*✉5❡ ✇❛, ❞♦✇♥❧♦❛❞❡❞ ❢'♦♠ ❤**♣✿✴✴♣5✐*❝❤✳❜)❞✳✉❝❤✐❝❛❣♦✳

❡❞✉✴)*5✉❝*✉5❡✳❤*♠❧ ❛♥❞ ✉,❡❞ ✇✐)❤ ✺✱✵✵✵ ❜✉'♥✲✐♥,✱ ✺✱✵✵✵ '✉♥,✱ )❤❡ ❛❞♠✐①)✉'❡ ♠♦❞❡❧ ❛♥❞

♥♦ ▲❉ ♠♦❞❡❧✳ ❙*5✉❝*✉5❡ ♣'♦✈✐❞❡, ❛ ✇❛② ♦❢ ❡,)✐♠❛)✐♥❣ )❤❡ ♦♣)✐♠❛❧ ♥✉♠❜❡' ♦❢ ❝❧✉,)❡',
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❡%'✐♠❛'❡❞ ❝❧✉%'❡&% ❛♥❞ '&✉❡ ♣♦♣✉❧❛'✐♦♥%✳ ❲❡ ❞❡❝✐❞❡❞ ♥♦' '♦ &❡'❛✐♥ '❤✐% ❝&✐'❡&✐♦♥ ❛% ✐' ❞♦❡%

♥♦' ❡①❤❛✉%'✐✈❡❧② ❞❡%❝&✐❜❡ '❤❡ V✉❛❧✐'② ♦❢ ❛ ❝❧✉%'❡&✐♥❣ ♠❡'❤♦❞✬% ❛%%✐❣♥♠❡♥'% ❛♥❞ ❞♦❡% ♥♦'

❛❝❝♦✉♥' ❝♦&&❡❝'❧② ❢♦& '❤❡ ❡%'✐♠❛'❡❞ ♥✉♠❜❡& ♦❢ ❝❧✉%'❡&%✳
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'❤❡ ♥✉♠❜❡& ♦❢ ❝❧✉%'❡&% ✐% '❤❡ ❛❞❥✉%'❡❞ ❘❛♥❞ ✐♥❞❡① ✭❘❛♥❞ ✶✾✼✶✮✳ ❚❤✐% ✐♥❞❡① ✐% ❝❛❧❝✉❧❛'❡❞
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✇❤❡#❡ ai✱ bi ❛♥❞ nij ❛#❡ ❞❡✜♥❡❞ ✐♥ ❚❛❜❧❡ ✸✳✺✳

❚❤✐, ✐♥❞❡① ❢♦❝✉,❡, ♦♥ ❛❧❧ ♣❛✐#, ♦❢ ,❛♠♣❧❡, ❛♥❞ ❝♦♥,✐❞❡#, ✇❤❡5❤❡# 5❤❡② ❤❛✈❡ ❝♦##❡❝5❧②

❜❡❡♥ ❛,,✐❣♥❡❞ 5♦ 5❤❡ ,❛♠❡ ♣♦♣✉❧❛5✐♦♥ ♦# ❝♦##❡❝5❧② ❜❡❡♥ ❛,,✐❣♥❡❞ 5♦ ❞✐✛❡#❡♥5 ♣♦♣✉❧❛5✐♦♥,✳

❚❤❛5 ✇❛②✱ ✐♥ ❛❞❞✐5✐♦♥ 5♦ 5❤❡ ❛❝❝✉#❛❝② ❝#✐5❡#✐♦♥✱ 5❤❡ ❛❞❥✉,5❡❞ ❘❛♥❞ ✐♥❞❡① 5❛❦❡, ✐♥5♦ ❛❝✲

❝♦✉♥5 5❤❡ ❢❛❝5 5❤❛5 ❝❡#5❛✐♥ ,❛♠♣❧❡, ,❤♦✉❧❞ ♥♦5 ❜❡ ❝❧✉,5❡#❡❞ 5♦❣❡5❤❡#✳ ❚❤❡ ❛❞❥✉,5❡❞ ❘❛♥❞

✐♥❞❡① ✐, ❝♦♠♣#✐,❡❞ ❜❡5✇❡❡♥ 0 ❛♥❞ 1✱ ❛ ✈❛❧✉❡ ♦❢ 1 ♠❡❛♥✐♥❣ ❛ ♣❡#❢❡❝5 ❝❧✉,5❡#✐♥❣✳ ◆♦5❡ 5❤❛5
✐❢ 5❤❡#❡ ✐, ♦♥❧② ♦♥❡ ❝❧✉,5❡# ✐♥ 5❤❡ ❞❛5❛ ❛♥❞ 5❤❛5 ❛ ❝❧✉,5❡#✐♥❣ ♠❡5❤♦❞ ♣#♦♣❡#❧② ✉♥❝♦✈❡#,
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❋✐❣✉$❡ ✸✳✺✿ ❘❡♣)❡5❡♥1❛1✐♦♥ ♦❢ 1❤❡ ✶✵ ♣♦♣✉❧❛1✐♦♥5 ♦❢ 1❤❡ ,❛♥✲❆5✐❛♥ ❞❛1❛5❡1✳ ❚❤✐,

,❝❛//❡$✲♣❧♦/ ✉,❡, /❤❡ ✜$,/ ✜✈❡ ♣$✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥/, ♦❢ ❛ ❞❛/❛,❡/ ✇✐/❤ ✷✵❑ ❙◆@,✳ ❚❤✐,

❣$❛♣❤ ✐, ♦♥❧② ✐♥/❡♥❞❡❞ /♦ ♣$❡,❡♥/ /❤❡ ❣❡♥❡$❛❧ ❣❡♥❡/✐❝ ♣❛//❡$♥ ♦❢ /❤❡ ❞❛/❛,❡/ ❛♥❞ ❞♦❡, ♥♦/

❡①❤❛✉,/✐✈❡❧② $❡♣$❡,❡♥/ /❤❡ ❝❛♣❛❜✐❧✐/② ♦❢ /❤❡ @❈❆ /♦ ,❡♣❛$❛/❡ /❤❡ ♣♦♣✉❧❛/✐♦♥,✳
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V1 V2 . . . VC Sums
U1 n11 n12 . . . n1C a1
U2 n21 n22 . . . n2C a2
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

UR nR1 nR2 . . . nRC aR
Sums b1 b2 . . . bC N

❚❛❜❧❡ ✸✳✺✿ ❈♦♥1✐♥❣❡♥❝② 1❛❜❧❡ ❜❡1✇❡❡♥ 1✇♦ ❝❧✉*1❡(✐♥❣ U ❛♥❞ V ✳ ai ❛♥❞ bi ❛+❡ ,❤❡

♥✉♠❜❡+0 ♦❢ 0❛♠♣❧❡0 ✐♥ ,❤❡ i − th ❝❧✉0,❡+0 Ui ♦❢ U ❛♥❞ Vi ♦❢ V ❛♥❞ nij ,❤❡ ♥✉♠❜❡+ ♦❢

0❛♠♣❧❡0 ✐♥ ,❤❡ i− th ❝❧✉0,❡+ Ui ♦❢ U ❛♥❞ ,❤❡ j − th ❝❧✉0,❡+ Vj ♦❢ V ✳

0✉❝❤ ❛ 0,+✉❝,✉+❡ ,❤❡ ❘❛♥❞ ✐♥❞❡① ✐0 ,❤❡♦+❡,✐❝❛❧❧② ♥♦, ❞❡✜♥❡❞✳ ●✐✈❡♥ ,❤❛, ,❤❡ 0,+✉❝,✉+❡ ✐0

♣❡+❢❡❝,❧② ❡0,✐♠❛,❡❞ ✐♥ 0✉❝❤ ❛ ❝❛0❡ ✇❡ ❝♦♥0✐❞❡+ ❛ ✈❛❧✉❡ ♦❢ ✶ ❢♦+ ,❤❡ ❘❛♥❞ ✐♥❞❡①✳

❋♦+ 0✐♠✉❧❛,❡❞ ❞❛,❛0❡,0 ✇❡ ❝♦♠♣❛+❡❞✱ ✈✐❛ ,❤❡ ❛❞❥✉0,❡❞ ❘❛♥❞ ✐♥❞❡①✱ ,❤❡ ❝❧✉0,❡+✐♥❣0

♣+♦♣♦0❡❞ ❜② ,❤❡ ❞✐✛❡+❡♥, ♠❡,❤♦❞0 ,♦ ,❤❡ ,+✉❡ ♣♦♣✉❧❛,✐♦♥ ❧❛❜❡❧0 ,❤❛, ❛+❡ ❛✈❛✐❧❛❜❧❡ ,❤+♦✉❣❤

,❤❡ 0✐♠✉❧❛,✐♦♥ ♣+♦❝❡00✳ ❋♦+ ,❤❡ ❛❞♠✐①❡❞ ❛♥❞ ,❤❡ +❡❛❧ ❞❛,❛0❡,0✱ ♥♦ ,+✉❡ ♣♦♣✉❧❛,✐♦♥ ❧❛❜❡❧0

❡①✐0,✳ ❆0 ❛ ❝♦♥0❡D✉❡♥❝❡ ✇❡ ♣+♦✈✐❞❡ ,✇♦ D✉❛❧✐,② ♠❡❛0✉+❡0 ,❤❛, ❛+❡ ,❤❡ D✉❛❧✐,② ✐♥❞❡① ✉0✐♥❣

❛0 ❝♦♠♣❛+✐0♦♥ ♣❛+,✐,✐♦♥0 ,❤❡ ♣♦♣✉❧❛,✐♦♥ ❧❛❜❡❧0 ♣+♦✈✐❞❡❞ ✇✐,❤ ,❤❡ ❞❛,❛0❡,0 ✭❡✳❣✳ ❈❍❇ ♦+

❈❍❉ ✐♥ ❍❛♣▼❛♣✮ ❛♥❞ ,❤❡ ♣❛+,✐,✐♦♥0 ♣+♦❞✉❝❡❞ ❜② ❆❞♠✐①%✉'❡✳ ❲❡ 0❡❧❡❝,❡❞ ❆❞♠✐①%✉'❡ ❛0

✐, ✐0 ♦♥❡ ♦❢ ,❤❡ ♠♦0, ✇✐❞❡❧② ✉0❡❞ ♠❡,❤♦❞0 ❢♦+ ,❤❡ ❡0,✐♠❛,✐♦♥ ♦❢ ♣♦♣✉❧❛,✐♦♥ 0,+✉❝,✉+❡✳ ❆❧0♦

✇❡ +❡♣+❡0❡♥, ,❤❡ ❛❞♠✐①,✉+❡ ♣+♦♣♦+,✐♦♥0 ♦❢ ❛❧❧ ,❤❡ ♠❡,❤♦❞0 ✇✐,❤ ❜❛+♣❧♦,0✳ ❋♦+ ❞✐0❝+❡,❡

❝❧✉0,❡+✐♥❣0 ,❤❡0❡ ♣+♦♣♦+,✐♦♥0 ❛+❡ ❡✐,❤❡+ ✵ ♦+ ✶✳

✸✳✹✳✷ ❘❡&✉❧)&

❙❡✈❡+❛❧ 0♠❛❧❧ ❞❛,❛0❡,0 ❛♥❞ ♦♥❡ ❧❛+❣❡ ❞❛,❛0❡, ✇❡+❡ ✐♥✈❡0,✐❣❛,❡❞ ❢♦+ ❡❛❝❤ 0✐♠✉❧❛,❡❞ ♦+ +❡❛❧

0❝❡♥❛+✐♦✳ ❚❤❡ ❛✈❡+❛❣❡ ❘❛♥❞ ✐♥❞❡①❡0 ❛♥❞ ,❤❡ ❛✈❡+❛❣❡ ❡0,✐♠❛,❡❞ ♥✉♠❜❡+0 ♦❢ ❝❧✉0,❡+0 ❛+❡

,❤❡ ✐♥❞✐❝❛,♦+0 ✇❡ ❛+❡ ✐♥,❡+❡0,❡❞ ✐♥✳ ❋✐❣✉(❡ ✸✳✻ ♣+❡0❡♥,0 ,❤❡0❡ ✈❛❧✉❡0 ❢♦+ ❛❧❧ ,❤❡ ♠❡,❤♦❞0

❛♣♣❧✐❡❞ ,♦ 0♠❛❧❧ ❞❛,❛0❡,0 ❛♥❞ ❋✐❣✉(❡ ✸✳✼ ❢♦+ ,❤❡ ❧❛+❣❡ ❞❛,❛0❡,0✳ ■♥ ❛❞❞✐,✐♦♥✱ ❋✐❣✉(❡ ✸✳✽

♣+♦✈✐❞❡0 ❡①❛♠♣❧❡0 ♦❢ ,❤❡ ❣+❛♣❤✐❝❛❧ +❡♣+❡0❡♥,❛,✐♦♥0 ♦❢ ,❤❡ ❝+✐,❡+✐♦♥ ✉0❡❞ ❜② ❙❍■,❙ ,♦

❡0,✐♠❛,❡ ,❤❡ ♥✉♠❜❡+ ♦❢ ❝❧✉0,❡+0 K ♦♥ ,❤❡ 0♠❛❧❧ ❞❛,❛0❡,0 ❛♥❞ ❚❛❜❧❡ ✸✳✻ ,❤❡ ❛✈❡+❛❣❡

♥✉♠❜❡+0 ♦❢ ♣+✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥,0 +❡,❛✐♥❡❞ ❜② ,❤❡ ❛❧❣♦+✐,❤♠ ,❈❆❝❧✉0% ✐♥ ❡❛❝❤ 0❝❡♥❛+✐♦✳

❉❛1❛ ✴ ▼♦❞❡❧ ▼✶ ▼✸ ▼✺ ▼✶✵ ▼✷✵ ▼❛❞① ❍❛♣▼❛♣ 0❛♥✲❆*✐❛♥

❙♠❛❧❧ ❞❛,❛ ✵ ✶✼ ✶✷ ✺✶ ✼✷ ✾ ✹✾ ✻✹

▲❛+❣❡ ❞❛,❛ ✵ ✻ ✺ ✷✽ ✹✾ ✷✺ ✼✵ ✾✾

❚❛❜❧❡ ✸✳✻✿ ◆✉♠❜❡( ♦❢ 0❈* *❡❧❡❝1❡❞ ✇✐1❤ 0❈❆❝❧✉*1✳
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❙✐♠✉❧❛1❡❞ ❞❛1❛6❡16

▼♦❞❡❧ ▼✶ ✭✶ 6✉❜✲♣♦♣✉❧❛1✐♦♥✮

❋♦" #❤❡ ♠♦❞❡❧ ▼✶✱ ✇✐#❤ ♦♥❧② ♦♥❡ ♣♦♣✉❧❛#✐♦♥✱ ❙❍■#❙ ✇❛3 ❛❧✇❛②3 ❛❜❧❡ #♦ ❝♦""❡❝#❧②

❞❡#❡"♠✐♥❡ #❤❡ ❝♦""❡❝# ♥✉♠❜❡" ♦❢ ♦♥❡ ❝❧✉3#❡" ❢♦" ❜♦#❤ ❛❧❧ #❤❡ 3♠❛❧❧ ❛♥❞ ❧❛"❣❡ ❞❛#❛3❡#3✳ ❚❤✐3

✇❛3 ❛❧3♦ #❤❡ ❝❛3❡ ♦❢ ❙$%✉❝$✉%❡ ❛♥❞ #❈❆❝❧✉,$✳ ❆3 ❛ ❝♦♥3❡;✉❡♥❝❡ #❤❡3❡ #❤"❡❡ ♠❡#❤♦❞3

♣❡"❢❡❝#❧② ❛33✐❣♥❡❞ ❛❧❧ #❤❡ ✐♥❞✐✈✐❞✉❛❧3 #♦ #❤❡ ❝♦""❡❝# ♣♦♣✉❧❛#✐♦♥ ❛♥❞ ❤❛❞ ❛ ❘❛♥❞ ✐♥❞❡① ♦❢

1✳ ❖♥ #❤❡ ♦#❤❡" ❤❛♥❞✱ ❆❞♠✐①$✉%❡ ✇❛3 ♦♥❧② ❛❜❧❡ #♦ ❞❡#❡"♠✐♥❡ #❤❛# #❤❡"❡ ✇❛3 ♥♦ 3#"✉❝#✉"❡
✐♥ #❤❡ 3♠❛❧❧ ❞❛#❛3❡#3✱ ❡3#✐♠❛#✐♥❣ K = 1✱ ❜✉# ♥♦# ✐♥ ❛ ❧❛"❣❡ ❞❛#❛3❡# ♣"♦❞✉❝✐♥❣ K = 2✳
❚❤✐3 ✐3 ❜♦✉♥❞ #♦ ❜❡ ❞✉❡ #♦ #❤❡ ♥✉♠❜❡" ♦❢ ❙◆B3 #❤❛# ❧❡❞ #❤❡ ❛❧❣♦"✐#❤♠ #♦ ❞❡#❡"♠✐♥❡ ❛

♠♦"❡ ❝♦♠♣❧✐❝❛#❡❞ 3#"✉❝#✉"❡✳ ❆❲❝❧✉,$ ♣"♦♣❡"❧② ❞❡#❡"♠✐♥❡❞ #❤❛# #❤❡"❡ ✇❛3 ♦♥❡ ❝❧✉3#❡" ✐♥

✼ 3♠❛❧❧ "❡♣❧✐❝❛#❡3 ♦✉# ♦❢ ✶✵✱ ❜✉# #❤❡ ❛✈❡"❛❣❡ ♥✉♠❜❡" ♦❢ ❡3#✐♠❛#❡❞ ❝❧✉3#❡"3 ✐3 K = 2✳ ❖♥
#❤❡ ❧❛"❣❡ ❞❛#❛3❡#✱ #❤✐3 ❧❛##❡" ♠❡#❤♦❞ ❝♦""❡❝#❧② ❡3#✐♠❛#❡❞ #❤❡ ♥✉♠❜❡" ♦❢ ❝❧✉3#❡"3 ❛3 #❤❡

❛♠♦✉♥# ♦❢ ❙◆B3 ❛❧❧♦✇❡❞ #❤❡ ❆❲❝❧✉,$✬3 ❣❛♣ 3#❛#✐3#✐❝ #♦ ❜❡ ♠♦"❡ ❛❝❝✉"❛#❡✳

▼♦❞❡❧ ▼✸ ✭✸ 6✉❜✲♣♦♣✉❧❛1✐♦♥6✮ ❛♥❞ ▼✺ ✭✺ 6✉❜✲♣♦♣✉❧❛1✐♦♥6✮

❚❤❡ ♣❡"❢♦"♠❛♥❝❡3 ♦❢ ❙❍■#❙✱ ❙$%✉❝$✉%❡ ❛♥❞ ❆❲❝❧✉,$ ✇❡"❡ ❝♦♠♣❛"❛❜❧❡ ❢♦" #❤❡3❡ ♠♦❞✲

❡❧3✳ ❆♥ ❛✈❡"❛❣❡ ♥✉♠❜❡" ♦❢ ✸ ❛♥❞ ✺ ❝❧✉3#❡"3 ✇❛3 "❡3♣❡❝#✐✈❡❧② ❡3#✐♠❛#❡❞ ❢♦" ❛❧❧ 3♠❛❧❧ ❛♥❞

❧❛"❣❡ "❡♣❧✐❝❛#❡3 ♦❢ #❤❡ ♠♦❞❡❧3 ▼✸ ❛♥❞ ▼✺ ✭❡①❝❡♣# ❢♦" ❙$%✉❝$✉%❡ #❤❛# ✇❛3 ♥♦# ❛♣♣❧✐❡❞ #♦

❧❛"❣❡ ❞❛#❛3❡#3✮✳ ❚❤❡3❡ #❤"❡❡ ♠❡#❤♦❞3 ♠✐3✲❝❧❛33✐✜❡❞ ✐♥ ❛✈❡"❛❣❡ ❧❡33 #❤❛♥ ✸ ✐♥❞✐✈✐❞✉❛❧3 ❧❡❛❞✲

✐♥❣ #♦ ❘❛♥❞ ✐♥❞❡①❡3 ❤✐❣❤❡" #❤❛♥ ✵✳✾✾✳ #❈❆❝❧✉,$ ✇❛3 ❛❜❧❡ #♦ ❡3#✐♠❛#❡ #❤❡ ❝♦""❡❝# ♥✉♠❜❡"

♦❢ ✸ 3✉❜✲♣♦♣✉❧❛#✐♦♥3 ✐♥ ✽ 3♠❛❧❧ "❡♣❧✐❝❛#❡3 ♦✉# ♦❢ ✶✵ 3♠❛❧❧ ❞❛#❛3❡#3 ♦❢ #❤❡ ♠♦❞❡❧ ▼✸ ❛♥❞ ✐♥

✺ "❡♣❧✐❝❛#❡3 ❢♦" #❤❡ ♠♦❞❡❧ ▼✺✳ ❲❤❡♥ #❤❡ ♥✉♠❜❡" ♦❢ ❙◆B3 ✐♥❝"❡❛3❡❞ #♦ ✷✵✵❑✱ #❈❆❝❧✉,$

✇❛3 ❛❜❧❡ #♦ ❝♦""❡❝#❧② ❡3#✐♠❛#❡ K ❛♥❞ ❧❡❞ #♦ ♣❡"❢❡❝# 3❛♠♣❧❡ ❛33✐❣♥♠❡♥#3✳ ❚❤❡ ❝❧✉3#❡"✐♥❣

♣"♦♣♦3❡❞ ❜② ❆❞♠✐①$✉%❡ ♦♥ #❤❡3❡ ♠♦❞❡❧3 ✇❡"❡ ♥♦# ❝♦♥3✐3#❡♥# ✇✐#❤ #❤❡ #"✉❡ ♣♦♣✉❧❛#✐♦♥3✳

■♥❞❡❡❞✱ #❤✐3 ♠❡#❤♦❞ ✐❞❡♥#✐✜❡❞ #❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡" ♦❢ ❝❧✉3#❡"3 #♦ ❜❡ #❤❡ ♦♣#✐♠❛❧ ♦♥❡✱

#❤❛# ✐3 ✶✵ ✐♥ ♦✉" ❝❛3❡✳ ▲❛"❣❡" 3❛♠♣❧❡ 3✐③❡3 ❞✐❞ ♥♦# ✐♠♣"♦✈❡ #❤❡3❡ "❡3✉❧#3✳

▼♦❞❡❧ ▼✶✵ ✭✶✵ 6✉❜✲♣♦♣✉❧❛1✐♦♥6✮

❚❤❡ ♠♦❞❡❧ ▼✶✵✱ ✇✐#❤ ✶✵ ♣♦♣✉❧❛#✐♦♥3✱ ♣❡"#❛✐♥3 #♦ ❛ ♠♦"❡ ❝♦♠♣❧❡① 3#"✉❝#✉"❡ ♦❢ #❤❡ ❞❛#❛✳

■♥ #❤✐3 3❝❡♥❛"✐♦ ❙❍■#❙✱ ❙$%✉❝$✉%❡ ❛♥❞ ❆❲❝❧✉,$ 3✉❝❝❡❡❞❡❞ ✐♥ ♣❡"❢❡❝#❧② ❡3#✐♠❛#✐♥❣ K ❛♥❞

❛33✐❣♥✐♥❣ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧3 #♦ #❤❡ ❝♦""❡❝# ♣♦♣✉❧❛#✐♦♥3 ❢♦" ❜♦#❤ 3♠❛❧❧ ❛♥❞ ❧❛"❣❡ ❞❛#❛3❡#3✳

#❈❆❝❧✉,$ ❡3#✐♠❛#❡❞ ❛ ♠❡❛♥ ♥✉♠❜❡" ♦❢ ✻ ❝❧✉3#❡"3 ❢♦" #❤❡ 3♠❛❧❧ ❞❛#❛✱ ✹ ❢♦" #❤❡ ❧❛"❣❡ ❞❛#❛

❛3 ✐# ✇❛3 ♥♦# ❛❜❧❡ #♦ 3❡♣❛"❛#❡ ❝❡"#❛✐♥ ♣♦♣✉❧❛#✐♦♥3✳ ❆❞♠✐①$✉%❡ ❛❣❛✐♥ ♦✈❡"✲❡3#✐♠❛#❡❞ #❤❡

♥✉♠❜❡" ♦❢ ❝❧✉3#❡"3 ✭K = 18 ❢♦" 3♠❛❧❧ ❞❛#❛ ❛♥❞ K = 17 ❢♦" ❧❛"❣❡ ❞❛#❛✮✳ ❲❡ ✐♥✈❡3#✐❣❛#❡❞
✉♣ #♦ ✷✵ ❝❧✉3#❡"3 ❜✉# #❤❡ ❛❧❣♦"✐#❤♠ ❞✐❞ ♥♦# ❝♦♥✈❡"❣❡ ❢♦" ✈❛❧✉❡3 ♦❢ K ❣"❡❛#❡" #❤❛♥ #❤♦3❡

❡3#✐♠❛#❡❞✳

▼♦❞❡❧ ▼✷✵ ✭✷✵ 6✉❜✲♣♦♣✉❧❛1✐♦♥6✮

■♥ #❤✐3 ❧❛3# 3✐♠✉❧❛#❡❞ ♠♦❞❡❧✱ ✇✐#❤ #❤❡ ♠♦"❡ ❝♦♠♣❧❡① 3#"✉❝#✉"❡ ❛♥❞ ✷✵ ♣♦♣✉❧❛#✐♦♥3✱

❜♦#❤ ❙❍■#❙ ❛♥❞ ❙$%✉❝$✉%❡ ❡✈❛❧✉❛#❡❞ #❤❡ ❝♦""❡❝# ♥✉♠❜❡" ♦❢ ❝❧✉3#❡"3 ❢♦" ❛❧❧ "❡♣❧✐❝❛#❡3 ❛♥❞



✸✳✹ ❈♦♠♣❛(✐*♦♥ ♦❢ ❙❍■0❙ 1♦ ♦1❤❡( ❛♣♣(♦❛❝❤❡* ✶✵✼

❋✐❣✉$❡ ✸✳✻✿ ❈♦♠♣❛(✐*♦♥ ♦❢ 1❤❡ ❝❧✉*1❡(✐♥❣ ♠❡1❤♦❞* ♦♥ 1❤❡ *♠❛❧❧ ❞❛1❛*❡1*✳ ❆✈❡$❛❣❡

❘❛♥❞ ✐♥❞❡①❡1 ♦✈❡$ ❛❧❧ 1♠❛❧❧ $❡♣❧✐❝❛7❡1 ❛$❡ ✐♥❞✐❝❛7❡❞ ❢♦$ ❡❛❝❤ ♠❡7❤♦❞ ❛♥❞ ❡❛❝❤ ♠♦❞❡❧ ❛❧♦♥❣

✇✐7❤ 7❤❡ ❡17✐♠❛7❡❞ ♥✉♠❜❡$1 ♦❢ ❝❧✉17❡$1 ✐♥ ♣❛$❡♥7❤❡1✐1✳ ❚❤❡ ❞❛$❦❡$ ❛ ❝❡❧❧ ❝♦❧♦$ ✐1✱ 7❤❡ ❜❡77❡$

7❤❡ ❝♦$$❡1♣♦♥❞✐♥❣ ❝❧✉17❡$✐♥❣ ✐1✳



✶✵✽ ✸✳ ■♥❢❡)❡♥❝❡ ♦❢ ,♦♣✉❧❛1✐♦♥ ❙1)✉❝1✉)❡

❋✐❣✉$❡ ✸✳✼✿ ❈♦♠♣❛)✐6♦♥ ♦❢ 1❤❡ ❝❧✉61❡)✐♥❣ ♠❡1❤♦❞6 ♦♥ 1❤❡ ❧❛)❣❡ ❞❛1❛6❡16✳ ❘❛♥❞

✐♥❞❡①❡/ ❛$❡ ✐♥❞✐❝❛1❡❞ ❢♦$ ❡❛❝❤ ♠❡1❤♦❞ ❛♥❞ ❡❛❝❤ ♠♦❞❡❧ ❛❧♦♥❣ ✇✐1❤ 1❤❡ ❡/1✐♠❛1❡❞ ♥✉♠❜❡$/

♦❢ ❝❧✉/1❡$/ ✐♥ ♣❛$❡♥1❤❡/✐/✳ ❚❤❡ ❞❛$❦❡$ ❛ ❝❡❧❧ ❝♦❧♦$ ✐/✱ 1❤❡ ❜❡11❡$ 1❤❡ ❝♦$$❡/♣♦♥❞✐♥❣ ❝❧✉/✲

1❡$✐♥❣ ✐/✳ ❚❤❡ /♦❢1✇❛$❡ ❙1$✉❝1✉$❡ ✇❛/ ♥♦1 ❛♣♣❧✐❡❞ 1♦ ❧❛$❣❡ ❞❛1❛/❡1/ ❞✉❡ 1♦ ❛ 1♦♦ ❧❛$❣❡

❝♦♠♣✉1❛1✐♦♥❛❧ ❝♦/1✳



✸✳✹ ❈♦♠♣❛(✐*♦♥ ♦❢ ❙❍■0❙ 1♦ ♦1❤❡( ❛♣♣(♦❛❝❤❡* ✶✵✾

❋✐❣✉$❡ ✸✳✽✿ ❊*1✐♠❛1✐♦♥ ♦❢ 1❤❡ ♥✉♠❜❡( ♦❢ ❝❧✉*1❡(* ✇✐1❤ ❙❍■0❙✳ ❘❡♣$❡,❡♥.❛.✐♦♥ ♦❢

.❤❡ ❝$✐.❡$✐♦♥ ✉,❡❞ .♦ ❞❡.❡$♠✐♥❡ .❤❡ ❡,.✐♠❛.❡❞ ♥✉♠❜❡$ ♦❢ ❝❧✉,.❡$, crit(k) = Gap(k) −
Gap(k̃) + sk̃✳ ❚❤❡ ❡,.✐♠❛.❡❞ K ✐, .❤❡ ,♠❛❧❧❡,. k ,✉❝❤ ❛, crit(k) ≥ 0✳ ❚❤❡ ❜❧❛❝❦ ❝✉$✈❡,
$❡♣$❡,❡♥. .❤❡ ❝$✐.❡$✐♦♥ ❛♥❞ .❤❡ $❡❞ ❧✐♥❡, .❤❡ ✵ .❤$❡,❤♦❧❞✳ ❚❤❡ ✜$,. $❡♣❧✐❝❛.❡ ♦❢ ❡❛❝❤ ,♠❛❧❧

❞❛.❛,❡. ✇❛, ✉,❡❞ .♦ ♣$♦❞✉❝❡ .❤❡,❡ ♣❧♦.,✳



✶✶✵ ✸✳ ■♥❢❡(❡♥❝❡ ♦❢ +♦♣✉❧❛0✐♦♥ ❙0(✉❝0✉(❡

❝♦♠♣❧❡&❡❞ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛--✐❣♥♠❡♥& ✈❡/② ❝♦♥-✐-&❡♥& ✇✐&❤ &❤❡ &/✉❡ ♣♦♣✉❧❛&✐♦♥-✳ ❆❲❝❧✉%&

❛♥❞ '❈❆❝❧✉%& ✉♥❞❡/❡-&✐♠❛&❡❞ &❤❡ ♥✉♠❜❡/ ♦❢ ❝❧✉-&❡/-✳ ❆❲❝❧✉%& ♦♥❧② ❛❧❧♦✇- &♦ ❡-&✐♠❛&❡

❛ ♠❛①✐♠✉♠ ♦❢ ✶✻ ❝❧✉-&❡/- &❤❛& ✇❛- /❡❛❝❤❡❞ ❢♦/ &❤✐- ❝♦♠♣❧❡① ❞❛&❛-❡&✳ ❖♥❡ ❝♦✉❧❞ ✇♦♥❞❡/
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4❡!❡♥" "❤❡✐4 ❞✐!♣❡4!✐♦♥✳ ❚❤❡ ❛♥❛❧②!✐! ♦❢ "❤❡!❡ "✇♦ ❦✐♥❞! ♦❢ ❣4❛♣❤✐❝❛❧ 4❡♣4❡!❡♥"❛"✐♦♥! ✇❡4❡

L✉✐"❡ !✐♠✐❧❛4 ✐♥ ♦✉4 ❝♦♠♣❛4✐!♦♥!✳ ❋♦4 ❡①❛♠♣❧❡✱ ✇❡ ♦❜!❡4✈❡❞ ✐♥ "❤❡ !✐♠✉❧❛"❡❞ ❞❛"❛!❡"!✱

"❤❛" ❢♦4 ❜❛!✐❝ ♣♦♣✉❧❛"✐♦♥ !"4✉❝"✉4❡! ✭♠♦❞❡❧ ▼✸ ❛♥❞ ▼✺✮✱ "❤❡ "4❡❡! ♣4♦✈✐❞❡❞ ❜② ❙❍■-❙

❛♥❞ ❆❲❝❧✉0! ♣4♦♣❡4❧② 4❡❧❛"❡❞ "❤❡ ❣❡♥❡"✐❝ ❤✐!"♦4✐❡! ♦❢ "❤❡ ♣♦♣✉❧❛"✐♦♥!✳ ❋♦4 ♠♦4❡ ❝♦♠♣❧❡①

❞❛"❛!❡"!✱ ♠❛✐♥❧② "❤❡ ♠❛❥♦4 ♣♦♣✉❧❛"✐♦♥ ❞✐✛❡4❡♥"✐❛"✐♦♥! ❛♥❞ !♦♠❡ ♦❢ "❤❡ ✜♥❡4 !❡♣❛4❛"✐♦♥!

❧❡❞ "♦ "4❡❡ ❜4❛♥❝❤❡! ❝♦♥!✐!"❡♥" ✇✐"❤ "❤❡ ♣♦♣✉❧❛"✐♦♥ ❤✐!"♦4✐❡! 4❡♣4❡!❡♥"❡❞ ✐♥ ❋✐❣✉.❡ ✸✳✸✳

❆❧!♦✱ "❤❡!❡ 4❡♣4❡!❡♥"❛"✐♦♥! ❝❛♥ ♣4♦✈✐❞❡ ✐♥❞✐❝❛"✐♦♥! ♦♥ "❤❡ ❣❡♥❡"✐❝ ❞✐!"❛♥❝❡ ♦❢ "❤❡ 4❡❛❧

♣♦♣✉❧❛"✐♦♥!✳ ❋♦4 ✐♥!"❛♥❝❡✱ ✇❡ ♦❜!❡4✈❡❞ ♦♥ ❋✐❣✉.❡ ✸✳✶✸ "❤❛" "❤❡ ❈❛✉❝❛!✐❛♥ ❛♥❞ ❆!✐❛♥

♣♦♣✉❧❛"✐♦♥! ❛4❡ ✜4!" !❡♣❛4❛"❡❞ ❢4♦♠ "❤❡ ❆❢4✐❝❛♥ ♦♥❡! ❛♥❞ "❤❡♥ !❡♣❛4❛"❡❞ ❢4♦♠ ❡❛❝❤ ♦"❤❡4✳

❚❤❡ ♠❡"❤♦❞ -❈❆❝❧✉0! !❡❧❡❝"❡❞ "❤❡ ♥✉♠❜❡4 ♦❢ ♣4✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥"! "♦ ❜❡ ✉!❡❞ ❢♦4
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 ❤❡ ❝❧✉& ❡'✐♥❣ ✉&✐♥❣  ❤❡ ❚'❛❝②✲❲✐❞♦♠ & ❛ ✐& ✐❝ ✭❚❛❜❧❡ ✸✳✻✮✳ ▼❛♥② ❝♦♠♣♦♥❡♥ & ✭♠♦'❡

 ❤❛♥ ✷✺✮ ✇❡'❡ ❞❡ ❡'♠✐♥❡❞ &✐❣♥✐✜❝❛♥ ❢♦'  ❤❡ ❝♦♠♣❧❡① &✐♠✉❧❛ ❡❞ ❞❛ ❛&❡ & ▼✶✵ ❛♥❞ ▼✷✵✳

❚❤✐& ❧❡❞  ♦ ❝❧✉& ❡'✐♥❣& '❛ ❤❡' ✐♥❛❝❝✉'❛ ❡ ❛&  ❤❡ ❡& ✐♠❛ ❡❞ ♥✉♠❜❡'& ♦❢ ❝❧✉& ❡'& ✇❡'❡ ❣'❡❛ ❧②

✉♥❞❡'✲❡& ✐♠❛ ❡❞ ❢♦' ❜♦ ❤  ❤❡ &♠❛❧❧ ❛♥❞ ❧❛'❣❡ ❞❛ ❛&❡ &✳ ■❢ ❢❡✇❡' B❈& ✇❡'❡ ❦❡♣ ✱ ❡✳❣✳ ♦♥❧②

✜✈❡✱  ❤❡ ❡& ✐♠❛ ❡❞ K ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♠♦'❡ ❡①❛❝ ✭❞❛ ❛ ♥♦ &❤♦✇♥✮✳ ❚❤✐& ✐♥❞✐❝❛ ❡&  ❤❛ 

 ♦♦ ♠❛♥② B❈& ❛❞❞ ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ♥♦✐&❡  ♦  ❤❡ ❞❛ ❛ ♣'♦✈✐❞❡❞  ♦  ❤❡ ●▼▼ ❝❧✉& ❡'✐♥❣

❛♥❞  ❤❡'❡❢♦'❡  ❤❛  ❤❡ B❈& &❡❧❡❝ ✐♦♥ ♠❡ ❤♦❞ ♦❢  ❈❆❝❧✉&' ❝♦✉❧❞ ❜❡ ✐♠♣'♦✈❡❞✳

❚❤❡ ♣❡'❢♦'♠❛♥❝❡& ♦❢  ❤✐& ♠❡ ❤♦❞ ❛'❡ ❤♦✇❡✈❡' ❜❡  ❡' ✇❤❡♥ ❛♣♣❧✐❡❞  ♦ '❡❛❧ ❞❛ ❛&❡ &✱ ❡&♣❡✲

❝✐❛❧❧② ✇❤❡♥ ❝♦♠♣❛'❡❞  ♦  ❤❡ ♣♦♣✉❧❛ ✐♦♥ ❧❛❜❡❧&✳ ❲❤❡♥ ❝♦♠♣❛'✐♥❣  ❤❡ ❝❧✉& ❡'✐♥❣& ♣'♦❞✉❝❡❞

❜②  ❈❆❝❧✉&'  ♦ ❆❞♠✐①'✉,❡✱  ❤❡ '❡&✉❧ & ❛'❡ ♠♦'❡ ♠✐ ✐❣❛ ❡❞✳ B❈❆❝❧✉& ❡& ✐♠❛ ❡❞ ♠♦'❡

❝❧✉& ❡'&  ❤❛♥ ❆❞♠✐①'✉,❡ ❛♥❞ &♣❧✐ ♣♦♣✉❧❛ ✐♦♥&  ❤❛  ❤✐& ❧❛  ❡' ❛❧❣♦'✐ ❤♠ ❝♦♥&✐❞❡'❡❞ ❝♦♠✲

✐♥❣ ❢'♦♠  ❤❡ &❛♠❡ ❛♥❝❡& '❛❧ ♣♦♣✉❧❛ ✐♦♥&✳ ❆ '❡❛&♦♥ ♠✐❣❤ ❜❡  ❤❛ ❡✈❡♥  ❤♦✉❣❤  ❤❡  ✇♦

❛❧❣♦'✐ ❤♠& ❛'❡ &♦♠❡❤♦✇ ❧✐♥❦❡❞ ✭▲❛✇&♦♥ ❛♥❞ ❋❛❧✉&❤ ✷✵✶✷✮✱  ❤❡ ♠❡ ❤♦❞&  ♦ ❡& ✐♠❛ ❡  ❤❡

♥✉♠❜❡'& ♦❢ ❝❧✉& ❡'& ❛'❡ K✉✐ ❡ ❞✐✛❡'❡♥ ✳

❚❤❡ ♠❡ ❤♦❞& ❞✐&❝✉&&❡❞ ❤❡'❡ ❛'❡ ❝♦♠♣♦&❡❞ ♦❢  ✇♦ ♣❛' &  ♦ ❛♥❛❧②③❡  ❤❡ & '✉❝ ✉'❡ ♦❢

 ❤❡ ♣♦♣✉❧❛ ✐♦♥&✳ ❚❤❡ ✜'& ❝♦''❡&♣♦♥❞&  ♦  ❤❡ K✉❛❧✐ ②  ♦ ❛&&✐❣♥ ✐♥❞✐✈✐❞✉❛❧&  ♦ '❡❧❡✈❛♥ 

❝❧✉& ❡'& ❛♥❞  ❤❡ ♦ ❤❡' ✐&  ❤❡ ❛❜✐❧✐ ②  ♦ ❡& ✐♠❛ ❡ ❛ ♣'♦♣❡' ♦♣ ✐♠❛❧ ♥✉♠❜❡' ♦❢ ❝❧✉& ❡'& K✳ ■❢

❛ ♣♦ ❡♥ ✐❛❧ ✈❛❧✉❡ ♦❢ K ✐& ✉♥❦♥♦✇♥✱ ✐ ✐& ✐♠♣♦' ❛♥  ❤❛  ❤❡ ❝❧✉& ❡'✐♥❣ ♠❡ ❤♦❞ ❡& ✐♠❛ ❡&

❛ ♣'♦♣❡' K ♦ ❤❡'✇✐&❡ ❡✈❡♥ ✇✐ ❤ ❛❝❝✉'❛ ❡ &❛♠♣❧❡ ❛&&✐❣♥♠❡♥ ❝❛♣❛❜✐❧✐ ✐❡&  ❤❡ '❡&✉❧ ✐♥❣

❝❧✉& ❡'✐♥❣ ♠❛② ♥♦ ❜❡ '❡❧❡✈❛♥ ✳ ❆♠♦♥❣ ❛❧❧  ❤❡ ❛❧❣♦'✐ ❤♠&  ❤❛ ✇❡ ✐♥✈❡& ✐❣❛ ❡❞✱ ❙❍■ ❙

✇❛&  ❤❡ ♦♥❧② ♦♥❡  ❤❛ ❤❛❞ &❛ ✐&❢②✐♥❣ ♣❡'❢♦'♠❛♥❝❡& ❢♦' ❜♦ ❤  ❤❡&❡ ❢❡❛ ✉'❡& ♦❢ ❝❧✉& ❡'✐♥❣

♠❡ ❤♦❞& ✐♥ ❛❧❧  ❤❡ &❝❡♥❛'✐♦& ✐♥✈❡& ✐❣❛ ❡❞✳ ❙❍■ ❙ ❞✐❞ ♥♦ ❢❛✐❧  ♦ ✉♥❝♦✈❡'  ❤❡ & '✉❝ ✉'❡

✐♥ &✐♠✉❧❛ ❡❞ ❞❛ ❛&❡ & ❧✐❦❡ ❆❞♠✐①'✉,❡ ❛♥❞  ❈❆❝❧✉&' ❛♥❞ ❞✐❞ ♥♦ ♠✐&&  ❤❡ ✜♥❡ ❝♦♠♣❧❡①

&❡♣❛'❛ ✐♦♥ ♦❢  ❤❡ ♣♦♣✉❧❛ ✐♦♥& ✐♥ '❡❛❧ ❞❛ ❛&❡ & ❧✐❦❡ ❙',✉❝'✉,❡ ♦' ❆❲❝❧✉&'✳

■♥  ❡'♠& ♦❢ ❡❛&❡ ♦❢ ✉&❡ ♦❢  ❤❡ ❛❧❣♦'✐ ❤♠&✱  ❤❡ ♥♦♥✲♣❛'❛♠❡ '✐❝ ♦♥❡& ❣❡♥❡'❛❧❧② ❤❛✈❡  ❤❡

❛❞✈❛♥ ❛❣❡ ♦❢ ❞❡♠❛♥❞✐♥❣ ❢❡✇❡' ✐♥♣✉ ♣❛'❛♠❡ ❡'&  ❤❛♥ ♣❛'❛♠❡ '✐❝ ❛♣♣'♦❛❝❤❡&✳ ■♥ ❛❞❞✐ ✐♦♥

 ♦  ❤❡ ❞❛ ❛✱ ❙❍■ ❙ ♥❡❡❞&  ❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡' ♦❢ ❝❧✉& ❡'& ✐♥✈❡& ✐❣❛ ❡❞ ❛♥❞  ❤❡ ♥✉♠❜❡'

♦❢ ♥✉❧❧ &✐♠✉❧❛ ✐♦♥& ❢♦'  ❤❡ ❣❛♣ & ❛ ✐& ✐❝&✳ ❯&✉❛❧❧② ♣❛'❛♠❡ '✐❝ ❛❧❣♦'✐ ❤♠& ♥❡❡❞ ❛ ❧♦ ♦❢

✐♥♣✉ ♣❛'❛♠❡ ❡'&✱ ♦❢ ❡♥ ♣❡' ❛✐♥✐♥❣  ♦  ❤❡ ✉♥❞❡'❧②✐♥❣ & ❛ ✐& ✐❝❛❧ ♠♦❞❡❧& ❛♥❞  ❤❡'❡❢♦'❡

♠♦'❡ ❝♦♠♣❧✐❝❛ ❡❞  ♦ &❡ ✳ ❚❤✐& ✐&  ❤❡ ❝❛&❡ ♦❢ ❙',✉❝'✉,❡✱ ❤♦✇❡✈❡' ❆❞♠✐①'✉,❡ ♥❡❡❞& ♦♥❧②

 ❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡' ♦❢ ❝❧✉& ❡'& ❛♥❞  ❤❡ ♣❛'❛♠❡ ❡'  ♦ ❝♦♥❞✉❝  ❤❡ ❝'♦&&✲✈❛❧✐❞❛ ✐♦♥✳

❈♦♥&✐❞❡'✐♥❣  ❤❡ ❝♦♠♣✉ ❛ ✐♦♥  ✐♠❡ ♦❢  ❤❡ ❛❧❣♦'✐ ❤♠&✱  ❈❆❝❧✉&' ✐&  ❤❡ ❢❛& ❡'✱ ❡✳❣✳  ❛❦✲

✐♥❣ ❧❡&&  ❤❛♥ ❛♥ ❤♦✉' ✇❤❡♥ ❛♣♣❧✐❡❞  ♦  ❤❡ B❛♥✲❆&✐❛♥ ❞❛ ❛✳ ❙❍■ ❙ ❛♥❞ ❆❞♠✐①'✉,❡  ❛❦❡

❛ ❝♦✉♣❧❡ ♦❢ ❤♦✉'& ✇❤✐❧❡ ❆❲❝❧✉&'  ❛❦❡& ❝❧♦&❡  ♦ ❛ ❞❛② ❛♥❞ ❙',✉❝'✉,❡ &❡✈❡'❛❧ ❞❛②&✳ ❊✈❡♥

 ❤♦✉❣❤  ❈❆❝❧✉&' ✐&  ❤❡ ❢❛& ❡& ❛❧❣♦'✐ ❤♠  ❤❛ ✇❡ ❝♦♥&✐❞❡'❡❞ ✐♥ ♦✉' ❝♦♠♣❛'✐&♦♥✱ ♦♥❡ ❤❛&

 ♦ ♥♦ ❡  ❤❛  ❤❡ ♣'♦❣'❛♠ ❞♦❡& ♥♦ ❝♦♠❡ ❛& ❛ ♣❛❝❦❛❣❡ ❛♥❞ ❤❛&  ♦ ❜❡ '❡❝♦❞❡❞✳ ❚❤❡ ♦ ❤❡'

♠❡ ❤♦❞&  ❤❛ ✇❡ ❝♦♥&✐❞❡'❡❞ ❤❛✈❡  ❤❡ ❛❞✈❛♥ ❛❣❡ ♦❢ ❜❡✐♥❣ ❢'❡❡❧② ❛✈❛✐❧❛❜❧❡ ✐♥  ❤❡ ❢♦'♠ ♦❢

♣❛❝❦❛❣❡&✳
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✐+ ❜❛+❡❞ ♦♥ '❤❡ #❛'✐♦♥❛❧❡ '❤❛' ❛ ❝❧✉+'❡#✐♥❣ ♠❡'❤♦❞ ❤❛+ '♦ ❜❡ ❛♣♣❧✐❡❞ ✐'❡#❛'✐✈❡❧② '♦ '❤❡

+✉❜✲♣♦♣✉❧❛'✐♦♥+ ✐♥ ♦#❞❡# '♦ ❞❡'❡❝' '❤❡ ❝#②♣'✐❝ +'#✉❝'✉#❡+ '❤❛' ❛#❡ ❤✐❞❞❡♥ ❜❡❤✐♥❞ '❤❡ ♠❛✐♥

+'#✉❝'✉#❡ ♦❢ '❤❡ ❞❛'❛✳ ❙❍■#❙ ✜♥❡❧② ✐♥✈❡+'✐❣❛'❡+ ❡❛❝❤ ❡+'✐♠❛'❡❞ ❝❧✉+'❡# '♦ ❞❡'❡#♠✐♥❡ ✐❢ ✐' ❝❛♥

❜❡ ❞✐✈✐❞❡❞ ✐♥'♦ +❡✈❡#❛❧ #❡❧❡✈❛♥' +✉❜✲❝❧✉+'❡#+✳ ❚❤✐+ ❞✐✈✐+✐♦♥ ♣#♦❝❡❞✉#❡✱ '❤❛' ✐+ ❡:✉✐✈❛❧❡♥'

'♦ '❤❡ ❝♦♥+'#✉❝'✐♦♥ ♦❢ ❛ ❜✐♥❛#② '#❡❡✱ ✐+ ❝♦♥❞✉❝'❡❞ ❜② '❤❡ ✉+❡ ♦❢ ❛ +♣❡❝'#❛❧ ❝❧✉+'❡#✐♥❣ '❤❛'

'❛❦❡+ ❛+ ✐♥♣✉' ❛ +✐♠✐❧❛#✐'② ♠❛'#✐①✳ ❚❤✐+ +✐♠✐❧❛#✐'② ♠❛'#✐① ❤❛+ '♦ ❜❡ ❝♦♠♣✉'❡❞ ♦♥❧② ♦♥❝❡

❢♦# ❛❧❧ '❤❡ ❞❛'❛ ❛♥❞ +✉❜✲♠❛'#✐❝❡+ ❝♦##❡+♣♦♥❞✐♥❣ '♦ '❤❡ +✉❜✲❝❧✉+'❡#+ ✐♥✈❡+'✐❣❛'❡❞ ❝❛♥ ❜❡

❡①'#❛❝'❡❞ ❛' ❡❛❝❤ +'❡♣✳ ❚❤✐+ #❡♥❞❡#+ '❤❡ ❝♦♥+'#✉❝'✐♦♥ ♦❢ '❤❡ '#❡❡ ❛ ❢❛+' ❛♥❞ ❡✣❝✐❡♥' ♣❛#'

♦❢ '❤❡ ❛❧❣♦#✐'❤♠✳ ❖♥❡ ❤❛+ '♦ ♥♦'❡ '❤❛' '❤❡ ✐♥❞✐✈✐❞✉❛❧+ ❛++✐❣♥♠❡♥' ♣❛#' ♦❢ '❤❡ ❙❍■#❙

❛❧❣♦#✐'❤♠ ✐+ ✐♥'✐♠❛'❡❧② ❧✐♥❦❡❞ '♦ '❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣#♦♣❡# +✐♠✐❧❛#✐'② ♠❛'#✐①✳ ❲❡ ❞❡❝✐❞❡❞

'♦ ❝♦♥+✐❞❡# ❛ ♠❛'#✐① ❜❛+❡❞ ♦♥ '❤❡ ❛❧❧❡❧❡ +❤❛#✐♥❣ ❞✐+'❛♥❝❡ ❛+ ✐' ✐+ ❝♦♠♣✉'❛'✐♦♥❛❧❧② ❢❛+'

'♦ ❝♦♠♣✉'❡ ❛♥❞ ❧❡❞ '♦ ❛❝❝✉#❛'❡ ❝❧✉+'❡#✐♥❣ #❡+✉❧'+✳ ■' ✐+ ❤♦✇❡✈❡# ♣♦++✐❜❧❡ '♦ ✉+❡ ❞✐✛❡#❡♥'

♠❛'#✐❝❡+ '❤❛' ❝♦✉❧❞ ❧❡❛❞ '♦ ❡✈❡♥ ❜❡''❡# ❝❧✉+'❡#✐♥❣ ♣❡#❢♦#♠❛♥❝❡+ ✭▲❛✇+♦♥ ❛♥❞ ❋❛❧✉+❤ ✷✵✶✷✮✳

■' ❤❛+ ❜❡❡♥ ❞❡♠♦♥+'#❛'❡❞ '❤❛' ♠❛'#✐❝❡+ ❜❛+❡❞ +♦❧❡❧② ♦♥ '❤❡ ❛❧❧❡❧❡ +❤❛#✐♥❣ ❞✐+'❛♥❝❡ ❝❛♥

❤❛✈❡ ❧♦✇ ♣♦✇❡# ❢♦# '❤❡ ✐❞❡♥'✐✜❝❛'✐♦♥ ♦❢ ♣♦♣✉❧❛'✐♦♥ +'#✉❝'✉#❡ ❝♦♠♣❛#❡❞ '♦ ♠♦#❡ ❡❧❛❜♦#❛'❡

❞✐+'❛♥❝❡+ '❛❦✐♥❣ ✐♥'♦ ❛❝❝♦✉♥' ♦'❤❡# ❢❡❛'✉#❡+ ♦❢ '❤❡ ❞❛'❛ +✉❝❤ ❛+ '❤❡ ❞❡♣❡♥❞❡♥❝✐❡+ ❜❡'✇❡❡♥

'❤❡ ♠❛#❦❡#+ ♦# '❤❡ #❡❧❛'❡❞♥❡++ ❜❡'✇❡❡♥ '❤❡ +❛♠♣❧❡+✳ ❊①❛♠♣❧❡ ♦❢ +✉❝❤ ❞✐+'❛♥❝❡+ ❝❛♥

❜❡ ❢♦✉♥❞ ✐♥ ✭❇#♦✇♥✐♥❣ ❛♥❞ ❇#♦✇♥✐♥❣ ✷✵✶✵✱ ▲❛✇+♦♥ ❡' ❛❧✳ ✷✵✶✷✮ ❛♥❞ ❝♦✉❧❞ ❡❛+✐❧② ❜❡ ✉+❡❞

✇✐'❤ ❙❍■#❙✳ ■♥❞❡❡❞✱ ❛ ✢❡①✐❜✐❧✐'② ♦❢ '❤❡ ❙❍■#❙ ❛❧❣♦#✐'❤♠ ✐+ '❤❛' ❛ ❧❛#❣❡ ✈❛#✐❡'② ♦❢ +✐♠✐❧❛#✐'②

♠❛'#✐❝❡+ ❝❛♥ ❜❡ ✉+❡❞ '♦ ❝♦♥❞✉❝' '❤❡ +❛♠♣❧❡+ ❛++✐❣♥♠❡♥'✳

❚❤❡ ♣#✉♥✐♥❣ ♣#♦❝❡❞✉#❡ ❧❡❛❞+ '♦ +❡✈❡#❛❧ ♣♦++✐❜❧❡ ❝❧✉+'❡#✐♥❣+ ♦❢ '❤❡ +❛♠♣❧❡+✳ ❚❤❡+❡

❝♦♥✜❣✉#❛'✐♦♥+ ❛#❡ ❛❧❧ ♥❡+'❡❞ ✇✐'❤✐♥ ❡❛❝❤ ♦'❤❡#✳ ❚❤✐+ ❛❧❧♦✇+ ✐♥ ♦♥❡ #✉♥ ♦❢ '❤❡ ❛❧❣♦#✐'❤♠ '♦

❣❡' ❢♦# ❛❧❧ ♣♦++✐❜❧❡ K '❤❡ ❝♦##❡+♣♦♥❞✐♥❣ ❝❧✉+'❡#✐♥❣+✳ ❚❤✐+ ✐♥❢♦#♠❛'✐♦♥ ✐+ ✉+❡❢✉❧ ✐❢ '❤❡ ✉+❡#

❞♦❡+ ♥♦' ❞❡+✐#❡ '♦ ✉+❡ '❤❡ ❡+'✐♠❛'✐♦♥ ♣#♦❝❡❞✉#❡ ♦❢ K ❛♥❞ ✇❛♥'+ '♦ ♠❛♥✉❛❧❧② ❧♦♦❦ ❛' '❤❡

❝❧✉+'❡#✐♥❣ ♣♦++✐❜✐❧✐'✐❡+✳ ❚❤❡ ❤✐❡#❛#❝❤✐❝❛❧ ❝❧✉+'❡#✐♥❣ ♦❢ ❆❲❝❧✉)* ♣#♦♣♦+❡+ '❤❡ +❛♠❡ ♦♣'✐♦♥✱

✇❤✐❧❡ +♦❢'✇❛#❡ +✉❝❤ ❛+ ❆❞♠✐①*✉/❡✱ ❙*/✉❝*✉/❡ ♦# #❈❆❝❧✉)* ❤❛✈❡ '♦ ❜❡ ❛♣♣❧✐❡❞ ❡❛❝❤ '✐♠❡

❢♦# ❡❛❝❤ ♣♦++✐❜❧❡ ♥✉♠❜❡# ♦❢ ❝❧✉+'❡#+✳ ■♥ ❛❞❞✐'✐♦♥✱ '❤✐+ ❛❧❧♦✇+ ❛ ❢❛+' ❛♣♣❧✐❝❛'✐♦♥ ♦❢ '❤❡ ❣❛♣

+'❛'✐+'✐❝ '❤❛' ♥❡❡❞+ ❛❧❧ ❝❧✉+'❡#✐♥❣ ♦♣'✐♦♥+ ❢♦# ✈❛#②✐♥❣ ♥✉♠❜❡#+ ♦❢ ❝❧✉+'❡#+✳

❙❍■#❙ ❞♦❡+ ♥♦' ✉+❡ '❤❡ +❛♠❡ ✈❡#+✐♦♥ ♦❢ '❤❡ ❣❛♣ +'❛'✐+'✐❝ '❤❛♥ '❤❡ ♦♥❡ ✉+❡❞ ✐♥ ❆❲❝❧✉)*✳

❆+ ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝/✐♦♥ ✸✳✸✳✺✱ ✇❡ ❞❡❝✐❞❡❞ ♥♦' '♦ ❝♦♥+✐❞❡# '❤❡ ❧♦❣❛#✐'❤♠ ♦❢ '❤❡ ✇✐'❤✐♥✲

❝❧✉+'❡# +✉♠ ♦❢ +:✉❛#❡+ ❜✉' ❞✐#❡❝'❧② '❤❡ +✉♠ ♦❢ +:✉❛#❡+✳ ❚❤✐+ ✐♥❞✐❝❛'♦# +❤♦✇❡❞ ❜❡''❡#

❡♠♣✐#✐❝❛❧ ♣❡#❢♦#♠❛♥❝❡+ '♦ ❡+'✐♠❛'❡ '❤❡ ♦♣'✐♠❛❧ K✳ ●✐✈❡♥ '❤❛' ❆❲❝❧✉)* ✇❛+ +♦♠❡'✐♠❡+

❛❜❧❡ '♦ ✐♥❢❡# '❤❡ +'#✉❝'✉#❡ ♦❢ ❝❡#'❛✐♥ ❞❛'❛ ✇❤❡♥ ♠❛♥✉❛❧❧② +❡''✐♥❣ ❛ ✈❛❧✉❡ ❢♦# K ❜✉' '❤❛'

'❤❡ ✈❡#+✐♦♥ ♦❢ '❤❡ ❣❛♣ +'❛'✐+'✐❝ ✉+❡❞ ✐♥ '❤❡ ♣#♦❣#❛♠ ❢❛✐❧❡❞ '♦ ❞♦ +♦✱ ✇❡ ❛#❡ ❝♦♥✜❞❡♥' ✐♥ ♦✉#

❝❤♦✐❝❡ ♦❢ +'❛'✐+'✐❝✳ ❚❤✐+ ❣❛♣ +'❛'✐+'✐❝ ✐+ #❛'❤❡# ♣#❡❝✐+❡ ❜✉'✱ ❧✐❦❡ ❛❧❧ ❣❛♣ +'❛'✐+'✐❝+✱ ❛ '✐♠❡

❝♦♥+✉♠✐♥❣ ♠❡'❤♦❞ '♦ ❡+'✐♠❛'❡ '❤❡ ♥✉♠❜❡# ♦❢ ❝❧✉+'❡#+✳ ❈❡#'❛✐♥ ♠❡'❤♦❞+✱ +✉❝❤ ❛+ ❆❲❝❧✉)*✱

'❤❡#❡❢♦#❡ ❧✐♠✐' '❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡# ♦❢ ❝❧✉+'❡#+ ✐♥✈❡+'✐❣❛'❡❞ ✐♥ ♦#❞❡# '♦ ❛❝❝❡❧❡#❛'❡ '❤❡

✇❤♦❧❡ ❝❧✉+'❡#✐♥❣ ♣#♦❝❡++✳ ❲❡ ❞❡❝✐❞❡❞ ♥♦' '♦ ♠❛❦❡ '❤✐+ ❧✐♠✐'❛'✐♦♥ ✐♥ '❤❡ ❙❍■#❙ ♣❛❝❦❛❣❡
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✐♥ ♦#❞❡# &♦ ❧❡& &❤❡ ✉*❡# ♦❢ &❤❡ ♣#♦❣#❛♠ &❤❡ ❝❤♦✐❝❡ ♦❢ ❛ #❡❛*♦♥❛❜❧❡ ♠❛①✐♠✉♠ ♥✉♠❜❡# ♦❢

❝❧✉*&❡#*✳

❆❧*♦✱ ✇❡ ❞❡&❡#♠✐♥❡❞ &❤#♦✉❣❤ *❡✈❡#❛❧ ❡①♣❡#✐♠❡♥&* &❤❛& #❡♣❡&✐&✐✈❡ ❛♣♣❧✐❝❛&✐♦♥* ♦❢ &❤❡

❙❍■#❙ ❛❧❣♦#✐&❤♠ &♦ &❤❡ *❛♠❡ ❞❛&❛*❡& ❧❡❛❞* &♦ &❤❡ *❛♠❡ ❝❧✉*&❡#✐♥❣ #❡*✉❧&*✳ ❚❤✐* #♦❜✉*&✲
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❚❤❡ ♥♦✈❡❧ ❝❧✉*&❡#✐♥❣ ❛♣♣#♦❛❝❤ ♣#❡*❡♥&❡❞ ✐♥ &❤✐* ❝❤❛♣&❡# ✇❛* ❛♣♣❧✐❡❞ &♦ ❙◆= ❞❛&❛✳ ■&
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❣❡♥❡&✐❝ *&#✉❝&✉#❡ ♦❢ ♠❛♥② ♣♦♣✉❧❛&✐♦♥*✳



Chapter 4
▼✉❧#✐♣❧❡✲#❡(#✐♥❣ ■((✉❡( ✐♥

●❡♥♦♠❡✲❲✐❞❡ ❛((♦❝✐❛#✐♦♥ (#✉❞✐❡(

❲❡ "❡❢❡" $♦ ♠✉❧$✐♣❧❡✲$❡,$✐♥❣ ✐,,✉❡, ✇❤❡♥ ♥♦$ ♦♥❡ ❜✉$ ,❡✈❡"❛❧ ,$❛$✐,$✐❝❛❧ $❡,$, ❛"❡ ♣❡"❢♦"♠❡❞

,✐♠✉❧$❛♥❡♦✉,❧②✳ ❲❤❡♥ ♦♥❧② ♦♥❡ ,$❛$✐,$✐❝❛❧ $❡,$ ✐, ❝♦♥❞✉❝$❡❞✱ $❤❡ ♣"♦❜❛❜✐❧✐$② ♦❢ ❤❛✈✐♥❣ ❛

❢❛❧,❡✲♣♦,✐$✐✈❡ ✐, ❝♦♥$"♦❧❧❡❞ ❛$ $❤❡ ❧❡✈❡❧ ♦❢ ,✐❣♥✐✜❝❛♥❝❡ α✳ ❲❤❡♥ ♠♦"❡ $❤❛♥ ♦♥❡ $❡,$ ❛"❡
♣❡"❢♦"♠❡❞✱ α ❝❛♥ ♥♦ ❧♦♥❣❡" ❜❡ ✐♥$❡"♣"❡$❡❞ ❛, $❤❡ ♣"♦❜❛❜✐❧✐$② ♦❢ ❢❛❧,❡✲♣♦,✐$✐✈❡ ♦❢ $❤❡ ♦✈❡"❛❧❧
$❡,$, ❜✉$ "❛$❤❡" ❛, $❤❡ ❡①♣❡❝$❡❞ ♣"♦♣♦"$✐♦♥ ♦❢ $❡,$, ♣"♦✈✐❞✐♥❣ ❢❛❧,❡✲♣♦,✐$✐✈❡ "❡,✉❧$,✳

▲❡$ ✉, ❝♦♥,✐❞❡"✱ ❢♦" ✐♥,$❛♥❝❡✱ m $❡,$, ♣❡"❢♦"♠❡❞ ✐♥ ❛ ,✐♥❣❧❡ ❡①♣❡"✐♠❡♥$✳ ❲✐$❤ ❥✉,$ ♦♥❡
$❡,$ ✭m = 1✮ ♣❡"❢♦"♠❡❞ ❛$ $❤❡ ✉,✉❛❧ ✺✪ ,✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧✱ $❤❡"❡ ✐, ❛ ✺✪ ❝❤❛♥❝❡ ♦❢ ✐♥❝♦"✲
"❡❝$❧② "❡❥❡❝$✐♥❣ H0✳ ❍♦✇❡✈❡"✱ ✇✐$❤ m = 20 $❡,$, ✐♥ ✇❤✐❝❤ ❛❧❧ $❤❡ ♥✉❧❧ ❤②♣♦$❤❡,❡, ❛"❡ $"✉❡✱
$❤❡ ❡①♣❡❝$❡❞ ♥✉♠❜❡" ♦❢ ,✉❝❤ ❢❛❧,❡ "❡❥❡❝$✐♦♥, ✐, 20 × 0.05 = 1✳ ◆♦✇✱ ✇✐$❤ m = 100, 000
$❡,$,✱ $❤❡ ❡①♣❡❝$❡❞ ♥✉♠❜❡" ♦❢ ❢❛❧,❡✲♣♦,✐$✐✈❡, ✐, ✺✱✵✵✵ ✇❤✐❝❤ ✐, ♠✉❝❤ ♠♦"❡ ,✉❜,$❛♥$✐❛❧✳

❆, ❛ ❝♦♥,❡E✉❡♥❝❡✱ $❤❡ ❝♦♥$"♦❧ ♦❢ $❤❡ ♣"♦♣♦"$✐♦♥ ♦❢ ❢❛❧,❡✲♣♦,✐$✐✈❡, ✐♥ $❤❡ ❝♦♥$❡①$ ♦❢

♠✉❧$✐♣❧❡✲$❡,$✐♥❣ ✐, ❛ ❝"✉❝✐❛❧ ✐,,✉❡ ❛♥❞ $❤❡ ❢❛❧,❡✲♣♦,✐$✐✈❡ "❛$❡ ❞♦❡, ♥♦$ ❛♣♣❡❛" ❛❞❛♣$❡❞

❛♥②♠♦"❡ $♦ ❞❡✜♥❡ ❛ ❝♦♥✜❞❡♥❝❡ $❤"❡,❤♦❧❞ $♦ ❛♣♣❧② $♦ $❤❡ p✲✈❛❧✉❡,✳ ❲❡ $❤❡"❡❢♦"❡ ♥❡❡❞
♠✉❧$✐♣❧❡✲$❡,$✐♥❣ ❝♦""❡❝$✐♦♥ ♣"♦❝❡❞✉"❡, ❛✐♠✐♥❣ ❛$ ❝♦♥$"♦❧❧✐♥❣ ❝❡"$❛✐♥ ♠♦"❡ "❡❧❡✈❛♥$ ,$❛$✐,✲

$✐❝❛❧ ❝♦♥✜❞❡♥❝❡ ♠❡❛,✉"❡,✳

●❡♥♦♠❡✲❲✐❞❡ ❛,,♦❝✐❛$✐♦♥ ,$✉❞✐❡, ✐♥✈♦❧✈❡ $❡,$✐♥❣ ♠❛♥② ♠❛"❦❡", ❛♥❞ ❛"❡ $❤❡"❡❢♦"❡ ,❡♥✲

,✐❜❧❡ $♦ $❤✐, ✐,,✉❡✳ ❚❤❡ ✜",$ ,❡❝$✐♦♥ ♦❢ $❤✐, ❝❤❛♣$❡" ✐, ❞❡❞✐❝❛$❡❞ $♦ ❛ ❝♦♠♣❧❡$❡ ❛♥❛❧②,✐,

♦❢ $❤❡ ❝❧❛,,✐❝❛❧ ♠✉❧$✐♣❧❡✲$❡,$✐♥❣ ❝♦""❡❝$✐♦♥ ❛♣♣"♦❛❝❤❡, ✐♥ ❣❡♥❡$✐❝ ,$✉❞✐❡,✳ ❲❡ ♣"❡,❡♥$

❛♥❞ ❞✐,❝✉,, $❤❡ ❋❛♠✐❧②✲❲✐,❡ ❊""♦" ❘❛$❡ ✭❋❲❊❘✮✱ $❤❡ ❋❛❧,❡✲❉✐,❝♦✈❡"② ❘❛$❡ ✭❋❉❘✮ ♦"

$❤❡ ❧♦❝❛❧✲❋❉❘✳ ❚❤✐, "❡✈✐❡✇ ♦❢ $❤❡ ❝❧❛,,✐❝❛❧ ❝♦""❡❝$✐♦♥ ♣"♦❝❡❞✉"❡, ❤❛, ❜❡❡♥ ♣✉❜❧✐,❤❡❞ ✐♥

▼❡$❤♦❞, ✐♥ ▼♦❧❡❝✉❧❛" ❇✐♦❧♦❣② ✭❇♦✉❛③✐③ ❡$ ❛❧✳ ✷✵✶✷❛✮✳

❲❡ $❤❡♥ ❢♦❝✉, ♦♥ ❛ ♣❛"$✐❝✉❧❛" ✐,,✉❡ ✐♥ ●❲❆❙, $❤❛$ ✐, $❤❡ ❞❡$❡"♠✐♥❛$✐♦♥ ♦❢ $❤❡ ❣❡♥❡,

❛,,♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❞✐,❡❛,❡✳ ❲❡ ✐♥$"♦❞✉❝❡❞ ✐♥ ❙❡❝#✐♦♥ ✶✳✸✳✹ $❤✐, ♣"♦❜❧❡♠ $❤❛$ ❝♦♥✲

✶✷✼



✶✷✽ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-

 ✐ " ✐♥ ❝♦♥ ✐❞❡(✐♥❣  ❡✈❡(❛❧ ♠❛(❦❡( ✐♥ ❧✐♥❦❛❣❡ ❞✐ ❡/✉✐❧✐❜(✐✉♠✳ ■♠♣(♦✈❡❞ ♠✉❧"✐♣❧❡✲"❡ "✐♥❣

❝♦((❡❝"✐♦♥ ❛♥❞ ❛❧"❡(♥❛"✐✈❡ ♠❡"❤♦❞ ❛❝❝♦✉♥"✐♥❣ ❢♦( "❤❡ ✈❛(✐❛❜❧❡ ❞❡♣❡♥❞❡♥❝② ❜❡"✇❡❡♥ "❤❡

♠❛(❦❡( ❛ ✇❡❧❧ ❛(❡ "❤❡(❡❢♦(❡ ♥❡❡❞❡❞ ✐♥  ✉❝❤  ✐"✉❛"✐♦♥ ✳ ❲❡ ♣(❡ ❡♥" "❤❡ ♠❛✐♥  "(❛"❡❣✐❡ 

"♦ ❞❡(✐✈❡ ❣❡♥❡✲✇✐ ❡ ♠❡❛ ✉(❡♠❡♥" ❛♥❞ ❝♦♠♣❛(❡ "❤❡♠ ✐♥ ❛  ✐♠✉❧❛"✐♦♥  "✉❞②✳

✹✳✶ ▼✉❧&✐♣❧❡✲&❡+&✐♥❣ ❛♥❞ ●❡♥❡&✐❝ ❛++♦❝✐❛&✐♦♥ +&✉❞✐❡+

❆ ✇❡ ❞✐ ❝✉  ❡❞ ♣(❡✈✐♦✉ ❧②✱ ♠✉❧"✐♣❧❡✲"❡ "✐♥❣ ✐  ✉❡ ❛(❡ ❛ ♣♦"❡♥"✐❛❧ ❜✐❛ ♦❢ ❛  ♦❝✐❛"✐♦♥  "✉❞✲
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(❡ ✉❧" ✇✐❧❧ ❢❛❧❧ ✐♥ ♦♥❡ ♦❢ ❢♦✉( ♦✉"❝♦♠❡ ❞❡✜♥❡❞ ✐♥ ❚❛❜❧❡ ✶✳✶✳ ❚❤✐ ❧❡❛❞ "♦ "❤❡ ❡/✉✐✈❛❧❡♥"

❚❛❜❧❡ ✹✳✶ ❝♦((❡ ♣♦♥❞✐♥❣ "♦ ♠✉❧"✐♣❧❡✲"❡ " ✱ ✐♥❞✐❝❛"✐♥❣ "❤❡ ❛❝"✉❛❧ ♥✉♠❜❡( ♦❢ ❢❛❧ ❡✲♣♦ ✐"✐✈❡ 

❛♥❞ ❢❛❧ ❡✲♥❡❣❛"✐✈❡ ✭fp ❛♥❞ fn✮ ✐♥ "❡❛❞ ♦❢ "❤❡✐( (❡ ♣❡❝"✐✈❡ (❛"❡ ♦❢ ♦❝❝✉((❡♥❝❡ ✭α ❛♥❞ β✮✳

■♥ "❤❡ ❝❛ ❡ ♦❢ ●❡♥♦♠❡✲❲✐❞❡ ❛  ♦❝✐❛"✐♦♥  "✉❞✐❡ ✱ "❤❡ ♥✉♠❜❡( ♦❢ ❢❛❧ ❡✲♣♦ ✐"✐✈❡ ✐ ❤✐❣❤❡(

"❤❛♥ "❤❡ ❡①♣❡❝"❡❞ ♥✉♠❜❡( ♦❢ "(✉❡ ❞✐ ❝♦✈❡(✐❡ ❛♥❞ ✉♥❢♦("✉♥❛"❡❧②✱ ✐" ✐ ♥♦" ♣♦  ✐❜❧❡ "♦ ❦♥♦✇

✇❤✐❝❤ ♥✉❧❧ ❤②♣♦"❤❡ ✐ ✐ ❝♦((❡❝"❧② ♦( ✐♥❝♦((❡❝"❧② (❡❥❡❝"❡❞✳ ■" ✐ "❤❡(❡❢♦(❡ ♥❡❝❡  ❛(② "♦

❝♦♥ ✐❞❡( ❛❧"❡(♥❛"✐✈❡ ❝♦♥✜❞❡♥❝❡ ♠❡❛ ✉(❡ ✐♥ "❡❛❞ ♦❢ "❤❡ ❢❛❧ ❡✲♣♦ ✐"✐✈❡ (❛"❡✳ ▼♦(❡ ♣❡("✐♥❡♥"

♠❡❛ ✉(❡  ✉❝❤ ❛ "❤❡ ❋❲❊❘✱ "❤❡ ❋❉❘ ❛♥❞ "❤❡ ❧♦❝❛❧✲❋❉❘ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ "♦ "❤✐ 

❡♥❞ ❛♥❞ ❛(❡ ♣(❡ ❡♥"❡❞ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣  ❡❝"✐♦♥ ✳



✹✳✶ ▼✉❧&✐♣❧❡✲&❡+&✐♥❣ ❛♥❞ ●❡♥❡&✐❝ ❛++♦❝✐❛&✐♦♥ +&✉❞✐❡+ ✶✷✾

❍

✵

✐+ ♥♦& 6❡❥❡❝&❡❞ ❍

✵

✐+ 6❡❥❡❝&❡❞ ❚♦&❛❧

H0 ✐! "#✉❡ "#✉❡✲♥❡❣❛"✐✈❡! ✭tn✮ ❢❛❧!❡✲♣♦!✐"✐✈❡! ✭fp✮ m0 = tn+ fp
H0 ✐! ❢❛❧!❡ ❢❛❧!❡✲♥❡❣❛"✐✈❡! ✭fn✮ "#✉❡✲♣♦!✐"✐✈❡! ✭tp✮ m1 = fn+ tp
❚♦"❛❧ mU = tn+ fn mR = fp+ tp m

❚❛❜❧❡ ✹✳✶✿ ❖✉&❝♦♠❡+ ♦❢ m +&❛&✐+&✐❝❛❧ &❡+&+ ♣❡6❢♦6♠❡❞ ❛& &❤❡ ❧❡✈❡❧ α✳

✹✳✶✳✷ ❋❛♠✐❧②✲❲✐,❡ ❡..♦. .❛0❡

❉❡✜♥✐&✐♦♥

❚❤❡ ✜#!" ❛❧"❡#♥❛"✐✈❡ ❝♦♥✜❞❡♥❝❡ ♠❡❛!✉#❡ ♣#♦♣♦!❡❞ "♦ ❤❛♥❞❧❡ "❤❡ ♠✉❧"✐♣❧❡✲"❡!"✐♥❣ ♣#♦❜❧❡♠

✐! #❡❢❡##❡❞ "♦ ❛! "❤❡ ❋❛♠✐❧②✲❲✐!❡ ❊##♦#✲❘❛"❡ ✭❋❲❊❘✮ ❝#✐"❡#✐♦♥✳ ■" ✐! ❞❡✜♥❡❞ ❛! "❤❡

♣#♦❜❛❜✐❧✐"② ♦❢ ❢❛❧!❡❧② #❡❥❡❝"✐♥❣ ❛" ❧❡❛!" ♦♥❡ ♥✉❧❧ ❤②♣♦"❤❡!✐! ♦✈❡# "❤❡ ❝♦❧❧❡❝"✐♦♥ ♦❢ ❤②♣♦"❤❡!❡!

✭♦# ❢❛♠✐❧②✮ "❤❛" ✐! ❜❡✐♥❣ ❝♦♥!✐❞❡#❡❞ ❢♦# ❥♦✐♥" "❡!"✐♥❣✿

❋❲❊❘ = PH0
(fp ≥ 1 ❛" "❤❡ ❧❡✈❡❧ α).

❈♦♥"#♦❧❧✐♥❣ "❤❡ ❋❲❊❘ ❛" ❛ ❣✐✈❡♥ ❧❡✈❡❧ ✐! "♦ ❝♦♥"#♦❧ "❤❡ ♣#♦❜❛❜✐❧✐"② ♦❢ ❤❛✈✐♥❣ ❛" ❧❡❛!"

♦♥❡ ❢❛❧!❡✲♣♦!✐"✐✈❡✱ ✇❤✐❝❤ ✐! ✈❡#② ❞✐✛❡#❡♥" ❢#♦♠ "❤❡ ❢❛❧!❡✲♣♦!✐"✐✈❡ #❛"❡✳ ■♥ ♣#❛❝"✐❝❡✱ ❛! "❤❡

♥✉♠❜❡# ✭m✮ ♦❢ "❡!"! ✐♥❝#❡❛!❡!✱ "❤❡ ❢❛❧!❡✲♣♦!✐"✐✈❡ #❛"❡ #❡♠❛✐♥! ✜①❡❞ ❛" "❤❡ ❧❡✈❡❧ α ✇❤❡#❡❛!

"❤❡ ❋❲❊❘ ❣❡♥❡#❛❧❧② "❡♥❞! "♦✇❛#❞ ✶✳

❙❡✈❡#❛❧ ♣#♦❝❡❞✉#❡ ❡①✐!" "♦ ❝♦♥"#♦❧ "❤❡ ❋❲❊❘❀ ❤❡#❡ ✇❡ ✐♥"#♦❞✉❝❡ "❤❡ ❇♦♥❢❡##♦♥✐ ❛♥❞

"❤❡ ❙✐❞❛❦ ♣#♦❝❡❞✉#❡! "❤❛" ❝❛♥ ❜❡ ❝♦♥!✐❞❡#❡❞ ❛! "❤❡ #❡❢❡#❡♥❝❡ ♠❡"❤♦❞!✳

❚❤❡ ❇♦♥❢❡66♦♥✐ ♣6♦❝❡❞✉6❡

❈❡#"❛✐♥❧② "❤❡ !✐♠♣❧❡!" ❛♥❞ ♠♦!" ✇✐❞❡❧② ✉!❡❞ ♠❡"❤♦❞ "♦ ❞❡❛❧ ✇✐"❤ ♠✉❧"✐♣❧❡✲"❡!"✐♥❣ ✐! "♦

❝♦♥"#♦❧ "❤❡ ❋❲❊❘ ❜② ❛♣♣❧②✐♥❣ "❤❡ ❇♦♥❢❡##♦♥✐ ❛❞❥✉!"♠❡♥" ✭❇♦♥❢❡##♦♥✐ ✶✾✸✺ ✶✾✸✻✮ ✇❤✐❝❤

❛❝❝♦✉♥"! ❢♦# "❤❡ ♥✉♠❜❡# ♦❢ "❡!"!✳ ■" ✐! ❜❛!❡❞ ♦♥ "❤❡ ❢♦❧❧♦✇✐♥❣ !✐♠♣❧❡ #❡❧❛"✐♦♥ ❜❡"✇❡❡♥ "❤❡

p✲✈❛❧✉❡ ♦❢ ❛ "❡!" i ✭pi✮✱ "❤❡ ♥✉♠❜❡# ♦❢ "❡!"! ♣❡#❢♦#♠❡❞ ✭m✮ ❛♥❞ "❤❡ ❋❲❊❘ ❛" "❤❡ ❧❡✈❡❧ pi
✭❋❲❊❘i✮✿

❋❲❊❘i = PH0
(fp ≥ 1 ❛" "❤❡ ❧❡✈❡❧ pi)

= PH0
({"❡!" ✶ ✐! fp ❛" "❤❡ ❧❡✈❡❧ pi} ♦# . . . ♦# {"❡!" ♠ ✐! fp ❛" "❤❡ ❧❡✈❡❧ pi})

≤
m
∑

k=1

PH0
({"❡!" ❦ ✐! fp ❛" "❤❡ ❧❡✈❡❧ pi})

≤ mpi,

❜❡❝❛✉!❡ ❢♦# ❡❛❝❤ "❡!" i✱ PH0
("❡!" ✐ ✐! fp ❛" "❤❡ ❧❡✈❡❧ pi) = pi✳ ❚❤❡ ♥❡✇ ❝♦♥✜❞❡♥❝❡ ✈❛❧✲

✉❡! p❇♦♥❢i = mpi ❝♦##❡!♣♦♥❞ "♦ "❤❡ p✲✈❛❧✉❡! ❛❞❥✉!"❡❞ ❜② "❤❡ ❇♦♥❢❡##♦♥✐ ♣#♦❝❡❞✉#❡✱ ❛♥❞



✶✸✵ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-

 ❡♣ ❡#❡♥% ✉♣♣❡ ❜♦✉♥❞# ♦❢ %❤❡ ❋❲❊❘i✳ ❈♦♥$%♦❧❧✐♥❣ $❤❡ ❋❲❊❘ ❛$ ❛ ✺✪ ❧❡✈❡❧ %❡3✉✐%❡5

$♦ ❛♣♣❧② ❛ ✺✪ $❤%❡5❤♦❧❞ $♦ $❤❡ ❛❞❥✉5$❡❞ p✲✈❛❧✉❡5 ❝♦%%❡5♣♦♥❞✐♥❣ $♦ $❤❡ ♣%♦❞✉❝$ ♦❢ ❡❛❝❤

p✲✈❛❧✉❡ ✇✐$❤ $❤❡ ♥✉♠❜❡% ♦❢ $❡5$5✳ ❖♥❡ ❝❛♥ ❛❧5♦ ♣%❡❢❡% $♦ ❛♣♣❧② ❛ $❤%❡5❤♦❧❞ ♦❢ 5%/m $♦

$❤❡ ✉♥❛❞❥✉5$❡❞ p✲✈❛❧✉❡5✳ ❋♦% ✐♥5$❛♥❝❡✱ $♦ ❡♥5✉%❡ $❤❛$ $❤❡ ❋❲❊❘ ✐5 ♥♦$ ❣%❡❛$❡% $❤❛♥ ✺✪

✇❤❡♥ ♣❡%❢♦%♠✐♥❣ ✶✵✵ $❡5$5✱ ❡❛❝❤ %❡5✉❧$ ❝❛♥ ❜❡ ❝♦♥5✐❞❡%❡❞ ❛5 5✐❣♥✐✜❝❛♥$ ♦♥❧② ✐❢ $❤❡ p✲✈❛❧✉❡

✐5 ❧❡55 $❤❛♥ ✵✳✵✺✴✶✵✵ ❂ ✵✳✵✵✵✺✳ ■$ ♠❛❦❡5 ♥♦ ❞✐✛❡%❡♥❝❡ ✐♥ $❡%♠ ♦❢ %❡5✉❧$5✳

❚❤❡ ♠❛❥♦% ❛❞✈❛♥$❛❣❡ ♦❢ $❤❡ ❇♦♥❢❡%%♦♥✐ ♣%♦❝❡❞✉%❡ ✐5 $❤❛$ ✐$ ✐5 5✐♠♣❧❡ ❛♥❞ 5$%❛✐❣❤$❢♦%✲

✇❛%❞ $♦ ❝❛❧❝✉❧❛$❡ ❛♥❞ ❝❛♥ ❡❛5✐❧② ❜❡ ✉5❡❞ ✐♥ ❛♥② ♠✉❧$✐♣❧❡✲$❡5$✐♥❣ ❛♣♣❧✐❝❛$✐♦♥ ✭❘✐❝❡ ❡$ ❛❧✳

✷✵✵✽✮✳ ❍♦✇❡✈❡% 5♦♠❡ ❛✉$❤♦%5 ❛%❣✉❡ $❤❛$ ♦♥❡ ♠❛❥♦% ❞✐5❛❞✈❛♥$❛❣❡ ♦❢ $❤❡ ❇♦♥❢❡%♦♥♥✐ ♣%♦✲

❝❡❞✉%❡ ✐5 $❤❛$ ✐$ ♦✈❡% ❛❞❥✉5$5 $❤❡ ♣✲✈❛❧✉❡5✱ %❡5✉❧$✐♥❣ ✐♥ ❛ ❝♦♥$%♦❧ ♦❢ $❤❡ ❋❲❊❘ 5❧✐❣❤$❧②

♠♦%❡ 5$%✐♥❣❡♥$ $❤❛♥ ❡①♣❡❝$❡❞✳

❚❤❡ ❙✐❞❛❦ ♣)♦❝❡❞✉)❡

❆♥ ❛❧$❡%♥❛$✐✈❡ ✇❛5 ❞❡✈❡❧♦♣❡❞ ✐♥ $❤❡ ❝❛5❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥$ $❡5$5 ❜② ❙✐❞❛❦ ✭❙✐❞❛❦ ✶✾✻✼✮ ❛♥❞

✐5 ❜❛5❡❞ ♦♥✿

❋❲❊❘i = PH0
(fp ≥ 1 ❛$ $❤❡ ❧❡✈❡❧ pi)

= 1− PH0
(fp = 0 ❛$ $❤❡ ❧❡✈❡❧ pi)

= 1− (1− pi)
m

❚❤✐5 ❛❞❥✉5$♠❡♥$ %❡5✉❧$5 ✐♥ ❛ ♠♦%❡ ♣%❡❝✐5❡ ❝♦♥$%♦❧ ♦❢ $❤❡ ❋❲❊❘✳ ❍♦✇❡✈❡% $❤✐5 ❛♣♣%♦❛❝❤

❛55✉♠❡5 $❤❛$ ❛❧❧ $❤❡ $❡5$5 ♣❡%❢♦%♠❡❞ ❛%❡ ✐♥❞❡♣❡♥❞❡♥$ ❛♥❞ ♠❛② $❤❡%❡❢♦%❡ ♥♦$ ❜❡ 5✉✐$❛❜❧❡ ❢♦%

❡✈❡%② 5✐$✉❛$✐♦♥ ✇❤✐❧❡ $❤❡ ❇♦♥❢❡%♦♥♥✐ ♣%♦❝❡❞✉%❡ ❞♦❡5 ♥♦$ ♠❛❦❡ ❛♥② ❛55✉♠♣$✐♦♥ ❛❜♦✉$ $❤❡

%❡❧❛$✐♦♥ ❜❡$✇❡❡♥ $❤❡ $❡5$5✳ ▼♦%❡♦✈❡% ✐♥ $❤❡ ❝❛5❡ ♦❢ ❛ ❧❛%❣❡ ♥✉♠❜❡% ♦❢ ♠❛%❦❡%5 $❡5$❡❞✱ 5✉❝❤

❛5 ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛55♦❝✐❛$✐♦♥ 5$✉❞✐❡5✱ ❛♥❞ 5♠❛❧❧ p✲✈❛❧✉❡5 ✐♥ ✇❤✐❝❤ ✇❡ ❛%❡ ✐♥$❡%❡5$❡❞ ✐♥✱

$❤❡ 1− (1−pi)
m

♣%♦♣♦5❡❞ ❜② ❙✐❞❛❦ ❝❛♥ ❜❡ %❡❛5♦♥❛❜❧② ❛♣♣%♦①✐♠❛$❡❞ ❜② $❤❡ mpi ♣%♦♣♦5❡❞

❜② ❇♦♥❢❡%%♦♥✐✳

❈♦♠♠❡♥01 ♦♥ 0❤❡ ❋❲❊❘

❆5 ❛ ♠❛$$❡% ♦❢ ❢❛❝$✱ $❡5$5 ❛%❡ ♦❢$❡♥ ❞❡♣❡♥❞❡♥$ ✇❤❡♥ $❡5$✐♥❣ ❣❡♥❡$✐❝ ♠❛%❦❡%5 $❤❛$ ❛%❡

5$❛$✐5$✐❝❛❧❧② ❛55♦❝✐❛$❡❞ ❜② ❧✐♥❦❛❣❡ ❞✐5❡3✉✐❧✐❜%✐✉♠ ♦✈❡% $❤❡ ❣❡♥♦♠❡ ✳ ■♥ 5✉❝❤ 5✐$✉❛$✐♦♥5✱ ❛

♣%❛❝$✐❝❛❧ ❛♥❞ ❝♦♠♠♦♥ ❛❧$❡%♥❛$✐✈❡ ✐5 $♦ ❛♣♣%♦①✐♠❛$❡ $❤❡ ❡①❛❝$ ❋❲❊❘ ✉5✐♥❣ ❛ ♣❡%♠✉$❛✲

$✐♦♥ ♣%♦❝❡❞✉%❡ ✭❇❛❧❞✐♥❣ ✷✵✵✻✱ ❘✐❝❡ ❡$ ❛❧✳ ✷✵✵✽✮✳ ❍❡%❡✱ $❤❡ ❣❡♥♦$②♣❡ ❞❛$❛ ❛%❡ %❡$❛✐♥❡❞

❜✉$ $❤❡ ♣❤❡♥♦$②♣❡ ❧❛❜❡❧5 ❛%❡ %❛♥❞♦♠✐③❡❞ ♦✈❡% $❤❡ ✐♥❞✐✈✐❞✉❛❧5 $♦ ❣❡♥❡%❛$❡ ❛ ❞❛$❛5❡$ $❤❛$

❤❛5 $❤❡ ♦❜5❡%✈❡❞ ▲❉ 5$%✉❝$✉%❡ ❜✉$ 5❛$✐5✜❡5 $❤❡ ♥✉❧❧ ❤②♣♦$❤❡5✐5 ♦❢ ♥♦ ❛55♦❝✐❛$✐♦♥ ✇✐$❤ $❤❡

♣❤❡♥♦$②♣❡✳ ❇② ❛♥❛❧②③✐♥❣ ♠❛♥② ♦❢ 5✉❝❤ ❞❛$❛5❡$5✱ $❤❡ ❡①❛❝$ ❋❲❊❘ ❝❛♥ ❜❡ ❛♣♣%♦①✐♠❛$❡❞✳

❚❤❡ ♠❡$❤♦❞ ✐5 ❝♦♥❝❡♣$✉❛❧❧② 5✐♠♣❧❡ ❜✉$ ❝❛♥ ❜❡ ❝♦♠♣✉$❛$✐♦♥❛❧❧② ✐♥$❡♥5✐✈❡✱ ♣❛%$✐❝✉❧❛%❧②

❛5 ✐$ ✐5 5♣❡❝✐✜❝ $♦ ❛ ♣❛%$✐❝✉❧❛% ❞❛$❛5❡$ ❛♥❞ $❤❡ ✇❤♦❧❡ ♣%♦❝❡❞✉%❡ ❤❛5 $♦ ❜❡ %❡♣❡❛$❡❞ ✐❢

$❤❡ ❞❛$❛ ✐5 5♦♠❡❤♦✇ ❛❧$❡%❡❞ ✭❇❛❧❞✐♥❣ ✷✵✵✻✮✳ ▼♦%❡♦✈❡% ✐$ %❡3✉✐%❡5 ❝♦♠♣❧❡① ♣%♦❣%❛♠♠✐♥❣

5❦✐❧❧5 ❛♥❞ 5$❛$✐5$✐❝❛❧ ❦♥♦✇❧❡❞❣❡✳ ❍♦✇❡✈❡%✱ $❤❡ ❛✈❛✐❧❛❜✐❧✐$② ♦❢ %❡❧❛$✐✈❡❧② ✐♥❡①♣❡♥5✐✈❡ ❛♥❞



✹✳✶ ▼✉❧&✐♣❧❡✲&❡+&✐♥❣ ❛♥❞ ●❡♥❡&✐❝ ❛++♦❝✐❛&✐♦♥ +&✉❞✐❡+ ✶✸✶

❢❛"# ❝♦♠♣✉#❡*" ❛♥❞ #❤❡ ✉"❡ ♦❢ ❜✉✐❧#✲✐♥ ♣❡*♠✉#❛#✐♦♥ ✉#✐❧✐#✐❡" ❛✈❛✐❧❛❜❧❡ ❢♦* "❡✈❡*❛❧ ❣❡♥❡#✐❝

♣*♦❣*❛♠" ✭"✉❝❤ ❛" ♣❧✐♥❦✮ ♦❜✈✐❛#❡ #❤❡"❡ ♣*♦❜❧❡♠" #♦ "♦♠❡ ❡①#❡♥#✳

❆❝#✉❛❧❧② #❤❡ ♠❛✐♥ ❞✐"❛❞✈❛♥#❛❣❡ ✇✐#❤ #❤❡ ✉"❡ ♦❢ #❤❡ ❋❲❊❘ ❛" ❛ ❝♦♥✜❞❡♥❝❡ ♠❡❛"✉*❡ ✐"

✐#" ✉♥*❡❧✐❛❜✐❧✐#② ✇✐#❤ ❝❡*#❛✐♥ ❞❛#❛ "✐③❡"✳ ❚❤✐" ♣*♦❝❡❞✉*❡ ✇♦*❦" ✇❡❧❧ ✐♥ "❡##✐♥❣" ✐♥✈♦❧✈✐♥❣ ❛

❢❡✇ #❡"#" ✭❡✳❣✳ ✶✵✲✷✵✱ ✉"✉❛❧ ❢♦* ❝❛♥❞✐❞❛#❡ ❣❡♥❡ "#✉❞✐❡"✮ ❛♥❞ ❡✈❡♥ ✇❤❡♥ #❤❡ ♥✉♠❜❡* ♦❢ #❡"#"

✐" "♦♠❡✇❤❛# ❧❛*❣❡* ✭❡✳❣✳ ❛ ❢❡✇ ❤✉♥❞*❡❞" ❛" ✐♥ ❣❡♥♦♠❡✲✇✐❞❡ ♠✐❝*♦✲"❛#❡❧❧✐#❡ "❝❛♥"✮ ✭❘✐❝❡

❡# ❛❧✳ ✷✵✵✽✮✳ ❨❡# #❤❡ ❝♦♥#*♦❧ ♦❢ #❤❡ ❋❲❊❘ ✐" ♥♦# ✐❞❡❛❧ ✇❤❡♥ #❤❡ ♥✉♠❜❡* ♦❢ #❡"#" ✐" ✈❡*②

❧❛*❣❡✱ ❛" #❤❡ ❧❡✈❡❧ ♦❢ "✐❣♥✐✜❝❛♥❝❡ ❜❡❝♦♠❡" #♦♦ "#*✐♥❣❡♥# ❛♥❞ ❛" ❛ *❡"✉❧# #*✉❡ ❛""♦❝✐❛#✐♦♥"

♠❛② ❜❡ ♦✈❡*❧♦♦❦❡❞ ❛♥❞ ❛ ❝♦♥"❡I✉❡♥# ❧♦"" ♦❢ #❡"# ♣♦✇❡* ♦❝❝✉*" ✭▼♦"❦✈✐♥❛ ❛♥❞ ❙❝❤♠✐❞#

✷✵✵✽✮✳ ❋♦* ✐♥"#❛♥❝❡ ✐♥ #❤❡ ❝♦♥#❡①# ♦❢ ●❡♥♦♠❡✲❲✐❞❡ ❛""♦❝✐❛#✐♦♥ "#✉❞✐❡"✱ ✐❢ ✶ ♠✐❧❧✐♦♥ ❣❡♥❡#✐❝

♠❛*❦❡*" ❛*❡ #❡"#❡❞✱ #❤❡ p✲✈❛❧✉❡ #❤*❡"❤♦❧❞ ❢♦* ❡❛❝❤ ♠❛*❦❡* ♠✉"# ❜❡ "❡# #♦ 5×10−8 #♦ ❝♦♥#*♦❧

#❤❡ ❋❲❊❘ ❛# ✺✪ ✇❤✐❝❤ ✐" ✈❡*② ❧♦✇✳

❊✈❡♥ #❤♦✉❣❤ "✉❝❤ ❧❡✈❡❧" ❝❡*#❛✐♥❧② ✇♦✉❧❞ ♣*♦✈✐❞❡ ❛ "❛❢❡❣✉❛*❞ ❛❣❛✐♥"# ❢❛❧"❡✲♣♦"✐#✐✈❡"✱

#❤❡② ✇♦✉❧❞ ❛❧"♦ ❧❡❛❞ #♦ ❛♥ ✉♥❛❝❝❡♣#❛❜❧❡ ♥✉♠❜❡* ♦❢ ❢❛❧"❡✲♥❡❣❛#✐✈❡"✱ ♣❛*#✐❝✉❧❛*❧② ❢♦* ❝♦♠✲

♣❧❡① #*❛✐#" ✇❤❡*❡ #❤❡ ❧♦❝✐ ❡✛❡❝#" ❛*❡ ❡①♣❡❝#❡❞ #♦ ❜❡ ♠♦❞❡*❛#❡ ❛# ❜❡"#✳ ❈♦♥"❡I✉❡♥#❧②✱ ❧❡""

"#*✐♥❣❡♥# ❝♦♥✜❞❡♥❝❡ ♠❡❛"✉*❡✲❜❛"❡❞ ♠❡#❤♦❞" ❛*❡ ❞❡"✐❣♥❡❞ "✉❝❤ ❛" #❤❡ ❍♦❧♠ ♣*♦❝❡❞✉*❡

✭❍♦❧♠ ✶✾✼✾✮ ♦* #❤❡ ✇❡✐❣❤#❡❞ ❍♦❧♠ ♣*♦❝❡❞✉*❡ ✭❉❛❧♠❛""♦ ❡# ❛❧✳ ✷✵✵✽✮ #♦ ✜♥❞ ❛ ♣*♦♣❡*

❜❛❧❛♥❝❡ ❜❡#✇❡❡♥ ❢❛❧"❡✲♣♦"✐#✐✈❡" ❛♥❞ ❢❛❧"❡✲♥❡❣❛#✐✈❡" ✐♥ ❧❛*❣❡✲"❝❛❧❡ ❛""♦❝✐❛#✐♦♥ "#✉❞✐❡"✳ ❚❤✐"

❝♦♥"#✐#✉#❡" ♦♥❡ ♦❢ #❤❡ ❜✉*♥✐♥❣ ♠❡#❤♦❞♦❧♦❣✐❝❛❧ ✐""✉❡" ✐♥ ❝♦♥#❡♠♣♦*❛*② ●❡♥❡#✐❝ ❊♣✐❞❡♠✐✲

♦❧♦❣② ❛♥❞ "#❛#✐"#✐❝❛❧ ●❡♥❡#✐❝" ✭❘✐❝❡ ❡# ❛❧✳ ✷✵✵✽✮✳

✹✳✶✳✸ ❆♥❛❧②③✐♥❣ ,❤❡ ❞✐0,1✐❜✉,✐♦♥ ♦❢ p✲✈❛❧✉❡0 ,♦ ✉♥❞❡10,❛♥❞ ,❤❡

❜❛0✐0 ♦❢ ♠♦1❡ ❛❞✈❛♥❝❡❞ ♠✉❧,✐♣❧❡✲,❡0,✐♥❣ ❝♦11❡❝,✐♦♥0

▼✐①&✉5❡ ❞✐+&5✐❜✉&✐♦♥ ♦❢ p✲✈❛❧✉❡+

❆♥❛❧②③✐♥❣ #❤❡ ❞✐"#*✐❜✉#✐♦♥ ♦❢ p✲✈❛❧✉❡" ♣*♦✈✐❞❡" ❛ ✇❛② #♦ ❞❡#❡*♠✐♥❡ ❤♦✇ ♠❛♥② #❡"#" ❛*❡ ❞❡✲

❝❧❛*❡❞ ✉♥❞❡* #❤❡ ♥✉❧❧ ❤②♣♦#❤❡"✐" ✭H0✮ ♦* ✉♥❞❡* #❤❡ ❛❧#❡*♥❛#✐✈❡ ✭H1✮ ❛♥❞ #❤❡*❡❢♦*❡ #♦ ❛""❡""

#❤❡ ♠✉❧#✐♣❧❡✲#❡"#✐♥❣ ♣*♦❜❧❡♠✳ ❆ ✈❡*② ✐♥#❡*❡"#✐♥❣ *❡"✉❧# ✐" #❤❛# ✉♥❞❡* H0✱ #❤❡ ♥✉❧❧ ❞✐"#*✐✲

❜✉#✐♦♥ ♦❢ p✲✈❛❧✉❡" ✭D0✮ ❝♦**❡"♣♦♥❞" #♦ ❛ "#❛♥❞❛*❞ ❯♥✐❢♦*♠ ❞✐"#*✐❜✉#✐♦♥ ♦♥ #❤❡ ✐♥#❡*✈❛❧

[0, 1] ✭❋✐❣✉5❡ ✹✳✶✲❆✮✳

❖♥ #❤❡ ♦#❤❡* ❤❛♥❞✱ #❤❡ ❛❧#❡*♥❛#✐✈❡ ❞✐"#*✐❜✉#✐♦♥ ♦❢ p✲✈❛❧✉❡" ✭D1✮ ✉♥❞❡* H1 ❝♦**❡"♣♦♥❞"

#♦ ❛ ❞✐"#*✐❜✉#✐♦♥ #❤❛# #❡♥❞" #♦ ❛❝❝✉♠✉❧❛#❡ #♦✇❛*❞ ✵ ✭❋✐❣✉5❡ ✹✳✶✲❇✮✳ ■♥ ♣*❛❝#✐❝❡✱ ♦♥❡

❞❡❛❧" ✇✐#❤ p✲✈❛❧✉❡" ❞*❛✇♥ ✉♥❞❡* H0 ❛♥❞ H1 ✇❤✐❝❤ ❝♦**❡"♣♦♥❞" #♦ ❛ ♠✐①#✉*❡ ❞✐"#*✐❜✉#✐♦♥

D ♦❢ D0 ❛♥❞ D1 ✭❋✐❣✉5❡ ✹✳✶✲❈✮ ✭▼❝▲❛❝❤❧❛♥ ❛♥❞ Y❡❡❧ ✷✵✵✵✮✿

f = π0f0 + π1f1,

✇❤❡*❡ f ✱ f0 ❛♥❞ f1 ❛*❡ *❡"♣❡❝#✐✈❡❧② #❤❡ ♣*♦❜❛❜✐❧✐#② ❞❡♥"✐#② ❢✉♥❝#✐♦♥" ❞❡✜♥✐♥❣ #❤❡ ❞✐"#*✐✲

❜✉#✐♦♥" D✱ D0 ❛♥❞ D1❀ π0 ❛♥❞ π1 ❛*❡ #❤❡ ♣*♦♣♦*#✐♦♥ ♦❢ p✲✈❛❧✉❡" ❣❡♥❡*❛#❡❞ ✉♥❞❡* H0 ❛♥❞

H1 *❡"♣❡❝#✐✈❡❧②✱ ✇✐#❤ π0 + π1 = 1.



✶✸✷ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-
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❋✐❣✉$❡ ✹✳✷✿ ❍✐"#♦❣&❛♠ ♦❢ p✲✈❛❧✉❡" ✭❆✮ ❛♥❞ ◗✲◗ ♣❧♦#" ✭❇✮ ❢♦& #❤&❡❡ ✐♥❝&❡❛"✐♥❣
♣&♦♣♦&#✐♦♥ ♦❢ ♠❛&❦❡&" ✉♥❞❡& H1 ✭π1 ❂ 2%✱ 10%✱ ❛♥❞ 50%✮✳ ▼✐①#✉&❡" ♦❢ ❯♥✐❢♦&♠
❛♥❞ ❇❡#❛ ❞✐"#&✐❜✉#✐♦♥" ✇❡&❡ ✉"❡❞ #♦ "✐♠✉❧❛#❡ #❤❡"❡ p✲✈❛❧✉❡ ❞✐"#&✐❜✉#✐♦♥"✳



✶✸✹ ✹✳ ▼✉❧'✐♣❧❡✲'❡,'✐♥❣ ■,,✉❡, ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛,,♦❝✐❛'✐♦♥ ,'✉❞✐❡,

❋✐♥❞✐♥❣ ❡✈✐❞❡♥❝❡ ♦❢ '❤❡ ❡①✐,'❡♥❝❡ ♦❢ '<✉❡✲♣♦,✐'✐✈❡,

❆♥ ✉#✉❛❧ &✉❡#(✐♦♥ ❛❞❞,❡##❡❞ ❛( (❤❡ ♦✉(#❡( ♦❢ (❤❡ ❛♥❛❧②#✐# ♦❢ ❧❛,❣❡✲#❝❛❧❡ ❣❡♥❡(✐❝ ❞❛(❛ ✐#

✇❤❡(❤❡, (❤❡,❡ ✐# ❡✈✐❞❡♥❝❡ (❤❛( ❛♥② ♦❢ (❤❡ ♠❛,❦❡,# (❡#(❡❞ ❛♥❞ ❞❡❝❧❛,❡❞ ❛# #✐❣♥✐✜❝❛♥( ❛( ❛

❣✐✈❡♥ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ α ✐# ❛ (,✉❡✲♣♦#✐(✐✈❡✳ ■♥✈❡#(✐❣❛(✐♥❣ (❤❡ ❞✐#(,✐❜✉(✐♦♥ ♦❢ p✲✈❛❧✉❡# ❝❛♥
❤❡❧♣ ✜♥❞✐♥❣ ❛♥ ❛♥#✇❡,✳

=❧♦''✐♥❣ '❤❡ ♦❜,❡<✈❡❞ ❞✐,'<✐❜✉'✐♦♥ ♦❢ p✲✈❛❧✉❡,
<❧♦((✐♥❣ (❤❡ ❞✐#(,✐❜✉(✐♦♥ ♦❢ p✲✈❛❧✉❡# ✐# ❛ ✜,#( ✐♥(✉✐(✐✈❡ ❛♣♣,♦❛❝❤ (♦ ❛##❡## ❛♣♣,♦①✐♠❛(❡❧②
(❤❡ ❡✈✐❞❡♥❝❡ ♦❢ (,✉❡✲♣♦#✐(✐✈❡#✳ ■♥❞❡❡❞✱ ❛ #✐♠♣❧❡ ❤✐#(♦❣,❛♠ ♦❢ (❤❡ p✲✈❛❧✉❡# ❝❛♥ ✐♥❞✐✲
❝❛(❡ ✇❤❡(❤❡, (❤❡ ❞✐#(,✐❜✉(✐♦♥ ✐# ♠❛❞❡ ♦❢ ❛ ♠✐①(✉,❡ ♦❢ p✲✈❛❧✉❡# ❞,❛✇♥ ✉♥❞❡, H0 ❛♥❞

H1 ✭❋✐❣✉<❡ ✹✳✶✲❈✮ ♦, ✐# ❝♦♠♣♦#❡❞ ♦❢ p✲✈❛❧✉❡# ❞,❛✇♥ ✉♥❞❡, H0 ♦♥❧② ✭❋✐❣✉<❡ ✹✳✶✲❆✮✳ ■♥

(❤❡ ❝❛#❡ (❤❡ ❞✐#(,✐❜✉(✐♦♥ ✐# ❛ ♠✐①(✉,❡ (❤❡♥ #♦♠❡ ♦❢ (❤❡ (❡#(# ❞❡(❡❝(❡❞ ❛# #✐❣♥✐✜❝❛♥( ♠❛②

❜❡ (,✉❡ ✜♥❞✐♥❣#✳ ❋✐❣✉<❡ ✹✳✷✲❆ ,❡♣,❡#❡♥(# (❤❡ ❤✐#(♦❣,❛♠# ♦❢ p✲✈❛❧✉❡# ♦❜(❛✐♥❡❞ ❢♦, (❤,❡❡
✐♥❝,❡❛#✐♥❣ ♣,♦♣♦,(✐♦♥# ♦❢ H1✳

❆♥ ❛❧(❡,♥❛(✐✈❡ ❛♥❞ ✇✐❞❡❧② ✉#❡❞ ❛♣♣,♦❛❝❤ ✐# (♦ ❝♦♠♣✉(❡ ❛ ◗✉❛♥(✐❧❡✲◗✉❛♥(✐❧❡ ♣❧♦( ✭◗✲

◗ ♣❧♦(✮ ♦❢ (❤❡ p✲✈❛❧✉❡# ❝♦♠♣❛,✐♥❣ (❤❡✐, ❞✐#(,✐❜✉(✐♦♥ (♦ (❤❡ #(❛♥❞❛,❞ ✉♥✐❢♦,♠ ❞✐#(,✐❜✉(✐♦♥

❡①♣❡❝(❡❞ ✉♥❞❡, H0✳ ■❢ (❤❡ (✇♦ ❞✐#(,✐❜✉(✐♦♥# ❛,❡ #✐♠✐❧❛,✱ (❤❡ ♣♦✐♥(# ✐♥ (❤❡ ◗✲◗ ♣❧♦( ✇✐❧❧

❛♣♣,♦①✐♠❛(❡❧② ❧✐❡ ♦♥ (❤❡ ❧✐♥❡ y = x✳ ■❢ (❤❡ ♦❜#❡,✈❡❞ &✉❛♥(✐❧❡# ❛,❡ ♠❛,❦❡❞❧② ♠♦,❡ ❞✐#♣❡,#❡❞
(❤❛♥ (❤❡ ❯♥✐❢♦,♠ &✉❛♥(✐❧❡#✱ (❤✐# #✉❣❣❡#(# (❤❛( #♦♠❡ ♦❢ (❤❡ #✐❣♥✐✜❝❛♥( ,❡#✉❧(# ♠❛② ❜❡ (,✉❡✲

♣♦#✐(✐✈❡#✳ ❋✐❣✉<❡ ✹✳✷✲❇ ,❡♣,❡#❡♥(# ◗✲◗ ♣❧♦(# ♦❢ p✲✈❛❧✉❡# ♦❜(❛✐♥❡❞ ❢♦, (❤❡ (❤,❡❡ ✐♥❝,❡❛#✐♥❣
♣,♦♣♦,(✐♦♥# ♦❢ H1✳

❊,'✐♠❛'✐♥❣ '❤❡ ♣<♦♣♦<'✐♦♥ ♦❢ ♠❛<❦❡<, ✉♥❞❡< H0 ❛♥❞ H1

❆# ✇❡ ❞✐#❝✉##❡❞ ♣,❡✈✐♦✉#❧②✱ ♣❧♦((✐♥❣ (❤❡ ❞✐#(,✐❜✉(✐♦♥ ♦❢ p✲✈❛❧✉❡# ❝❛♥ ♣,♦✈✐❞❡ ❛ &✉❛❧✐(❛✲
(✐✈❡ ❛♥❞ ❛♣♣,♦①✐♠❛(✐✈❡ ❝,✐(❡,✐♦♥ ❢♦, ❛##❡##✐♥❣ (❤❡ ♣,♦♣♦,(✐♦♥ ♦❢ ❣❡♥❡(✐❝ ♠❛,❦❡,# ❛##♦❝✐❛(❡❞

✇✐(❤ (❤❡ ❞✐#❡❛#❡✳ ❆❧#♦✱ (❤❡ ❛❝(✉❛❧ ♣,♦♣♦,(✐♦♥# ♦❢ p✲✈❛❧✉❡# ❞,❛✇♥ ✉♥❞❡, H0 ❛♥❞ H1 ✭π0 ❛♥❞

π1 = 1− π0✱ ,❡#♣❡❝(✐✈❡❧②✮✱ ✇❤✐❝❤ ❛,❡ (♦♦ ,❛,❡❧② ❝♦♥#✐❞❡,❡❞✱ ❝❛♥ ♣,♦✈✐❞❡ #✉❝❤ ✐♥❢♦,♠❛(✐♦♥✳

❚❤❡② ❛,❡ ❛❧#♦ ✐♠♣♦,(❛♥( (♦ ❛##❡## (❤❡ ❋❛❧#❡✲❉✐#❝♦✈❡,②✲❘❛(❡✱ ❛ ❝♦♥✜❞❡♥❝❡ ♠❡❛#✉,❡ (❤❛(

✇✐❧❧ ❜❡ ♣,❡#❡♥(❡❞ ✐♥ (❤❡ ♥❡①( #❡❝(✐♦♥✳ ❋✉,(❤❡,♠♦,❡ ❛ ,❡❧✐❛❜❧❡ ❡#(✐♠❛(❡ ♦❢ π0✱ (❤❡ ♥✉♠❜❡,

♦❢ (,✉❧② ♥✉❧❧ (❡#(#✱ ✐# ♦❢ ❣,❡❛( ,❡❧❡✈❛♥❝❡ ❢♦, ❝❛❧❝✉❧❛(✐♥❣ (❤❡ #❛♠♣❧❡ #✐③❡ ✇❤❡♥ ❞❡#✐❣♥✐♥❣ (❤❡

#(✉❞② ✭❲❛♥❣ ❛♥❞ ❈❤❡♥ ✷✵✵✹✱ ❏✉♥❣ ✷✵✵✺✮✳ ❆ ✈❛,✐❡(② ♦❢ ♠❡(❤♦❞# ❤❛✈❡ ❜❡❡♥ ♣,♦♣♦#❡❞ (♦

❡#(✐♠❛(❡ π0 ❜❛#❡❞ ❣❡♥❡,❛❧❧② ♦♥ #(❛(✐#(✐❝❛❧ (❡❝❤♥✐&✉❡# #✉❝❤ ❛# ♠✐①(✉,❡ ♠♦❞❡❧ ❡#(✐♠❛(✐♦♥

✭<♦✉♥❞# ❛♥❞ ▼♦,,✐# ✷✵✵✸✱ ▼❝▲❛❝❤❧❛♥ ❡( ❛❧✳ ✷✵✵✻✱ ▼❛,❦✐(#✐# ❛♥❞ ▲❛✐ ✷✵✶✵✮✱ ♥♦♥✲♣❛,❛♠❡(,✐❝

♠❡(❤♦❞# ✭▼♦#✐❣ ❡( ❛❧✳ ✷✵✵✶✱ ❙❝❤❡✐❞ ❛♥❞ ❙♣❛♥❣ ✷✵✵✹✱ ▲❛♥❣❛❛# ❛♥❞ ❋❡,❦✐♥❣#(❛❞ ✷✵✵✺✱ ▲❛✐

✷✵✵✼✮ ❛♥❞ ❇❛②❡#✐❛♥ ❛♣♣,♦❛❝❤❡# ✭▲✐❛♦ ❡( ❛❧✳ ✷✵✵✹✮✳

❚❤❡ ♠♦#( #✐♠♣❧❡ ❛♥❞ ❛❞♦♣(❡❞ ♠❡(❤♦❞ ✐# ✐♥#♣✐,❡❞ ❢,♦♠ (❤❡ ❛♣♣,♦❛❝❤ ♣,♦♣♦#❡❞ ❜②

❙(♦,❡② ❛♥❞ ❚✐❜#❤✐,❛♥✐ ✭❙(♦,❡② ❛♥❞ ❚✐❜#❤✐,❛♥✐ ✷✵✵✸✮✳ ❚❤❡ ✐❞❡❛ ✐# (♦ ❡#(✐♠❛(❡ π0 ❢,♦♠ ❛

♣❛,( ♦❢ (❤❡ ❞✐#(,✐❜✉(✐♦♥ ❜❡(✇❡❡♥ ❛ ❣✐✈❡♥ ✈❛❧✉❡ λ ❛♥❞ ✶ ✇❤❡,❡ (❤❡ ❞✐#(,✐❜✉(✐♦♥ D1 ❞,❛✇♥
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❋✐❣✉$❡ ✹✳✸✿ ▼✐①&✉6❡ ❞✐+&6✐❜✉&✐♦♥ ♦❢ p✲✈❛❧✉❡+ ✇✐&❤ &❤❡ ❝♦66❡+♣♦♥❞✐♥❣ ♣6♦♣♦6&✐♦♥+

♦❢ &6✉❡✲♣♦+✐&✐✈❡+✱ &6✉❡✲♥❡❣❛&✐✈❡+✱ ❢❛❧+❡✲♣♦+✐&✐✈❡+✱ ❛♥❞ ❢❛❧+❡✲♥❡❣❛&✐✈❡+ ❛& &❤❡ ❧❡✈❡❧

α✳ ❆ ♠✐①&✉6❡ ♦❢ ❯♥✐❢♦6♠ ❛♥❞ ❇❡&❛ ❞✐+&6✐❜✉&✐♦♥+ ✇❛+ ✉+❡❞ &♦ +✐♠✉❧❛&❡ &❤✐+ p✲
✈❛❧✉❡ ❞✐+&6✐❜✉&✐♦♥✳

✉♥❞❡$ H1 ✐, ♥❡❣❧✐❣✐❜❧❡✱ ❛♥❞ 1❤❡♥ ♥♦$♠❛❧✐③❡❞ ❜❡1✇❡❡♥ ✵ ❛♥❞ ✶✿

π̂0(λ) =
♥✉♠❜❡$ ♦❢ p✲✈❛❧✉❡, > λ

m× (1− λ)
,

✇❤❡$❡ m ✐, 1❤❡ ♥✉♠❜❡$ ♦❢ ❣❡♥❡1✐❝ ♠❛$❦❡$, 1❡,1❡❞✳ ❙♦♠❡ ❛✉1❤♦$, ,❤♦✇❡❞ 1❤❛1 ❛ ✈❛❧✉❡ ♦❢ λ
♦❢ ✵✳✺ ✐, ❛ ❣♦♦❞ ❝♦♠♣$♦♠✐,❡ ❜❡1✇❡❡♥ ❜✐❛, ❛♥❞ ✈❛$✐❛❜✐❧✐1② 1♦ ❛,,❡,, π0✳ ❆♥ ❛♣♣❧✐❝❛1✐♦♥ ♦❢

1❤✐, ♣$♦❝❡❞✉$❡ 1♦ 1❤❡ 1❤$❡❡ ❞✐,1$✐❜✉1✐♦♥, $❡♣$❡,❡♥1❡❞ ✐♥ ❋✐❣✉6❡ ✹✳✷ ❡,1✐♠❛1❡, π0 ♦❢ ✾✽✪✱

✾✵✪ ❛♥❞ ✺✵✪✱ ❛♥❞ ❤❡♥❝❡ π1 ♦❢ ✷✪✱ ✶✵✪ ❛♥❞ ✺✵✪ $❡,♣❡❝1✐✈❡❧②✳

❚❤❡ D♦✐++♦♥ &❡+&✿ ❚♦ ❛,,❡,, ✇❤❡1❤❡$ 1❤❡$❡ ❛$❡ ,♦♠❡ 1$✉❡ ❛❧1❡$♥❛1✐✈❡ ❤②♣♦1❤❡,❡,✱ ✐1

✐, ❝♦♠♠♦♥ 1♦ ♣❡$❢♦$♠ ❛ H♦✐,,♦♥ 1❡,1✳ ■♥❞❡❡❞✱ ✇❤❡♥ ✐1 ✐, ❛,,✉♠❡❞ 1❤❛1 1❤❡ 1❡,1, ❛$❡

✐♥❞❡♣❡♥❞❡♥1✱ ❛ H♦✐,,♦♥ ❞✐,1$✐❜✉1✐♦♥ ❝❛♥ ❜❡ ✉,❡❞ ❛, ❛ ♠♦❞❡❧ ❢♦$ 1❤❡ ♥✉♠❜❡$ ♦❢ ,✐❣♥✐✜❝❛♥1



✶✸✻ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-

 ❡"✉❧%" ❛% ❛ ❣✐✈❡♥ ❧❡✈❡❧ α✳ ■❢ ♦♥❡ ❛""✉♠❡" %❤❛% ❛❧❧ %❤❡ m ♠❛ ❦❡ " ❛ ❡ ✉♥❞❡ %❤❡ ♥✉❧❧

❤②♣♦%❤❡"✐" %❤❡♥ ✐% ✐" ♣♦""✐❜❧❡ %♦ ❞❡%❡ ♠✐♥❡✱ ✈✐❛ %❤❡ ❧❡✈❡❧ α✱ %❤❡ ❡①♣❡❝%❡❞ ♥✉♠❜❡ ♦❢ ♠❛ ❦❡ "

%❤❛% "❤♦✉❧❞ ❝♦♠❡ ♦✉% ❛" "✐❣♥✐✜❝❛♥%❧② ❛""♦❝✐❛%❡❞ mexp
R ✳ ●✐✈❡♥ %❤❡ ♦❜"❡ ✈❡❞ ♥✉♠❜❡ ♦❢

♠❛ ❦❡ " ❛""♦❝✐❛%❡❞ mobs
R ✱ %❤❡ ;♦✐""♦♥ ❞✐"% ✐❜✉%✐♦♥ ❛❧❧♦✇" ✉" %♦ ❝♦♠♣✉%❡ ❛ p✲✈❛❧✉❡ ✐♥❞✐❝❛%✐♥❣

✐❢ mobs
R ✐" "✐❣♥✐✜❝❛♥%❧② ❣ ❡❛%❡ %❤❛♥ mexp

R ✱ ✐♥ ✇❤✐❝❤ ❝❛"❡ ✐% ✐" ❧✐❦❡❧② %❤❛% "♦♠❡ ♦❢ %❤❡ ♠❛ ❦❡ "

❛""♦❝✐❛%❡❞ ❛ ❡ % ✉❡✲♣♦"✐%✐✈❡"✳ ❋♦ ❡①❛♠♣❧❡✱ ✐❢ ✺✵✵ ✐♥❞❡♣❡♥❞❡♥% %❡"%" ❛ ❡ ♣❡ ❢♦ ♠❡❞✱ ❡❛❝❤

❛% %❤❡ ❧❡✈❡❧ α = 0.05✱ ✇❡ ❡①♣❡❝% mexp
R = 500 × 0.05 = 25 "✐❣♥✐✜❝❛♥% %❡"%" %♦ ♦❝❝✉ ✇❤❡♥

❛❧❧ ♥✉❧❧ ❤②♣♦%❤❡"❡" ❛ ❡ % ✉❡✳ ■❢ ✇❡ ♦❜"❡ ✈❡ mobs
R = 38 "✐❣♥✐✜❝❛♥% ♠❛ ❦❡ "✱ %❤❡ p✲✈❛❧✉❡ ♦❢

"✉❝❤ ❛♥ ♦❜"❡ ✈❛%✐♦♥ ✐" ❣✐✈❡♥ ❜② %❤❡ ;♦✐""♦♥ ❞✐"% ✐❜✉%✐♦♥ ✇✐%❤ ♠❡❛♥ ✷✺✱ ❛♥❞ ✐" ❡B✉❛❧ %♦

5.7×10−3✳ ❙♦ ✐❢ ✇❡ ♦❜"❡ ✈❡ ✸✽ "✐❣♥✐✜❝❛♥% ♠❛ ❦❡ " ♦✉% ♦❢ ✺✵✵ ♠❛ ❦❡ " %❡"%❡❞ ❛% ❛ ✺✪ ❧❡✈❡❧✱

✐% ✐" ✈❡ ② ❧✐❦❡❧② %❤❛% "♦♠❡ ♦❢ %❤❡♠ % ✉❧② ❛ ❡ ❛""♦❝✐❛%❡❞ ✇✐%❤ %❤❡ ❞✐"❡❛"❡✳ ❆♥ ❛♣♣❧✐❝❛%✐♦♥

♦❢ %❤✐" ♣ ♦❝❡❞✉ ❡ %♦ %❤❡ %❤ ❡❡ ❞✐"% ✐❜✉%✐♦♥"  ❡♣ ❡"❡♥%❡❞ ✐♥ ❋✐❣✉9❡ ✹✳✷ ❜❛"❡❞ ♦♥ ✷✱✵✵✵

%❡"%"  ❡"✉❧%" ✐♥ p✲✈❛❧✉❡" ♦❢ ✵✳✶✷✱ 3 × 10−5 ❛♥❞ 2 × 10−16✳ ❆ ❞ ❛✇❜❛❝❦ ♦❢ %❤✐" ❛♣♣ ♦❛❝❤

✐" %❤❛% ✐% ❛""✉♠❡" %❤❛% %❤❡ %❡"%" ❛ ❡ ✐♥❞❡♣❡♥❞❡♥%✳ ■♥ %❤❡ ❝❛"❡ %❤❡② ❛ ❡ ♥♦%✱ %❤✐" ♠❡%❤♦❞

♦✈❡ ✲"%❛%❡" %❤❡ ❡✈✐❞❡♥❝❡ %❤❛% "♦♠❡ ♦❢ %❤❡ ❛❧%❡ ♥❛%✐✈❡ ❤②♣♦%❤❡"❡" ❛ ❡ % ✉❡ ✇❤❡♥ %❤❡ %❡"%

"%❛%✐"%✐❝" ❛ ❡ ♣♦"✐%✐✈❡❧② ❝♦  ❡❧❛%❡❞✱ ✇❤✐❝❤ ❝♦♠♠♦♥❧② ♦❝❝✉ " ✐♥ ♣ ❛❝%✐❝❡ ✐♥ ●❡♥♦♠❡✲❲✐❞❡

❛""♦❝✐❛%✐♦♥ "%✉❞✐❡" ❞✉❡ %♦ ▲❉✳ ■♥ "✉❝❤ ❛ "✐%✉❛%✐♦♥✱ ❛♥ ❡B✉✐✈❛❧❡♥% %❡"% %❛❦✐♥❣ ❞❡♣❡♥❞❡♥❝✐❡"

✐♥%♦ ❛❝❝♦✉♥% ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥%❡❞ ❜❛"❡❞ ♦♥ ♣❡ ♠✉%❛%✐♦♥" ❛" ✇❡ ❡①♣❧❛✐♥❡❞ ❢♦ %❤❡ ❋❲❊❘✱

❜✉%  ❡♠❛✐♥" ❝♦♠♣✉%❛%✐♦♥❛❧❧② ❡①♣❡♥"✐✈❡✳

◆♦(❡- ♦♥ (❤❡ ♠✐①(✉9❡ ❞✐-(9✐❜✉(✐♦♥ ♦❢ p✲✈❛❧✉❡-

❯♥❞❡ "%❛♥❞✐♥❣ ❛♥❞ ✐♥✈❡"%✐❣❛%✐♥❣ %❤❡ ♠✐①%✉ ❡ ❞✐"% ✐❜✉%✐♦♥ ♦❢ p✲✈❛❧✉❡" ❞ ❛✇♥ ✉♥❞❡ H0 ❛♥❞

H1 ✐" "❡❧❞♦♠ ❝♦♥"✐❞❡ ❡❞ ✐♥ %❤❡ ❛♥❛❧②"✐" ♦❢ ❧❛ ❣❡✲"❝❛❧❡ ❣❡♥❡%✐❝ ❞❛%❛✳ ❍♦✇❡✈❡ ✐% ❝❛♥ ♣ ♦✈✐❞❡

❛ "✉❜"%❛♥%✐❛❧ ❛♠♦✉♥% ♦❢ ✐♥❢♦ ♠❛%✐♦♥✳ ;❧♦%%✐♥❣ %❤❡ ❞✐"% ✐❜✉%✐♦♥ ♦❢ p✲✈❛❧✉❡"✱ ❛""❡""✐♥❣ %❤❡

♣ ♦♣♦ %✐♦♥ ♦❢ ♠❛ ❦❡ " ✉♥❞❡ H0 ❛♥❞ H1 ❛♥❞ ❝♦♥❞✉❝%✐♥❣ ❛ %❡"% ❜❛"❡❞ ♦♥ %❤❡ ;♦✐""♦♥ ❞✐"✲

% ✐❜✉%✐♦♥ ❛ ❡ ✉"❡❢✉❧ ❝♦♥✜❞❡♥❝❡ ✐♥❞✐❝❛%♦ " %♦ ❝♦♥✜ ♠ ✇❤❡%❤❡ %❤❡ ❡ ✐" ❛❝%✉❛❧❧② "♦♠❡%❤✐♥❣

%♦ ✜♥❞ ✐♥ %❤❡ ❞❛%❛✳ ❋✐❣✉9❡ ✹✳✸ ♣ ♦✈✐❞❡" ❛ ❣ ❛♣❤✐❝❛❧  ❡♣ ❡"❡♥%❛%✐♦♥ ♦❢ ❛ ♠✐①%✉ ❡ ❞✐"% ✐❜✉✲

%✐♦♥ ♦❢ p✲✈❛❧✉❡" ❛❧♦♥❣ ✇✐%❤ %❤❡ ♣♦%❡♥%✐❛❧ ♦✉%❝♦♠❡" ♦❢ %❤❡ ❝♦  ❡"♣♦♥❞✐♥❣ "%❛%✐"%✐❝❛❧ %❡"%"✳

▼♦ ❡♦✈❡ %❤❡ ♠✐①%✉ ❡ ♠♦❞❡❧ ❛""✉♠♣%✐♦♥ ❛♥❞ %❤❡ ❡"%✐♠❛%✐♦♥ ♦❢ %❤❡ ♣ ♦♣♦ %✐♦♥ ♦❢ ♠❛ ❦❡ "

✉♥❞❡ H0 ❛♥❞ H1 ❛ ❡ ✈❡ ② ✐♠♣♦ %❛♥% %♦ ✉♥❞❡ "%❛♥❞ ✐♥ ♦ ❞❡ %♦ ❛♣♣❧② ♠♦ ❡ ❛❞✈❛♥❝❡❞

♠✉❧%✐♣❧❡✲%❡"%✐♥❣ ❝♦  ❡❝%✐♦♥ ❛♣♣ ♦❛❝❤❡"✳

❆❧❧ %❤❡"❡ ❛♣♣ ♦❛❝❤❡" ♠❛❦❡ %❤❡ %❤❡♦ ❡%✐❝❛❧✱ ❛♥❞ ♦❢%❡♥ ♦❜"❡ ✈❡❞ ✐♥ ♣ ❛❝%✐❝❡✱ ❛""✉♠♣%✐♦♥

%❤❛% %❤❡ ❞✐"% ✐❜✉%✐♦♥ ✉♥❞❡ H0 ✐" ❛ "%❛♥❞❛ ❞ ✉♥✐❢♦ ♠ ❞✐"% ✐❜✉%✐♦♥✳ ❆♥② "% ♦♥❣ ❞❡✈✐❛%✐♦♥

❢ ♦♠ %❤✐" ❡①♣❡❝%❡❞ ❞✐"% ✐❜✉%✐♦♥ ❝❛♥ ❛❧❡ % ❛❜♦✉% %❤❡ ❛♣♣ ♦♣ ✐❛%❡♥❡"" ♦❢ %❤❡ "%❛%✐"%✐❝❛❧ %❡"%

❝❤♦"❡♥ ❢♦ %❤❡ ❛♥❛❧②"✐"✳



✹✳✶ ▼✉❧&✐♣❧❡✲&❡+&✐♥❣ ❛♥❞ ●❡♥❡&✐❝ ❛++♦❝✐❛&✐♦♥ +&✉❞✐❡+ ✶✸✼

✹✳✶✳✹ ❋❛❧&❡✲❉✐&❝♦✈❡.② .❛0❡

❉❡✜♥✐&✐♦♥

❈♦♥#$♦❧❧✐♥❣ #❤❡ ❋❲❊❘ ✐. ✇✐❞❡❧② ✉.❡❞✱ ❤♦✇❡✈❡$✱ ♣$❡✈❡♥#✐♥❣ ❛❣❛✐♥.# ❛♥② .✐♥❣❧❡ ❢❛❧.❡✲♣♦.✐#✐✈❡

✐♥ ❧❛$❣❡✲.❝❛❧❡ ❣❡♥❡#✐❝ .#✉❞✐❡. ❧❡❛❞. ♦❢#❡♥ #♦ #♦♦ .#$✐♥❣❡♥# p✲✈❛❧✉❡ ❝♦$$❡❝#✐♦♥. ❛♥❞ #❤❡$❡❢♦$❡
♠❛♥② ♠✐..❡❞ ✜♥❞✐♥❣.✳ ❋♦$ #❤❡.❡ $❡❛.♦♥.✱ #❤❡$❡ ✐. ❛ ❝❡$#❛✐♥ $❡❧✉❝#❛♥❝❡ #♦ ✉.❡ ❋❲❊❘✲

❜❛.❡❞ ♠✉❧#✐♣❧❡✲#❡.#✐♥❣ ❝♦$$❡❝#✐♦♥. .✉❝❤ ❛. #❤❡ ♦♥❡ ♣$♦♣♦.❡❞ ❜② ❇♦♥❢❡$♦♥♥✐ ✭▼♦.❦✈✐♥❛

❛♥❞ ❙❝❤♠✐❞# ✷✵✵✽✮✳ ■♥ ♣$❛❝#✐❝❡✱ ♠♦.# $❡.❡❛$❝❤❡$. ✇♦✉❧❞ $❡❛.♦♥❛❜❧② ❛❝❝❡♣# ❛ ❤✐❣❤❡$ $✐.❦

♦❢ ❤❛✈✐♥❣ ❛ ❢❛❧.❡✲♣♦.✐#✐✈❡ ✐♥ $❡#✉$♥ ❢♦$ ❛ ❣$❡❛#❡$ .#❛#✐.#✐❝❛❧ ♣♦✇❡$ ✭❇❛❧❞✐♥❣ ✷✵✵✻✮✳ ❚♦

♦✈❡$❝♦♠❡ #❤❡ ❧✐♠✐#❛#✐♦♥. ♦❢ #❤❡ ❋❲❊❘✱ ❇❡♥❥❛♠✐♥✐ ❛♥❞ ❍♦❝❤❜❡$❣ ✐♥#$♦❞✉❝❡❞ ❛ ♠♦$❡ ✐♥✲

#✉✐#✐✈❡ .#❛#✐.#✐❝❛❧ ❝♦♥❝❡♣# ❛. ❛♥ ❛❧#❡$♥❛#✐✈❡✿ #❤❡ ❋❛❧.❡✲❉✐.❝♦✈❡$②✲❘❛#❡ ✭❋❉❘✮ ✭❇❡♥❥❛♠✐♥✐

❛♥❞ ❍♦❝❤❜❡$❣ ✶✾✾✺✮✳ ❋❉❘✲❜❛.❡❞ ♠✉❧#✐♣❧❡✲#❡.#✐♥❣ ❝♦$$❡❝#✐♦♥. ✉.❡ #❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡❛✿ ✐♥✲

.#❡❛❞ ♦❢ ❝♦♥.✐❞❡$✐♥❣ #❤❛# ♦♥❡ ✇❛♥#. #♦ ❜❡ .✉$❡ ❛# ✾✺✪ #❤❛# ♥♦♥❡ ♦❢ #❤❡ #❡.#. ❞❡❝❧❛$❡❞ ❛.

.✐❣♥✐✜❝❛♥# ✐. ❛ ❢❛❧.❡✲♣♦.✐#✐✈❡ ✭✐✳❡✳ ❝♦♥.✐❞❡$✐♥❣ #❤❡ ❋❲❊❘✮✱ #❤❡ ❋❉❘ ♠❡#❤♦❞ ❢♦❝✉.❡. ♦♥

#❤❡ ❡①♣❡❝#❡❞ ♣$♦♣♦$#✐♦♥ ♦❢ #$✉❧② ♥✉❧❧ ❤②♣♦#❤❡.❡. #❤❛# ❛$❡ ❢❛❧.❡❧② $❡❥❡❝#❡❞✳

❈♦♥.✐❞❡$✐♥❣ #❤❡ m #❡.#. ♣$❡.❡♥#❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✱ #❤❡ #♦#❛❧ ♥✉♠❜❡$ ♦❢ $❡❥❡❝#✐♦♥. ✭mR✮

❛♥❞ #❤❡ #♦#❛❧ ♥✉♠❜❡$ ♦❢ ♥♦♥✲$❡❥❡❝#✐♦♥. ✭mU = m − mR✮ ❛# #❤❡ ❧❡✈❡❧ α ❛$❡ ♦❜.❡$✈❛❜❧❡✳

❍♦✇❡✈❡$ #❤❡ ✈❛❧✉❡. ♦❢ tp✱ fp✱ tn ❛♥❞ fn ❛$❡ ✉♥❦♥♦✇♥✳ ❲✐#❤ #❤❡.❡ ♥♦#❛#✐♦♥.✱ ❇❡♥❥❛♠✐♥✐
❛♥❞ ❍♦❝❤❜❡$❣ ❞❡✜♥❡❞ #❤❡ ❋❉❘✱ #❤❛# ✐. #❤❡ ❡①♣❡❝#❡❞ ♣$♦♣♦$#✐♦♥ ♦❢ #❡.#. ❢❛❧.❡❧② ❞❡❝❧❛$❡❞

.✐❣♥✐✜❝❛♥# ❛♠♦♥❣ ❛❧❧ #❡.#. ❞❡❝❧❛$❡❞ .✐❣♥✐✜❝❛♥#✱ ❛.✿

✐❢ mR = 0✱ FDR = 0

♦#❤❡$✇✐.❡✱ FDR = E

(

fp

fp+ tp

)

= E

(

fp

mR

)

.

■♥#✉✐#✐✈❡❧②✱ ✐❢ ✶✵✵ #❡.#. ❛$❡ ♣$❡❞✐❝#❡❞ #♦ ❜❡ .✐❣♥✐✜❝❛♥#✱ ✐✳❡✳ nR = 100✱ ❛♥❞ ✐❢ #❤❡ ❋❉❘ ✐.

❝♦♥#$♦❧❧❡❞ ❛# ✺✪ #❤❡♥ fp = 5 ♦❢ #❤❡.❡ #❡.#. .❤♦✉❧❞ ❜❡ ❢❛❧.❡✲♣♦.✐#✐✈❡.✳

❚❤❡ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡>❣ ♣>♦❝❡❞✉>❡

❚❤❡ ❞❡✜♥✐#✐♦♥ ♦❢ #❤❡ ❋❉❘ ♣$♦♣♦.❡❞ ❜② ❇❡♥❥❛♠✐♥✐ ❛♥❞ ❍♦❝❤❜❡$❣ ✭❇❡♥❥❛♠✐♥✐ ❛♥❞ ❍♦❝❤❜❡$❣

✶✾✾✺✮ ✐. #❤❡ ♠♦.# ♦❢#❡♥ ✉.❡❞ ❛. ✐# ❝♦♠❡. ✇✐#❤ ❛ .✐♠♣❧❡ ♣$♦❝❡❞✉$❡ #♦ ❛♣♣❧② ✐#✳ ❋♦$ ❡❛❝❤ #❡.#

i✱ #❤❡ ❋❉❘ ❝♦$$❡.♣♦♥❞✐♥❣ #♦ #❤❡ ❧❡✈❡❧ pi ✭❋❉❘i✮ ✐. ❝♦♥#$♦❧❧❡❞ ❜② #❤❡ ❡①♣❡❝#❡❞ ♥✉♠❜❡$ ♦❢

#❡.# .#❛#✐.#✐❝. ❞❡❝❧❛$❡❞ ❛. .✐❣♥✐✜❝❛♥# ✉♥❞❡$ H0 ✭m× pi× π0✮ ♦✈❡$ #❤❡ ♦❜.❡$✈❡❞ ♥✉♠❜❡$ ♦❢

#❡.# .#❛#✐.#✐❝. ❞❡❝❧❛$❡❞ ❛. .✐❣♥✐✜❝❛♥# ✭mRi✮ ❛# #❤❡ ❧❡✈❡❧ pi
✶

✿

❋❉❘i ≤
m× pi × π0

mRi

.

❚♦ ♦❜#❛✐♥ ❛ ❝♦$$❡❝# ❡.#✐♠❛#✐♦♥ ♦❢ #❤❡ ❋❉❘ ✐# ✐. #❤❡$❡❢♦$❡ ♥❡❝❡..❛$② #♦ ❤❛✈❡ ❛ ♣$❡❝✐.❡

❡.#✐♠❛#✐♦♥ ♦❢ #❤❡ ♣$♦♣♦$#✐♦♥ π0✳ ❚❤✐. ✐♠♣❧✐❡. ❤❛✈✐♥❣ .♦♠❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉# #❤❡ ❛❧#❡$♥❛#✐✈❡

✶

mRi ❝♦""❡$♣♦♥❞$ (♦ (❤❡ ♥✉♠❜❡" ♦❢ (❡$($ ✇✐(❤ p✲✈❛❧✉❡$ $♠❛❧❧❡" (❤❛♥ pi



✶✸✽ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-

❤②♣♦$❤❡&✐& ✇❤✐❝❤ ✐& ♥♦$ ❛❧✇❛②& $❤❡ ❝❛&❡✳ ❚❤❡ ✐❞❡❛ ♣0♦♣♦&❡❞ ❜② ❇❡♥❥❛♠✐♥✐ ❛♥❞ ❍♦❝❤❜❡0❣

$♦ ❛✈♦✐❞ $❤❡ ❡①♣❧✐❝✐$ ❝❛❧❝✉❧❛$✐♦♥ ♦❢ π0 ✐& $♦ ✉&❡ $❤❡ ❢❛❝$ $❤❛$ π0 ≤ 1 ❛♥❞ $❤❡0❡❢♦0❡✿

❋❉❘i ≤
m× pi
mRi

.

❚❤❡ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡0❣ ♣0♦❝❡❞✉0❡✱ ❧✐❦❡ $❤❡ ❋❲❊❘ ❝♦00❡❝$✐♦♥✱ ❝♦00❡&♣♦♥❞& $♦ ❛♣♣❧②✲

✐♥❣ $❤❡ $❤0❡&❤♦❧❞ α $♦ ❛ &❡$ ♦❢ ❛❞❥✉&$❡❞ p✲✈❛❧✉❡& p❇❍i = m×pi
mRi

✳ ■♥ ♦$❤❡0 ✇♦0❞&✱ ✐❢ ✇❡ ♦0❞❡0

$❤❡ m $❡&$& ❜② $❤❡✐0 ✐♥❝0❡❛&✐♥❣ p✲✈❛❧✉❡& (p(1), . . . , p(m))✱ $❤✐& ♣0♦❝❡❞✉0❡ ✐& ❡E✉✐✈❛❧❡♥$ $♦

✜♥❞✐♥❣ $❤❡ ❧❛0❣❡&$ k &✉❝❤ ❛& p(k) 6
k
m
α ❛♥❞ #❡❥❡❝'✐♥❣ '❤❡ k ✜#,' ♦#❞❡#❡❞ ♥✉❧❧ ❤②♣♦'❤❡,❡,✳

❈♦♠♠❡♥%& ♦♥ %❤❡ ❋❉❘

❚❤❡ ♠❛✐♥ ❛❞✈❛♥'❛❣❡ ♦❢ ❋❉❘ ❡,'✐♠❛'✐♦♥ ✐, '❤❛' ✐' ❛❧❧♦✇, '♦ ✐❞❡♥'✐❢② ❛ ,❡' ♦❢ ❝❛♥❞✐❞❛'❡

♣♦,✐'✐✈❡,✱ ♦❢ ✇❤✐❝❤ ❛ ✇❡❛❦ ❛♥❞ ❝♦♥'#♦❧❧❡❞ ♣#♦♣♦#'✐♦♥ ❛#❡ ❧✐❦❡❧② '♦ ❜❡ ❢❛❧,❡✲♣♦,✐'✐✈❡,✳ ❚❤❡

❢❛❧,❡✲♣♦,✐'✐✈❡, ✇✐'❤✐♥ '❤❡ ❝❛♥❞✐❞❛'❡ ,❡' ❝❛♥ '❤❡♥ ❜❡ ✐❞❡♥'✐✜❡❞ ✐♥ ❛ ❢♦❧❧♦✇✲✉♣ ,'✉❞②✳ ◆♦'❡

'❤❛' '❤❡ ❋❉❘ ❛♥❞ '❤❡ ❢❛❧,❡✲♣♦,✐'✐✈❡ #❛'❡ ❛#❡ ♦❢'❡♥ ♠✐,'❛❦❡♥❧② ❡@✉❛'❡❞✱ ❜✉' '❤❡✐# ❞✐✛❡#❡♥❝❡

✐, ❛❝'✉❛❧❧② ✈❡#② ✐♠♣♦#'❛♥' ✭❙'♦#❡② ❛♥❞ ❚✐❜,❤✐#❛♥✐ ✷✵✵✸✮✳ ●✐✈❡♥ ❛ ❧❡✈❡❧ ♦❢ ❝♦♥✜❞❡♥❝❡ ❢♦#

❞❡❝❧❛#✐♥❣ '❤❡ '❡,' ,'❛'✐,'✐❝, ,✐❣♥✐✜❝❛♥'✱ '❤❡ ❢❛❧,❡✲♣♦,✐'✐✈❡ #❛'❡ ✐, '❤❡ #❛'❡ '❤❛' '❡,' ,'❛'✐,✲

'✐❝, ♦❜'❛✐♥❡❞ ✉♥❞❡# H0 ❛#❡ ❝❛❧❧❡❞ ,✐❣♥✐✜❝❛♥' ❜② ❝❤❛♥❝❡ ✇❤❡#❡❛, '❤❡ ❋❉❘ ✐, '❤❡ #❛'❡ '❤❛'

,✐❣♥✐✜❝❛♥' '❡,' ,'❛'✐,'✐❝, ❛#❡ ❛❝'✉❛❧❧② ♥✉❧❧✳ ❋♦# ✐♥,'❛♥❝❡✱ ❛ ❢❛❧,❡✲♣♦,✐'✐✈❡ #❛'❡ ♦❢ ✺✪ ♠❡❛♥,

'❤❛' ♦♥ ❛✈❡#❛❣❡ ✺✪ ♦❢ '❤❡ '❡,' ,'❛'✐,'✐❝, ❞#❛✇♥ ✉♥❞❡# H0 ✐♥ '❤❡ ,'✉❞② ✇✐❧❧ ❜❡ ❞❡❝❧❛#❡❞ ❛,

,✐❣♥✐✜❝❛♥' ❛♥❞ ❛ ❋❉❘ ♦❢ ✺✪ ♠❡❛♥, '❤❛' ❛♠♦♥❣ ❛❧❧ '❡,' ,'❛'✐,'✐❝, ❞❡❝❧❛#❡❞ ❛, ,✐❣♥✐✜❝❛♥'✱

✺✪ ♦❢ '❤❡,❡ ❛#❡ ❛❝'✉❛❧❧② ❞#❛✇♥ ❢#♦♠ H0 ♦♥ ❛✈❡#❛❣❡✳

❖♥❡ ♣♦,,✐❜❧❡ ♣#♦❜❧❡♠ ✇✐'❤ '❤❡ ♣#♦❝❡❞✉#❡ ♦❢ ❇❡♥❥❛♠✐♥✐ ❛♥❞ ❍♦❝❤❜❡#❣ ✐, '❤❛' ✇❤❡♥

❝♦♥,✐❞❡#✐♥❣ ❛ ,♦#'❡❞ ❧✐,' ♦❢ p✲✈❛❧✉❡, ✐♥ ❛,❝❡♥❞✐♥❣ ♦#❞❡#✱ ✐' ✐, ♣♦,,✐❜❧❡ ❢♦# '❤❡ ❋❉❘ ❛,,♦❝✐❛'❡❞

✇✐'❤ '❤❡ p✲✈❛❧✉❡ ❛' #❛♥❦ m '♦ ❜❡ ❤✐❣❤❡# '❤❛♥ '❤❡ ❋❉❘ ❛,,♦❝✐❛'❡❞ '♦ '❤❡ ♦♥❡ ❛' #❛♥❦ m+1
✭◆♦❜❧❡ ✷✵✵✾✮✳ ❚❤✐, ♥♦♥✲♠♦♥♦'♦♥✐❝✐'②

✷

❝❛♥ ♠❛❦❡ '❤❡ #❡,✉❧'✐♥❣ ❋❉❘ ❡,'✐♠❛'❡, ❞✐✣❝✉❧' '♦

✐♥'❡#♣#❡'✳

▼♦#❡♦✈❡#✱ ❛ ♠❛✐♥ ❛,,✉♠♣'✐♦♥ ✐♥ '❤❡ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡#❣ ❛♣♣#♦❛❝❤ ✐, '❤❛' '❤❡ '❡,', ❛#❡

✐♥❞❡♣❡♥❞❡♥'✳ ❆, ❛❧#❡❛❞② ❞✐,❝✉,,❡❞ ❜❡❢♦#❡✱ '❤✐, ♠❛② ♥♦' ❜❡ '❤❡ ❝❛,❡ ✇❤❡♥ ❛♥❛❧②③✐♥❣ ❧❛#❣❡✲

,❝❛❧❡ ❣❡♥❡'✐❝ ❞❛'❛✳ ❚♦ ❛❝❝♦✉♥' ❢♦# ,✉❝❤ ,✐'✉❛'✐♦♥,✱ ❇❡♥❥❛♠✐♥✐ ❛♥❞ ❨❡❦✉'✐❡❧✐ ✭❇❡♥❥❛♠✐♥✐

❛♥❞ ❨❡❦✉'✐❡❧✐ ✷✵✵✶✮ ❞❡✈❡❧♦♣❡❞ ❛ @✉✐'❡ ,✐♠✐❧❛# ♣#♦❝❡❞✉#❡ ✇❤❡#❡ '❤❡ ❋❉❘ ✐, ❝♦♥'#♦❧❧❡❞ ❜②✿

❋❉❘i ≤
m× pi

mRi × c(m)
,

✇❤❡#❡ c(m) ✐, ❛ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ♥✉♠❜❡# ♦❢ '❡,', ❞❡♣❡♥❞✐♥❣ ♦♥ '❤❡ ❝♦##❡❧❛'✐♦♥ ❜❡'✇❡❡♥

'❤❡ '❡,',✳ ■❢ '❤❡ '❡,', ❛#❡ ♣♦,✐'✐✈❡❧② ❝♦##❡❧❛'❡❞✱ c(m) = 1✱ '❤❡#❡ ✐, ♥♦ ❞✐✛❡#❡♥❝❡ ✇✐'❤

'❤❡ ❛♣♣#♦❛❝❤ ♣#❡,❡♥'❡❞ ❜❡❢♦#❡✳ ❖'❤❡#✇✐,❡ ✐❢ '❤❡ '❡,', ❛#❡ ♥❡❣❛'✐✈❡❧② ❝♦##❡❧❛'❡❞✱ c(m) =
∑m

k=1
1
k
✳

✷
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♦♥❡ ❝❛♥ ❛2❣✉❡ "❤❛" ❛♥ ✉♣♣❡2 ❜♦✉♥❞ ♦❢ ✶ ❢♦2 π0 ❧❡❛❞5 "♦ ❛ ❧♦55 ♦❢ ♣2❡❝✐5✐♦♥ ✐♥ "❤❡ ❡5"✐♠❛"✐♦♥

♦❢ "❤❡ ❋❉❘✳ ❙✉❝❤ ❡5"✐♠❛"✐♦♥5 ❛2❡ ❛❝"✉❛❧❧② ♣2♦❜❛❜❧② ❝♦♥5❡2✈❛"✐✈❡ ✇✐"❤ 2❡5♣❡❝" "♦ "❤❡

♣2♦♣♦2"✐♦♥ ♦❢ "❡5" 5"❛"✐5"✐❝5 ❞2❛✇♥ ✉♥❞❡2 H0 ❛♥❞ H1✳ ❚❤✐5 ♠❡❛♥5 "❤❛" ✐❢ "❤❡ ❝❧❛55✐❝❛❧

♠❡"❤♦❞ ❡5"✐♠❛"❡5 "❤❛" "❤❡ ❋❉❘ ❛55♦❝✐❛"❡❞ ✇✐"❤ ❛ ❝♦❧❧❡❝"✐♦♥ ♦❢ p✲✈❛❧✉❡5 ✐5 ✺✪✱ "❤❡♥ ♦♥
❛✈❡2❛❣❡ "❤❡ "2✉❡ ❋❉❘ ✐5 ❧♦✇❡2 "❤❛♥ ✺✪✳
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❞❡✜♥❡❞ ❛5 "❤❡ ♠❡❛♥ ♣2♦♣♦2"✐♦♥ ♦❢ ❢❛❧5❡✲♣♦5✐"✐✈❡5 ❛♠♦♥❣ "❤❡ ❧✐5" ♦❢ 2❡❥❡❝"❡❞ ❤②♣♦"❤❡5❡5✳

■" ✐5 "❤❡2❡❢♦2❡ ❛ ❣❧♦❜❛❧ ❝2✐"❡2✐♦♥ "❤❛" ❝❛♥♥♦" ❜❡ ✉5❡❞ "♦ ❛55❡55 "❤❡ 2❡❧✐❛❜✐❧✐"② ♦❢ ❛ 5♣❡❝✐✜❝

❣❡♥❡"✐❝ ♠❛2❦❡2✳ ▼♦2❡ 2❡❝❡♥"❧②✱ ❛ 5"2♦♥❣ ✐♥"❡2❡5" ❤❛5 ❜❡❡♥ ❞❡✈♦"❡❞ "♦ "❤❡ ❧♦❝❛❧ ✈❡25✐♦♥ ♦❢

"❤❡ ❋❉❘✱ ❝❛❧❧❡❞ ✬❧♦❝❛❧✲❋❉❘✬ ✭❊❢2♦♥ ❛♥❞ ❚✐❜5❤✐2❛♥✐ ✷✵✵✷✮ ❛♥❞ ❞❡♥♦"❡❞ ❤❡2❡❛❢"❡2 ❢❞2✳ ❲❡

❜2✐❡✢② ♣2❡5❡♥" "❤✐5 ♥❡✇ ❝♦♥✜❞❡♥❝❡ ♠❡❛5✉2❡ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡ ✐❞❡❛ ✐5 "♦ F✉❛♥"✐❢② "❤❡ ♣2♦❜❛❜✐❧✐"② ❢♦2 ❛ ❣✐✈❡♥ ♥✉❧❧ ❤②♣♦"❤❡5✐5 "♦ ❜❡ "2✉❡ ❛❝❝♦2❞✐♥❣

"♦ "❤❡ 5♣❡❝✐✜❝ p✲✈❛❧✉❡ ♦❢ ❡❛❝❤ ❣❡♥❡"✐❝ ♠❛2❦❡2 "❡5"❡❞✳ ❋♦2 ❛ ❣✐✈❡♥ p✲✈❛❧✉❡ pi ❛55♦❝✐❛"❡❞ "♦
❛ "❡5" i✿

❢❞2i = P("❡5" 5"❛"✐5"✐❝ i ✐5 ✉♥❞❡2 H0 ❦♥♦✇✐♥❣ pi)

=
P(H0)PH0

(pi)

P(pi)

=
π0f0(pi)

f(pi)

=
π0f0(pi)

π0f0(pi) + π1f1(pi)
,
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#+!❡♥❣+❤# ♦❢ ❛##♦❝✐❛+✐♦♥✳ ❲❡ ❛✐♠ ❛+ ♣!♦✈✐❞✐♥❣ ✐♥❞✐❝❛+✐♦♥# !❡❣❛!❞✐♥❣ ✇❤✐❝❤ +❡#+# ❝♦!!❡❝+❧②

❛❝❝♦✉♥+ ❢♦! +❤❡ ♥✉♠❜❡! ♦❢ ♠❛!❦❡!# ❛♥❞ +❤❡ ▲❉ ♣❛++❡!♥ ❜② ❛##❡##✐♥❣ +❤❡ ❢❛❧#❡✲♣♦#✐+✐✈❡ !❛+❡

❛♥❞ +❤❡ ♣♦✇❡!✳ ❆❧#♦ ✇❡ ❛!❡ ✐♥+❡!❡#+❡❞ ✐♥ ❞❡+❡!♠✐♥✐♥❣ +❤❡ ❣❛✐♥ ✐♥ ♣♦✇❡! +❤❛+ ❛♣♣!♦❛❝❤❡#

❝♦♥#✐❞❡!✐♥❣ #❡✈❡!❛❧ ♠✉+❛+✐♦♥# ♣❡! ❣❡♥❡ ❝❛♥ ❤❛✈❡ ♦✈❡! +❤♦#❡ ❢♦❝✉#✐♥❣ ♦♥ ❛ #✐♥❣❧❡ ♠✉+❛+✐♦♥

♣❡! ❣❡♥❡✳

✹✳✷✳✷ ❙$%❛$❡❣✐❡* $♦ ❞❡%✐✈❡ ❣❡♥❡✲❧❡✈❡❧ p✲✈❛❧✉❡*

❲❡ ♣!❡#❡♥+ ❤❡!❡ +❤❡ ♠❛✐♥ ❛♣♣!♦❛❝❤❡# +♦ ❞❡!✐✈❡ ❣❡♥❡✲❧❡✈❡❧ p✲✈❛❧✉❡# ❢!♦♠ ❛ #❡+ ♦❢ ❙◆@# ✐♥

+❤❡ ❝❛#❡ ♦❢ ❛ ❝❛#❡✲❝♦♥+!♦❧ ❣❡♥❡+✐❝ #+✉❞②✳

▲❡+ Y ❜❡ +❤❡ ♣❤❡♥♦+②♣❡ ♦❢ +❤❡ n ✐♥❞✐✈✐❞✉❛❧# ❛♥❞ G ❛ ❣❡♥❡ ✇✐+❤ TG ❛♥❞ pG ✐+# +❡#+

#+❛+✐#+✐❝ ❛♥❞ p✲✈❛❧✉❡ +❤❛+ ✇❡ ❛✐♠ +♦ ❛##❡##✳ ▲❡+ X = (X1, . . . , Xm) ❜❡ +❤❡ m ♠❛!❦❡!# +❤❛+

❝♦♠♣♦#❡ +❤❡ ❣❡♥❡ G ✇✐+❤ (S1, . . . , Sm) ❛♥❞ (p1, . . . , pm) +❤❡✐! ❛##♦❝✐❛+✐♦♥ +❡#+ #+❛+✐#+✐❝#

❛♥❞ p✲✈❛❧✉❡#✳

❚❤❡ +❡#+ +❤❛+ ✇❡ ❝♦♥#✐❞❡! ❛✐♠ +♦ ❛##❡## +❤❡ ♥✉❧❧ ❤②♣♦+❤❡#✐#

H0 : ④❚❤❡ ❣❡♥❡ G ✐# ♥♦+ ❛##♦❝✐❛+❡❞ ✇✐+❤ +❤❡ ❞✐#❡❛#❡✳⑥.

2❡3♠✉.❛.✐♦♥ ♣3♦❝❡❞✉3❡

23✐♥❝✐♣❧❡

❆ ♣❡!♠✉+❛+✐♦♥ ♣!♦❝❡❞✉!❡ ✐# ❛ ♠❡+❤♦❞ +❤❛+ ❝♦♥#✐#+# ✐♥ ❛##❡##✐♥❣ +❤❡ ✉♥❦♥♦✇♥ ❞✐#+!✐✲

❜✉+✐♦♥ ♦❢ ❛ +❡#+ #+❛+✐#+✐❝ ✉♥❞❡! ❛ ♥✉❧❧ ❤②♣♦+❤❡#✐# H0 ❜② ♣❡!♠✉+✐♥❣ +❤❡ ❧❛❜❡❧# ♦❢ +❤❡

#❛♠♣❧❡#✳ ❲❡ ❝♦♥#✐❞❡! +❤❛+ ✇❡ ❡#+✐♠❛+❡❞ ❛ #+❛+✐#+✐❝ TG = f(S1, . . . , Sm)✱ ✇❤❡!❡ f ✐# ❛

❢✉♥❝+✐♦♥ +❤❛+ ❝❛♥ ❝♦!!❡#♣♦♥❞ +♦ +❤❡ ♠❡❛♥ ❢♦! ✐♥#+❛♥❝❡✱ ❛♥❞ +❤❛+ +❤❡ ❞✐#+!✐❜✉+✐♦♥ ♦❢ TG

✉♥❞❡! H0 ✐# ✉♥❦♥♦✇♥✳ ❆ ♣❡!♠✉+❛+✐♦♥ ♣!♦❝❡❞✉!❡ ❝♦♠♣✉+❡# B ♥♦✈❡❧ #❡+# ♦❢ ❙◆@ #+❛+✐#+✐❝#

(S1
1 , . . . , S

1
m), . . . , (S

B
1 , . . . , S

B
m) ❡❛❝❤ ❜❛#❡❞ ♦♥ +❤❡ ❛##♦❝✐❛+✐♦♥ +❡#+ ✇❤❡!❡ +❤❡ #❛♠♣❧❡ ❧❛❜❡❧#

❤❛✈❡ ❜❡❡♥ ♣❡!♠✉+❡❞✳ ❚❤❡♥✱ B #+❛+✐#+✐❝# T 1
G, . . . , T

B
G ❛!❡ ❝❛❧❝✉❧❛+❡❞ ♦♥ ❡❛❝❤ ♦❢ +❤❡ ♥❡✇ ❙◆@

#+❛+✐#+✐❝# #❡+✳ ❚❤❡ ♣❡!♠✉+❛+✐♦♥ ♣!♦❝❡## ❜!❡❛❦# +❤❡ ❛##♦❝✐❛+✐♦♥ ❜❡+✇❡❡♥ +❤❡ ♠❛!❦❡!# ❛♥❞

+❤❡ ❞✐#❡❛#❡✱ +❤❡!❡❢♦!❡ ❜❡+✇❡❡♥ +❤❡ ❣❡♥❡ ❛♥❞ +❤❡ ❞✐#❡❛#❡✱ ✇✐+❤♦✉+ ♠♦❞✐❢②✐♥❣ +❤❡ ❢❡❛+✉!❡# ♦❢

+❤❡ ❞❛+❛✳ ❚❤❡ ♥❡✇ #+❛+✐#+✐❝# T 1
G, . . . , T

B
G +❤❡!❡❢♦!❡ !❡♣!❡#❡♥+ +❤❡ ❞✐#+!✐❜✉+✐♦♥ ♦❢ TG ✉♥❞❡!

H0✳



✶✹✹ ✹✳ ▼✉❧&✐♣❧❡✲&❡+&✐♥❣ ■++✉❡+ ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛++♦❝✐❛&✐♦♥ +&✉❞✐❡+

■! ✐# !❤❡♥ ♣♦##✐❜❧❡ !♦ ❡♠♣✐,✐❝❛❧❧② ❝♦♠♣✉!❡ ❛ ❣❡♥❡ p✲✈❛❧✉❡

pG =
#({T i

G > TG, i = 1 . . . B})
B

,

✇❤❡,❡ #() ,❡♣,❡#❡♥!# !❤❡ ❝❛,❞✐♥❛❧ ❢✉♥❝!✐♦♥✳

❈♦♠♠❡♥&+

❚❤✐# ♣,♦❝❡❞✉,❡ ♣,♦❞✉❝❡# ❛❝❝✉,❛!❡ ❡#!✐♠❛!✐♦♥# ❣✐✈❡♥ !❤❛! ❛ ,❡❛#♦♥❛❜❧❡ ♥✉♠❜❡, ♦❢ #✐♠✉❧❛!❡❞

❞❛!❛ ✐# ❝♦♥#✐❞❡,❡❞✳ ❚❤✐# ❤♦✇❡✈❡, ,❡♥❞❡,# !❤❡ ❡#!✐♠❛!✐♦♥ ♣,♦❝❡## !✐♠❡ ❝♦♥#✉♠✐♥❣✳ ■♥❞❡❡❞✱

❢♦, ❡❛❝❤ #✐♠✉❧❛!❡❞ ❞❛!❛✱ ✐! ✐# ♥❡❝❡##❛,② !♦ ❝♦♠♣✉!❡ ❛❧❧ !❤❡ ❙◆< #!❛!✐#!✐❝# ❛♥❞ !❤❡ ❣❡♥❡

#!❛!✐#!✐❝✳

■♥ ♣,❛❝!✐❝❡ ♣❡,♠✉!❛!✐♦♥ ♠❡!❤♦❞# ❛,❡ ♥♦! ❛❧✇❛②# ❛♣♣❧✐❝❛❜❧❡ !♦ !❡#! ❛ ❧❛,❣❡ ♥✉♠❜❡, ♦❢

❣❡♥❡# ✇❤✐❝❤ ❧❡❛❞# !♦ !❤❡ ♥❡❝❡##✐!② ❢♦, ❢❛#!❡, #!❛!✐#!✐❝❛❧ !❡#!#✳

▼✉❧&✐♣❧❡✲&❡+&✐♥❣ ❝♦77❡❝&✐♦♥+ ❛❝❝♦✉♥&✐♥❣ ❢♦7 ❞❡♣❡♥❞❡♥& &❡+&+

❙❡✈❡,❛❧ ♠✉❧!✐♣❧❡✲!❡#!✐♥❣ ❝♦,,❡❝!✐♦♥# !❤❛! ❛❝❝♦✉♥! ❢♦, ❞❡♣❡♥❞❡♥❝② ❜❡!✇❡❡♥ !❤❡ !❡#!# ❤❛✈❡

❜❡❡♥ ♣,♦♣♦#❡❞ ✐♥❝❧✉❞✐♥❣ #♦♠❡ ❜❛#❡❞ ♦♥ ♣❡,♠✉!❛!✐♦♥#✳ ❲❡ ✐♥!,♦❞✉❝❡ ✐♥ !❤✐# #❡❝!✐♦♥ ❛

❢❛#!❡, ♠❡!❤♦❞ !❤❛! ❛##❡##❡# !❤❡ ♥✉♠❜❡, ♦❢ ❡✛❡❝!✐✈❡❧② ✐♥❞❡♣❡♥❞❡♥! !❡#!# ✭Meff ✮ ✭▲✐ ❛♥❞ ❏✐

✷✵✵✺✮✳ ❚❤❡ ❞✐✛❡,❡♥! ♠✉❧!✐♣❧❡✲!❡#!✐♥❣ ♣,♦❝❡❞✉,❡# ✐♥!,♦❞✉❝❡❞ ✐♥ ❙❡❝&✐♦♥+ ✹✳✶✳✷ ❛♥❞ ✹✳✶✳✹

❛,❡ ❜❛#❡❞ ♦♥ !❤❡ ♥✉♠❜❡, ♦❢ #!❛!✐#!✐❝❛❧ !❡#!# ❝♦♥❞✉❝!❡❞ m✳ ❚❤❡ ✐❞❡❛ ♦❢ !❤❡ ❛♣♣,♦❛❝❤ ♦❢ ▲✐

❛♥❞ ❏✐ ✐# !♦ #✉❜#!✐!✉!❡ !♦ !❤✐# ♥✉♠❜❡, ♦❢ !❡#!#✱ !❤❡ ❡✛❡❝!✐✈❡ ♥✉♠❜❡, ♦❢ !❡#!# Meff ✳

❊✛❡❝&✐✈❡ ♥✉♠❜❡7 ♦❢ &❡+&+

❚❤❡ ❡✛❡❝!✐✈❡ ♥✉♠❜❡, ♦❢ !❡#!# ❝❛♥ ❜❡ #❡❡♥ ❛# !❤❡ ♥✉♠❜❡, ♦❢ ✐♥❞❡♣❡♥❞❡♥! #❡!# ♦❢ ❝♦,,❡❧❛!❡❞

!❡#!#✱ ✇❤✐❝❤ ❝♦,,❡#♣♦♥❞# !♦ !❤❡ ♥✉♠❜❡, ♦❢ ✐♥❞❡♣❡♥❞❡♥! ▲❉ ❜❧♦❝❦# ♦❢ ❙◆<#✳ ❚❤✐# ❡#!✐✲

♠❛!✐♦♥ ✉#❡# !❤❡ ❝♦,,❡❧❛!✐♦♥ ♠❛!,✐① C ❜❡!✇❡❡♥ !❤❡ ♠❛,❦❡,# !❤❛! #❡,✈❡# ❛# ❛♥ ❡#!✐♠❛!✐♦♥

♦❢ !❤❡ ❧✐♥❦❛❣❡ ❞✐#❡I✉✐❧✐❜,✐✉♠ ♣❛!!❡,♥ ❛♥❞ !❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ !❤✐# ♠❛!,✐① (λ1, . . . , λm) !❤❛!

,❡♣,❡#❡♥!# ❞❡❣,❡❡# ♦❢ ❝♦,,❡❧❛!✐♦♥ ❜❡!✇❡❡♥ !❤❡ ♠❛,❦❡,#✳

❚❤❡ ❡✛❡❝!✐✈❡ ♥✉♠❜❡, ♦❢ !❡#!# ✐# ❝❛❧❝✉❧❛!❡❞ ❛# ❢♦❧❧♦✇

Meff =
m
∑

i=1

f(|λi|),

✇❤❡,❡

f(x) = I(x > 1) + (x− ⌊x⌋),

I(x > 1) ✐# !❤❡ ✐♥❞✐❝❛!♦, ❢✉♥❝!✐♦♥ !❤❛! ❣✐✈❡# 1 ✐❢ x > 1 ❛♥❞ 0 ♦!❤❡,✇✐#❡ ❛♥❞ ⌊x⌋ ✐# !❤❡

✢♦♦, ❢✉♥❝!✐♦♥ !❤❛! ❣✐✈❡# !❤❡ ❧❛,❣❡#! ✐♥!❡❣❡, ♥♦! ❣,❡❛!❡, !❤❛♥ x✳



✹✳✷ ●❡♥❡✲❧❡✈❡❧ ❛**♦❝✐❛.✐♦♥ ✶✹✺

❆♣♣❧✐❝❛.✐♦♥ .♦ .❤❡ ❋❲❊❘

❲❡ ✐♥$%♦❞✉❝❡❞ ✐♥ ❙❡❝.✐♦♥ ✹✳✶✳✷ $❤❡ ❋❛♠✐❧②✲❲✐1❡ ❊%%♦%✲❘❛$❡ ❝♦%%❡❝$✐♦♥ ✈✐❛ $❤❡ ❙✐❞❛❦

♣%♦❝❡❞✉%❡✳ ■❢ ♦♥❡ ❝♦♥1✐❞❡%1 $❤❡ ♠❛%❦❡%1 ❛1 ✐♥❞❡♣❡♥❞❡♥$ $❤❡♥ ❡❛❝❤ ♠❛%❦❡% p✲✈❛❧✉❡ pi ❝❛♥
❜❡ ❛❞❥✉1$❡❞ ❢♦% ♠✉❧$✐♣❧❡✲$❡1$✐♥❣ ❜②

pSidaki,adj = 1− (1− pi)
m,

✇✐$❤ m ❜❡✐♥❣ $❤❡ ♥✉♠❜❡% ♦❢ ♠❛%❦❡%1✳

■♥ ♦%❞❡% $♦ ❛❧1♦ ❛❝❝♦✉♥$ ❢♦% $❤❡ ❞❡♣❡♥❞❡♥❝② ❜❡$✇❡❡♥ $❤❡ ♠❛%❦❡%1 $❤❡ ✐❞❡❛ ✐1 $♦ %❡♣❧❛❝❡

$❤❡ ♥✉♠❜❡% ♦❢ ♠❛%❦❡%1 ❜② $❤❡ ❡✛❡❝$✐✈❡ ♥✉♠❜❡% Meff ✇❤✐❝❤ ❧❡❛❞1 $♦

pSidaki,adj = 1− (1− pi)
Meff .

❆♣♣❧✐❝❛.✐♦♥ .♦ .❤❡ ❋❉❘

❆♥♦$❤❡% ♠✉❧$✐♣❧❡✲$❡1$✐♥❣ ♠❡$❤♦❞ $❤❛$ ❝❛♥ ❜❡ ❛❞❥✉1$❡❞ ❢♦% $❤❡ ❞❡♣❡♥❞❡♥❝② ❜❡$✇❡❡♥ $❤❡

$❡1$1 ✐1 $❤❡ ❋❛❧1❡✲❉✐1❝♦✈❡%② ❘❛$❡✳ ❚❤❡ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡%❣ ♣%♦❝❡❞✉%❡ $♦ ❡1$✐♠❛$❡ $❤❡

❋❉❘ ♣%❡1❡♥$❡❞ ✐♥ ❙❡❝.✐♦♥ ✹✳✶✳✹ ❝♦%%❡1♣♦♥❞1 $♦ ❝❛❧❝✉❧❛$✐♥❣ ❛❞❥✉1$❡❞ p✲✈❛❧✉❡1

pBH
i,adj =

m.pi
mRi

,

✇❤❡%❡ mRi
✐1 $❤❡ ♥✉♠❜❡% ♦❢ ♠❛%❦❡%1 ✇✐$❤ p✲✈❛❧✉❡1 ❧♦✇❡% $❤❛♥ pi✳

■♥ ♦%❞❡% $♦ ❛❝❝♦✉♥$ ❢♦% $❤❡ ❞❡♣❡♥❞❡♥❝② ✐$ ✐1 ♣♦11✐❜❧❡ $♦ ❝♦♥1✐❞❡% ❛ ♥♦✈❡❧ ❝♦%%❡❝$✐♦♥

pBH
i,adj =

Meff .pi
MeffRi

,

✇❤❡%❡ MeffRi
✐1 $❤❡ ❡1$✐♠❛$❡❞ ♥✉♠❜❡% ♦❢ ✐♥❞❡♣❡♥❞❡♥$ ♠❛%❦❡%1 ❛♠♦♥❣ $❤❡ 1❡$ ♦❢ ♠❛%❦❡%1

✇✐$❤ p✲✈❛❧✉❡1 ❧♦✇❡% $❤❛♥ pi✳

❈♦♠♠❡♥.*

❚❤❡1❡ $✇♦ ♠❡$❤♦❞1 ❛%❡ ❜❛1❡❞ ♦♥ $❤❡ ❝❛❧❝✉❧❛$✐♦♥ ♦❢ ❝♦%%❡❧❛$✐♦♥ ♠❛$%✐❝❡1 ❜❡$✇❡❡♥ $❤❡ ♠❛%❦✲

❡%1✳ ■$ ✐1 ❢❛1$❡% $♦ ❝♦♠♣✉$❡ $❤❡1❡ ♠❛$%✐❝❡1 $❤❛♥ ✉1✐♥❣ ♣❡%♠✉$❛$✐♦♥ ♣%♦❝❡❞✉%❡1✱ ❡1♣❡❝✐❛❧❧②

✇✐$❤ $❤❡ ✉1❡ ♦❢ ❡✣❝✐❡♥$ 1♦❢$✇❛%❡ 1✉❝❤ ❛1 ♣❧✐♥❦ $❤❛$ ✐♥❝❧✉❞❡1 1♣❡❝✐❛❧ ❛❧❣♦%✐$❤♠1 $♦ ❝♦♠♣✉$❡

❝♦%%❡❧❛$✐♦♥1 ❜❡$✇❡❡♥ 1❡$1 ♦❢ ❙◆H1✳

❆❞❥✉*.❡❞ ▼❡.❛✲❛♥❛❧②*❡*

▼❡$❛✲❛♥❛❧②1✐1 ♠❡$❤♦❞1 ❛❧❧♦✇ $♦ ❛❣❣%❡❣❛$❡ 1❡✈❡%❛❧ p✲✈❛❧✉❡1 ❢%♦♠ ✐♥❞❡♣❡♥❞❡♥$ $❡1$1 $♦ ♣%♦✲
❞✉❝❡ ❛ ❣❧♦❜❛❧ ♠❡❛1✉%❡ ♦❢ 1✐❣♥✐✜❝❛♥❝❡ ♦✈❡% ❛❧❧ $❤❡ $❡1$ ✭1❡❡ ❙❡❝.✐♦♥ ✷✳✸✳✻✮✳ ❲❤❡♥ $❤❡ m
$❡1$1 ❛%❡ ✐♥❞❡♣❡♥❞❡♥$✱ $❤❡ ♦✈❡%❛❧❧ ❋✐1❤❡% 1$❛$✐1$✐❝

T Fisher = −2
m
∑

i=1

log(pi),



✶✹✻ ✹✳ ▼✉❧'✐♣❧❡✲'❡,'✐♥❣ ■,,✉❡, ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛,,♦❝✐❛'✐♦♥ ,'✉❞✐❡,

❢♦❧❧♦✇$ ❛ χ2(2m) ❞✐$()✐❜✉(✐♦♥ ✉♥❞❡) H0✳

❲❤❡♥ (❤❡ (❡$($ ❛)❡ ❞❡♣❡♥❞❡♥( (❤❡ ❞✐$()✐❜✉(✐♦♥ ♦❢ (❤✐$ $(❛(✐$(✐❝ ✉♥❞❡) (❤❡ ♥✉❧❧ ✐$ ♥♦

❧♦♥❣❡) ❛ χ2(2m) ❜✉( ❤❛$ ❛ ♠❡❛♥ ❡5✉❛❧ (♦ 2m ❛♥❞ ❛ ✈❛)✐❛♥❝❡ σ2
✭❇)♦✇♥ ✶✾✼✺✮ ✇✐(❤

σ2 = 4m+ 2
m−1
∑

i=1

m
∑

j=i+1

cov(−2log(pi),−2log(pj)).

■( ❤❛$ ❜❡❡♥ ♣)♦♣♦$❡❞ (♦ ❡$(✐♠❛(❡ (❤✐$ ✈❛)✐❛♥❝❡ ✐♥ ♦)❞❡) (♦ ❞❡)✐✈❡ ❛ (❡$( $(❛(✐$(✐❝ (❤❛(

❢♦❧❧♦✇$ ❛ χ2
❞✐$()✐❜✉(✐♦♥ ✭▼♦$❦✈✐♥❛ ❡( ❛❧✳ ✷✵✶✶✮✳ ❚❤❡ ❝♦✈❛)✐❛♥❝❡ (❡)♠ ♦❢ (❤❡ ✈❛)✐❛♥❝❡ σ2

❝❛♥ ❜❡ ❡$(✐♠❛(❡❞ ❜②

cov(−2log(pi),−2log(pj)) = ρij.(3.25 + 0.75ρij),

✇❤❡)❡ ρij = cor(Xi, Xj)✳ ❚❤✐$ ❡$(✐♠❛(✐♦♥ ✉$❡$ ❛ ●❛✉$$✐❛♥ 5✉❛❞)❛(✉)❡ ♠❡(❤♦❞✳

❋✐♥❛❧❧② (❤❡ ❝♦))❡❝(❡❞ (❡$( $(❛(✐$(✐❝

T Fisher
adj =

4m.T Fisher

σ2
,

❢♦❧❧♦✇$ ❛ χ2
8m2/σ2 ❞✐$()✐❜✉(✐♦♥ ✉♥❞❡) H0✳

❘❡❣8❡,,✐♦♥ ▼♦❞❡❧,

❘❡❣)❡$$✐♦♥ ♠♦❞❡❧$ (❤❛( ❤❛✈❡ ❜❡❡♥ ❞❡(❛✐❧❡❞ ✐♥ ❙❡❝'✐♦♥ ✷✳✸✳✺ ♣)♦✈✐❞❡ (❤❡ ♣♦$$✐❜✐❧✐(② (♦

✐♥❝❧✉❞❡ $❡✈❡)❛❧ ♠❛)❦❡)$ ✐♥ ❛ $✐♥❣❧❡ ♠♦❞❡❧ (♦ (❡$( (❤❡✐) ❝♦♠❜✐♥❡❞ ❡✛❡❝(✳ ❙❡✈❡)❛❧ ♦❢ (❤❡$❡

♠♦❞❡❧$ ❤❛✈❡ ❜❡❡♥ ❛❞❛♣(❡❞ (♦ (❤❡ ❛♥❛❧②$✐$ ♦❢ $❡($ ♦❢ ♠❛)❦❡)$ (❤❛( ❝♦))❡$♣♦♥❞$ (♦ (❤❡

❛♥❛❧②$✐$ ♦❢ ❛ ❣❡♥❡✳

❯♥❝♦88❡❝'❡❞ ♠✉❧'✐✲❘❡❣8❡,,✐♦♥

❆ ✜)$( ❛♣♣)♦❛❝❤ ✐$ (♦ ❝♦♥$✐❞❡) ❛ )❡❣)❡$$✐♦♥ ♠♦❞❡❧ (❤❛( ✐♥❝❧✉❞❡$ ❛❧❧ (❤❡ ♠❛)❦❡)$

❧♦❣✐((P(Y = 1 | X1, . . . , Xm)) = β0 +
m
∑

j=1

βjXj.

■( ✐$ ♣♦$$✐❜❧❡ (♦ (❡$( (❤❡ ♦✈❡)❛❧❧ ❡✛❡❝( ♦❢ ❛❧❧ (❤❡ ♠❛)❦❡)$✱ ✐✳❡✳ ♦❢ (❤❡ ❣❡♥❡ ✇✐(❤

H0 : {β1 = . . . βm = 0},

❜② (❤❡ ✉$❡ ♦❢ ❛ ❝❧❛$$✐❝❛❧ $❝♦)❡ (❡$( $(❛(✐$(✐❝

TReg = S(β̂H0
)′I−1f (β̂H0

)S(β̂H0
),



✹✳✷ ●❡♥❡✲❧❡✈❡❧ ❛**♦❝✐❛.✐♦♥ ✶✹✼

✇❤❡#❡ β̂H0
✐% &❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡%&✐♠❛&♦# ♦❢ β = (β1, . . . , βm) ✉♥❞❡# H0✱ S(β̂H0

) &❤❡
❞❡#✐✈❛&✐✈❡ ✐♥ β = β̂H0

♦❢ &❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❛♥❞ If &❤❡ ❋✐%❤❡# ✐♥❢♦#♠❛&✐♦♥✳ ❚❤✐% %&❛&✐%&✐❝
❢♦❧❧♦✇% ❛ χ2(m) ❞✐%&#✐❜✉&✐♦♥ ✉♥❞❡# &❤❡ ♥✉❧❧ ❤②♣♦&❤❡%✐%✳

❚❤✐% &❡%& ❛❝❝♦✉♥&% ❢♦# &❤❡ ♥✉♠❜❡# ♦❢ ♠❛#❦❡#% ❜✉& ❞♦❡% ♥♦& ❝♦♥%✐❞❡# &❤❡ ❞❡♣❡♥❞❡♥❝②

❜❡&✇❡❡♥ &❤❡♠✳ ❆% ❛ ♠❛&&❡# ♦❢ ❢❛❝&✱ &❤❡ ❞❡♣❡♥❞❡♥❝② ❜❡&✇❡❡♥ &❤❡ ♠❛#❦❡#% ✐% ❜♦✉♥❞ &♦ ❛✛❡❝&

&❤❡ ✈❛❧✐❞✐&② ♦❢ &❤❡ ♠♦❞❡❧ ❛% ❝♦##❡❧❛&❡❞ ❝♦✈❛#✐❛&❡% ✈✐♦❧❛&❡ &❤❡ ❛%%✉♠♣&✐♦♥ ♦❢ #❡❣#❡%%✐♦♥

♠♦❞❡❧%✳

●♦❡♠❛♥ .❡*.

❚❤❡ ●♦❡♠❛♥ &❡%& ✐% #❡❧❛&❡❞ &♦ &❤❡ ❝❧❛%%✐❝❛❧ ❛%%♦❝✐❛&✐♦♥ %❝♦#❡ &❡%& ♣#❡%❡♥&❡❞ ❢♦# &❤❡ ✉♥❝♦#✲

#❡❝&❡❞ ♠✉❧&✐✲❧♦❣✐%&✐❝ ❘❡❣#❡%%✐♦♥ ❜✉& ❛%%✉♠❡% ❛♥ ❡♠♣✐#✐❝❛❧ ❇❛②❡%✐❛♥ ♠♦❞❡❧ ✭●♦❡♠❛♥ ❡& ❛❧✳

✷✵✵✺✮✳ ❚❤✐% ♠♦❞❡❧ ✉%❡% ✐♥❞❡♣❡♥❞❡♥& ♣#✐♦#% ❢♦# &❤❡ ♠❛#❦❡# ♣❛#❛♠❡&❡#% ✇❤✐❝❤ ❝♦##❡%♣♦♥❞%

&♦ ❝♦♥%✐❞❡#✐♥❣ &❤❛& β ✐% #❛♥❞♦♠ ✇✐&❤ ♠❡❛♥ E(β) = 0 ❛♥❞ ❝♦✈❛#✐❛♥❝❡ cov(β) = σ2I ✇❤❡#❡
I ✐% &❤❡ ✐❞❡♥&✐&② ♠❛&#✐①✳ ■♥ &❤✐% ❢#❛♠❡✇♦#❦✱ &❡%&✐♥❣ &❤❡ ❤②♣♦&❤❡%✐%

H0 : β = 0

✐% ❡G✉✐✈❛❧❡♥& &♦ &❡%&✐♥❣

H0 : σ
2 = 0.

❚❤❡ ●♦❡♠❛♥ &❡%& %&❛&✐%&✐❝ ❝♦##❡%♣♦♥❞% &♦ &❤❡ ❡♠♣✐#✐❝❛❧ ❇❛②❡%✐❛♥ %❝♦#❡ &❡%& %&❛&✐%&✐❝

♦❢ &❤❡ ❧♦❣✐%&✐❝ ♠♦❞❡❧ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣#❡%%❡❞ ❛% ✭●♦❡♠❛♥ ❡& ❛❧✳ ✷✵✵✺✮

TGoeman =
1

2
(U ′U − trace(If )),

✇❤❡#❡ U = X ′(Y − Ȳ × 1) ✇✐&❤ Ȳ =
∑n

i=1 Yi ❛♥❞ 1 ✐% ❛ ❝♦❧✉♠♥ ✈❡❝&♦# ♦❢ %✐③❡ n ✇✐&❤ ❛❧❧
❡❧❡♠❡♥&% ❡G✉❛❧ &♦ ✶✳

❇② ❡①♣#❡%%✐♥❣ &❤❡ ❝❧❛%%✐❝❛❧ %❝♦#❡ &❡%& %&❛&✐%&✐❝ %✉❝❤ ❛% %✉❣❣❡%&❡❞ ✐♥ ✭❈❤❛♣♠❛♥ ❡& ❛❧✳

✷✵✵✸✮

TReg = U ′V −1U,

✇❤❡#❡ V = cov(U)✱ ♦♥❡ ❝❛♥ %❡❡ &❤❡ ❝❧♦%❡ #❡❧❛&✐♦♥ ✇✐&❤ &❤❡ ●♦❡♠❛♥ %&❛&✐%&✐❝✳
❆❧%♦✱ ❛ ❞❡✈❡❧♦♣♠❡♥& ♦❢ &❤❡ ❋✐%❤❡# ✐♥❢♦#♠❛&✐♦♥ ♠❛&#✐① ❡①♣#❡%%✐♦♥ ❧❡❛❞% &♦

If = Ȳ (1− Ȳ )× (X − X̄)′(X − X̄),

%♦ &❤❛& ✜♥❛❧❧②✱ &❤❡ ●♦❡♠❛♥ &❡%& %&❛&✐%&✐❝ ❤❛% &❤❡ ❢♦#♠ ✭❈❤❛♣♠❛♥ ❛♥❞ ❲❤✐&&❛❦❡# ✷✵✵✽✮

TGoeman =
1

2

(

(Y − Ȳ × 1)′XX ′(Y − Ȳ × 1)− Y (1− Ȳ )× trace
(

(X − X̄)′(X − X̄)
)

)

.

❚❤❡ &❡%& %&❛&✐%&✐❝ ❤❛% ❛♥ ✉♥❦♥♦✇♥ ❞✐%&#✐❜✉&✐♦♥ ✉♥❞❡# &❤❡ ♥✉❧❧ ❤②♣♦&❤❡%✐%✳ ❆ ♣❡#✲
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❜❡%✇❡❡♥ ♠❡%❤♦❞& ❢♦❝✉&✐♥❣ ♦♥ %❤❡ &%2♦♥❣❡2 ❙◆@ ❛&&♦❝✐❛%✐♦♥ &✐❣♥❛❧ ❛♥❞ %❤♦&❡ ❛❝❝♦✉♥%✐♥❣

❢♦2 ❛❧❧ %❤❡ &✐❣♥❛❧& &✐♠✉❧%❛♥❡♦✉&❧②✳

❖✉2 ❝♦♠♣❛2✐&♦♥ ✐& ❜❛&❡❞ ♦♥ ❛ &❡% ♦❢ 2❡❛❧✐&%✐❝ &✐♠✉❧❛%✐♦♥& ✇❤❡2❡ %❤❡ ♥✉♠❜❡2 ♦❢ ♠❛2❦❡2&✱

%❤❡ ▲❉ ♣❛%%❡2♥& ❛♥❞ %❤❡ &%2❡♥❣%❤ ♦❢ %❤❡ ❙◆@ ❛&&♦❝✐❛%✐♦♥& ❛2❡ ❝♦♥%2♦❧❧❡❞✳

▼❡.❤♦❞* ✐♥❝❧✉❞❡❞ ✐♥ .❤❡ ❝♦♠♣❛8✐*♦♥

❲❡ ❝♦♥&✐❞❡2❡❞ ✶✶ ✉&✉❛❧ ♠❡%❤♦❞& %♦ ✐♥❝❧✉❞❡ ✐♥ ♦✉2 ❝♦♠♣❛2✐&♦♥✳ ❲❡ ✜2&% &❡❧❡❝%❡❞ &❡✈❡2❛❧

♠✉❧%✐♣❧❡✲%❡&%✐♥❣ ♠❡%❤♦❞& %❤❛% ❛2❡ %❤❡ ❋❛❧&❡✲❉✐&❝♦✈❡2② 2❛%❡ ❛♥❞ ❙✐❞❛❦ ♣2♦❝❡❞✉2❡ ✇✐%❤♦✉%

❝♦22❡❝%✐♦♥ ❢♦2 ❞❡♣❡♥❞❡♥% %❡&%& ✭❋❉❘ ❛♥❞ ❙✐❞❛❦✮ ❛❧♦♥❣ ✇✐%❤ %❤❡ &❛♠❡ ♠❡%❤♦❞& ✇✐%❤ %❤❡ ❝♦2✲

2❡❝%✐♦♥ ❢♦2 ❞❡♣❡♥❞❡♥% %❡&%& ✭❋❉❘✳❝♦22✱ ❙✐❞❛❦✳❝♦22✮✳ ❲❡ ❛❧&♦ ❝♦♥&✐❞❡2❡❞ %❤❡ ♠❡%❛✲❛♥❛❧②&❡&

♠❡%❤♦❞& ✇✐%❤ ❛♥❞ ✇✐%❤♦✉% %❤❡ ❛❞❥✉&%♠❡♥% ❢♦2 ❞❡♣❡♥❞❡♥❝② ✭❋✐&❤❡2 ❛♥❞ ❋✐&❤❡2✳❝♦22✮✳ ❲❡

%❤❡♥ ❢♦❝✉&❡❞ ♦♥ &❡✈❡2❛❧ ❘❡❣2❡&&✐♦♥ ♠♦❞❡❧& %❤❛% ❛2❡ %❤❡ ✉♥❝♦22❡❝%❡❞ ❘❡❣2❡&&✐♦♥ ✭❘❡❣✮✱

●♦❡♠❛♥ %❡&% ✭●♦❡♠❛♥✮ ❛♥❞ %❤❡ ♠❛2❣✐♥❛❧ &❝♦2❡ %❡&% ✭▼❛2❣❙❚✮✳ ❚❤✐& ❝❤♦✐❝❡ ♦❢ ♠❡%❤♦❞&

❛♠♦♥❣ ❛❧❧ %❤❡ ♣♦&&✐❜❧❡ ❘❡❣2❡&&✐♦♥ ♠♦❞❡❧& ✇❛& ♠♦%✐✈❛%❡❞ ❜② %❤❡ 2❡&✉❧%& ♦❢ &❡✈❡2❛❧ ♣2❡✈✐♦✉&

❝♦♠♣❛2✐&♦♥ &%✉❞✐❡& ✭❈❤❛♣♠❛♥ ❛♥❞ ❲❤✐%%❛❦❡2 ✷✵✵✽✱ @❛♥ ✷✵✵✾✮✳ ■% ❤❛& ❜❡❡♥ ❞❡♠♦♥&%2❛%❡❞

%❤❛% %❤❡ ●♦❡♠❛♥ %❡&% ❛♥❞ %❤❡ ♠❛2❣✐♥❛❧ &❝♦2❡ %❡&% ❤❛✈❡ ✐♠♣2♦✈❡❞ ♣❡2❢♦2♠❛♥❝❡& ♦✈❡2 %❤❡

♦%❤❡2 ❘❡❣2❡&&✐♦♥ ❜❛&❡❞ %❡&%&✳ ❚❤❡ ✉♥❝♦22❡❝%❡❞ ❘❡❣2❡&&✐♦♥ %❡&% ❝❛♥ ❜❡ ✉&❡❢✉❧ ❛& ❛ 2❡❢❡2❡♥❝❡

❢♦2 %❤❡ ❘❡❣2❡&&✐♦♥ ♠❡%❤♦❞& ❛& ✐% ❝♦22❡&♣♦♥❞& %♦ %❤❡ &✐♠♣❧❡2 ❛♥❞ ♠♦2❡ ❝❧❛&&✐❝❛❧ ❛♣♣2♦❛❝❤✳



✶✺✵ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-

■♥ ❛❞❞✐%✐♦♥✱ ✇❡ ❝♦♥+✐❞❡,❡❞ ♦♥❡ ♣❡,♠✉%❛%✐♦♥ ❜❛+❡❞ ♠❡%❤♦❞ ✭♣❡,♠✮ %❤❛% ✐+ ❜❛+❡❞ ♦♥ %❤❡

♠❡❛♥ ♦❢ %❤❡ ❙◆7 %❡+% +%❛%✐+%✐❝+✳ ❲❡ ❛✐♠ ❛% ❛♥+✇❡,✐♥❣ %❤❡ ;✉❡+%✐♦♥✿ ❞♦❡+ %❤❡ ❣❛✐♥ ✐♥

♣♦✇❡, ♦❢ +✉❝❤ ❛ ♠❡%❤♦❞ ❝♦♠♣❡♥+❛%❡+ ✐%+ ❤✐❣❤ ❝♦♠♣✉%❛%✐♦♥❛❧ ❝♦+%❄ ❋✐♥❛❧❧② ✇❡ ✐♥❝❧✉❞❡❞ ✐♥

%❤❡ ❝♦♠♣❛,✐+♦♥ %❤❡ ♠✐♥✐♠✉♠ ♦❢ %❤❡ ❙◆7 p✲✈❛❧✉❡+ ♠❡%❤♦❞ ✭♠✐♥7✮ %❤❛% ✐+ %❤❡ ♠♦+% ✉+❡❞

✐♥ ♣,❛❝%✐❝❡✳ ❚❤✐+ ♠❡%❤♦❞ ✐+ ♥♦% ❛❞❥✉+%❡❞ ❢♦, ♠✉❧%✐♣❧❡✲%❡+%✐♥❣ ❛♥❞ ❞❡♣❡♥❞❡♥❝② ❛♥❞ ✐+ ❛+

❛ ❝♦♥+❡;✉❡♥❝❡ ✉+❡❞ ❛+ ❛ ,❡❢❡,❡♥❝❡ ♠❡%❤♦❞ %♦ ❛++❡++ %❤❡ ;✉❛❧✐%② ♦❢ %❤❡ ♦%❤❡, ❛♣♣,♦❛❝❤❡+✳

❚❤✐+ ❧❛%%❡, ♠❡%❤♦❞ ✐+ ❛❧+♦ ♦❢ ✉+❡ %♦ ❞❡♠♦♥+%,❛%❡ %❤❡ ❝,✉❝✐❛❧ ♥❡❝❡++✐%② ♦❢ ✉+✐♥❣ ❛❞❥✉+%❡❞

♠❡%❤♦❞+ ✐♥+%❡❛❞ ♦❢ %❤❡ ,❛✇ ♠✐♥✐♠✉♠ ♦❢ %❤❡ p✲✈❛❧✉❡+✳

❙✐♠✉❧❛(✐♦♥ ♠♦❞❡❧

❲❡ ❛♣♣❧✐❡❞ %❤❡ ❞✐✛❡,❡♥% +%,❛%❡❣✐❡+ %♦ +❡✈❡,❛❧ +✐♠✉❧❛%❡❞ ❣❡♥❡+✳ ❖✉, +✐♠✉❧❛%✐♦♥ ♣,♦❝❡++ ✐+

❜❛+❡❞ ♦♥ ❛ %✇♦✲+%❛❣❡ +%,❛%❡❣②✳ ■♥ ❛ ✜,+% +%❡♣✱ %❤❡ +%,✉❝%✉,❡ ♦❢ ▲❉ ♦❢ ❛ ❣❡♥❡ ✐+ ❞❡%❡,♠✐♥❡❞

❛♥❞ %❤❡♥ %❤❡ ❙◆7+ ❝♦,,❡+♣♦♥❞✐♥❣ %♦ %❤✐+ +%,✉❝%✉,❡ ❛,❡ +✐♠✉❧❛%❡❞✳ ❲❡ ❝❛❧❧ G ❛ ❣❡♥❡ ❛♥❞

❛++✉♠❡ %❤❛% ✐% ✐+ ❝♦♠♣♦+❡❞ ♦❢ m ❙◆7+✳

❉❡(❡:♠✐♥❛(✐♦♥ ♦❢ (❤❡ ▲❉ -(:✉❝(✉:❡

❋✐,+%✱ ♦♥❡ ❤❛+ %♦ +❡% %❤❡ ♥✉♠❜❡,+ p ♦❢ ▲❉ ❜❧♦❝❦+ ❛♥❞ q ♦❢ ✐♥❞❡♣❡♥❞❡♥% ❙◆7+ %❤❛% ❝♦♠♣♦+❡

%❤❡ ❣❡♥❡✳ ❚❤❡♥ ♦✉, ❛❧❣♦,✐%❤♠ ,❛♥❞♦♠❧② +✐♠✉❧❛%❡+ %❤❡ ♥✉♠❜❡,+ mj, j = 1, . . . , p ♦❢ ❙◆7+

♣❡, ❜❧♦❝❦ +♦ %❤❛%

∑p
j=1 mj+q = m✳ ❋✐♥❛❧❧②✱ ♣♦+✐%✐♦♥+ ♦♥ %❤❡ ❣❡♥❡ G ❛,❡ ,❛♥❞♦♠❧② +❡❧❡❝%❡❞

%♦ ✜% %❤❡ p ▲❉ ❜❧♦❝❦+ ❛♥❞ %❤❡ q ✐♥❞❡♣❡♥❞❡♥% ♠❛,❦❡,+✳

❙✐♠✉❧❛(✐♦♥ ♦❢ (❤❡ ♠❛:❦❡:-

▼❛,❦❡,+ ❛,❡ +✐♠✉❧❛%❡❞ ✉+✐♥❣ %❤❡ +✐♠✉❧❛%✐♦♥ ♠♦❞❡❧ ♣,❡+❡♥%❡❞ ✐♥ ❙❡❝(✐♦♥ ✷✳✹✳✸ %❤❛% ❛❧❧♦✇+

%♦ +♣❡❝✐❢② %❤❡ ❞❡❣,❡❡ ♦❢ ❛++♦❝✐❛%✐♦♥✳

❚❤❡ +✐♠✉❧❛%✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥% ♠❛,❦❡,+ ✐+ +%,❛✐❣❤%❢♦,✇❛,❞ ❛+ %❤❡ ♠♦❞❡❧ ❝❛♥ ❞✐,❡❝%❧②

❜❡ ❛♣♣❧✐❡❞ %♦ %❤❡ ♣,♦✈✐❞❡❞ +✐♠✉❧❛%✐♦♥ ♣❛,❛♠❡%❡,+✳

❚❤❡ +✐♠✉❧❛%✐♦♥ ♦❢ ▲❉ ❜❧♦❝❦+ ✉+❡+ ✐%❡,❛%✐✈❡ ♣❡,♠✉%❛%✐♦♥+ ♦❢ %❤❡ ❣❡♥♦%②♣❡+ ❜❡%✇❡❡♥

+❡✈❡,❛❧ ♠❛,❦❡,+✳ ❆+ ❛ ♠❛%%❡, ♦❢ ❢❛❝%✱ ✐% ✐+ ♣♦++✐❜❧❡ %♦ ❝,❡❛%❡ ❛ ❝♦,,❡❧❛%✐♦♥ ❜❡%✇❡❡♥ %✇♦

❙◆7+ ❜② ♣❡,♠✉%✐♥❣ %❤❡ ✈❛❧✉❡+ ♦❢ ♦♥❡ ♦❢ %❤❡♠✳ ❋♦, ❡①❛♠♣❧❡✱ ❧❡% ✉+ ❝♦♥+✐❞❡, %❤❡ 7❡❛,+♦♥

❝♦,,❡❧❛%✐♦♥ ❝♦❡✣❝✐❡♥% ❜❡%✇❡❡♥ %✇♦ ❙◆7+ x ❛♥❞ y

ρxy =

∑n
i=1(xi − x̄)(yi − ȳ)

(n− 1)σxσy

.

❖♥❡ ❝❛♥ ❝❛❧❝✉❧❛%❡ %❤❡ ❝♦♥%,✐❜✉%✐♦♥ %♦ %❤✐+ ❝♦❡✣❝✐❡♥% ♦❢ ❛ ♣❛✐, ♦❢ ✈❛❧✉❡+ (xi, yi) ❛+ ♣,❡+❡♥%❡❞

✐♥ ❚❛❜❧❡ ✹✳✷✳

■% ✐+ %❤❡♥ ♣♦++✐❜❧❡ %♦ ❡+%✐♠❛%❡ %❤❡ ✈❛,✐❛%✐♦♥ ♦❢ ❝♦,,❡❧❛%✐♦♥ ❜❡%✇❡❡♥ x ❛♥❞ y %❤❛% ✐+

❝,❡❛%❡❞ ✇❤❡♥ %✇♦ ✈❛❧✉❡+ ♦❢ %❤❡ ❙◆7 y ❛,❡ ♣❡,♠✉%❡❞ ✭❚❛❜❧❡ ✹✳✸✮✳ ❯+✐♥❣ %❤❡+❡ %❛❜❧❡+✱ ♦♥❡

❝❛♥ ❝,❡❛%❡ ❛ ❝♦,,❡❧❛%✐♦♥ ♦, ❞❡❝♦,,❡❧❛%❡ %✇♦ ❙◆7+✳

■♥ ♦,❞❡, %♦ +✐♠✉❧❛%❡ ❛ ▲❉ ❜❧♦❝❦✱ ✇❡ ✜,+% +✐♠✉❧❛%❡ +❡✈❡,❛❧ ❙◆7 ♠❛,❦❡,+ ✇✐%❤ %❤❡

♣,♦✈✐❞❡❞ ♣❛,❛♠❡%❡,+ ❛♥❞ +❡❧❡❝% ❛ ♠❛,❦❡, ♦❢ ,❡❢❡,❡♥❝❡✳ ❚❤❡ ❣❧♦❜❛❧ ♣❛%%❡,♥ ♦❢ ▲❉ ✐+ ❝,❡❛%❡❞



✹✳✷ ●❡♥❡✲❧❡✈❡❧ ❛**♦❝✐❛.✐♦♥ ✶✺✶

①

✐

②

✐

❈♦♥.4✐❜✉.✐♦♥ ci .♦ ρxy
✵ ✵ ✵

✵ ✶ −x̄
✵ ✷ −2x̄
✶ ✵ −ȳ
✶ ✶ 1− x̄− ȳ
✶ ✷ 2− 2x̄− ȳ
✷ ✵ −2ȳ
✷ ✶ 2− x̄− 2ȳ
✷ ✷ 4− 2x̄− 2ȳ

❚❛❜❧❡ ✹✳✷✿ ❈♦♥#$✐❜✉#✐♦♥ ♦❢ ❛ ♣❛✐$ ♦❢ ✈❛❧✉❡. (xi, yi) #♦ #❤❡ ❝♦$$❡❧❛#✐♦♥ ρxy✳ ❊❛❝❤

♣❛✐0 (xi, yi) ❝♦♥30✐❜✉3❡5 3♦ 3❤❡ ❝♦00❡❧❛3✐♦♥ ❜②

ci+x̄ȳ
(n−1)σxσy

✳

❈❛5❡ ✶ ❈❛5❡ ✷

✐ ❥ ✐ ❥

|∆ρ|
① ✶ ✵ ✶ ✵

② ✵ ✶ ✶ ✵

✶

① ✶ ✷ ✶ ✷

② ✷ ✶ ✶ ✷

✶

① ✵ ✷ ✵ ✷

② ✷ ✵ ✵ ✷

✹

① ✷ ✶ ✷ ✶

② ✵ ✷ ✷ ✵

✷

① ✷ ✶ ✷ ✶

② ✵ ✶ ✶ ✵

✶

① ✵ ✶ ✵ ✶

② ✷ ✵ ✵ ✷

✷

❚❛❜❧❡ ✹✳✸✿ ❆❜.♦❧✉#❡ ❞✐✛❡$❡♥❝❡ ♦❢ ❝♦$$❡❧❛#✐♦♥ ❜❡#✇❡❡♥ #✇♦ ❙◆;. ✇❤❡♥ #❤❡ ✈❛❧✉❡.

♦❢ ♦♥❡ ♦❢ #❤❡♠ ✭❤❡$❡ y✮ ❛$❡ ♣❡$♠✉#❡❞ ❜❡#✇❡❡♥ ❛ ♣❛✐$ ♦❢ ✐♥❞✐✈✐❞✉❛❧.✳ ❚❤✐5 3❛❜❧❡

❝♦♠♣❛0❡5 3❤❡ ❝♦00❡❧❛3✐♦♥ ❜❡3✇❡❡♥ 3❤❡ ❙◆=5 x ❛♥❞ y ❜❡3✇❡❡♥ ❛ 5✐3✉❛3✐♦♥ 0❡♣0❡5❡♥3❡❞ ❜②

❈❛5❡ ✶ ❛♥❞ ❛ 5✐3✉❛3✐♦♥ 0❡♣0❡5❡♥3❡❞ ❜② ❈❛5❡ ✷ ✇❤❡0❡ 3❤❡ ✈❛❧✉❡5 ♦❢ 3❤❡ ❙◆= y ❤❛✈❡ ❜❡❡♥

♣❡0♠✉3❡❞ ❜❡3✇❡❡♥ 3❤❡ 5❛♠♣❧❡5 i ❛♥❞ j✳ ❊❛❝❤ ❞✐✛❡0❡♥❝❡ ❤❛5 3♦ ❜❡ ❞✐✈✐❞❡❞ ❜② (n− 1)σxσy✳

❚❤❡ 5✐❣♥ ♦❢ 3❤❡ ❞✐✛❡0❡♥❝❡ ♦❢ ❝♦00❡❧❛3✐♦♥ ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ❜② ✐♥✈❡03✐♥❣ ❈❛5❡ ✶ ❛♥❞ ❈❛5❡ ✷✳

❜② 5✐♠✉❧3❛♥❡♦✉5❧② ❝♦00❡❧❛3✐♥❣ ❛❧❧ 3❤❡ ♠❛0❦❡05 3♦ 3❤❡ 0❡❢❡0❡♥❝❡ ♠❛0❦❡0 ❛♥❞ ❜② ❝♦♥5✐❞❡0✐♥❣

❛ ❝❡03❛✐♥ ❛♠♦✉♥3 ♦❢ ❝♦♠♠♦♥ ♣❡0♠✉3❛3✐♦♥5✳ ❚❡❝❤♥✐❝❛❧❧② ♦♥❡ ❤❛5 3♦ ♣0♦✈✐❞❡ ❛ 0❛♥❣❡ ♦❢

♣♦55✐❜❧❡ ❝♦00❡❧❛3✐♦♥5 ❢♦0 3❤❡ ▲❉ ❜❧♦❝❦ ❛♥❞ 3❤❡ ❝♦♠♠♦♥ ♣❡0♠✉3❛3✐♦♥ ♣0♦❝❡❞✉0❡ ❡♥5✉0❡5



✶✺✷ ✹✳ ▼✉❧(✐♣❧❡✲(❡-(✐♥❣ ■--✉❡- ✐♥ ●❡♥♦♠❡✲❲✐❞❡ ❛--♦❝✐❛(✐♦♥ -(✉❞✐❡-

 ❤❛ ❛❧❧  ❤❡ ♣❛✐'✇✐)❡ ❝♦''❡❧❛ ✐♦♥) ♦❢  ❤❡ ❜❧♦❝❦ ❛'❡ ✇✐ ❤✐♥  ❤✐) '❛♥❣❡✳

■❢  ❤❡ ✐♥✐ ✐❛❧ ♠❛'❦❡' ✐) ❛))♦❝✐❛ ❡❞ ✇✐ ❤  ❤❡ ❞✐)❡❛)❡✱  ❤❡♥ ✇❡ ❡①♣❡❝  ❤❛ ❛❧❧  ❤❡ ♠❛'❦❡')

)✐♠✉❧❛ ❡❞ ✐♥ ▲❉ ✇✐ ❤ ✐ ✇✐❧❧ ❛❧)♦ ❜❡ ❛))♦❝✐❛ ❡❞ ✇✐ ❤  ❤❡ ❞✐)❡❛)❡✳ ■♥ ♦'❞❡'  ♦ ❡♥)✉'❡  ❤❡

❞❡❣'❡❡ ♦❢ ❛))♦❝✐❛ ✐♦♥ ✇✐ ❤✐♥  ❤❡ ❞❡)✐'❡❞ '❡❧❛ ✐✈❡✲'✐)❦ ❜♦✉♥❞)✱ ✐ ✐) ♣♦))✐❜❧❡  ♦ ♣❡'♠✉ ❡  ❤❡

❣❡♥♦ ②♣❡) ✇✐ ❤✐♥  ❤❡ ❝❛)❡ ♦' ❝♦♥ '♦❧ )❛♠♣❧❡) ♦♥❧②✳

❙✉❝❤ ❛ )✐♠✉❧❛ ✐♦♥ ♣'♦❝❡)) ♠❛② ❜❡  ✐♠❡ ❝♦♥)✉♠✐♥❣ ❛) ✐ ✐♠♣❧✐❡) ❛ ❝❛'❡❢✉❧ ❝❤♦✐❝❡ ♦❢  ❤❡

♣❡'♠✉ ❛ ✐♦♥)  ♦ ❡♥)✉'❡ ❛ ❣❧♦❜❛❧ ▲❉ ♣❛  ❡'♥ ❛♥❞ ❝♦♥ '♦❧  ❤❡ ❛))♦❝✐❛ ✐♦♥)✳ ■ ❤❛) ❤♦✇❡✈❡'

 ❤❡ ❛❞✈❛♥ ❛❣❡ ♦❢ ❧❡❛❞✐♥❣  ♦ ♠♦'❡ '❡❛❧✐) ✐❝ ▲❉ ♣❛  ❡'♥)  ❤❛  ❤♦)❡ ❝♦♥)✐❞❡'❡❞ ✐♥  ❤❡ )✐♠✲

✉❧❛ ✐♦♥) ♦❢ ✭❲❛♥❣ ❡ ❛❧✳ ✷✵✵✼✮ ❛)  ❤❡ ❞✐)❡❛)❡ ❛))♦❝✐❛ ❡❞ ♠❛'❦❡' ✐) ♥♦ ♥❡❝❡))❛'✐❧② ✐♥  ❤❡

❝❡♥ ❡' ♦❢  ❤❡ ▲❉ ❜❧♦❝❦ ❛♥❞  ❤❡ ❝♦''❡❧❛ ✐♦♥) ❞♦ ♥♦ ❞❡❝'❡❛)❡ ✇✐ ❤  ❤❡ ❞✐) ❛♥❝❡  ♦  ❤✐) ❧♦❝✉)✳

❚❤✐) )✐♠✉❧❛ ✐♦♥ ♣'♦❝❡)) ❡✈❡♥ ✉❛❧❧② ❛❧❧♦✇)  ♦ )✐♠✉❧❛ ❡ )❡✈❡'❛❧ ✐♥❞❡♣❡♥❞❡♥ ♠❛'❦❡') ❛♥❞

)❡✈❡'❛❧ ▲❉ ❜❧♦❝❦) ❢♦' ❛ )✐♥❣❧❡ ❣❡♥❡ ❜② ❝♦♥ '♦❧❧✐♥❣  ❤❡ ❞❡❣'❡❡ ♦❢ ▲❉ ❛♥❞  ❤❡ ) '❡♥❣ ❤ ♦❢

❛))♦❝✐❛ ✐♦♥✳

●❡♥❡ -(8✉❝(✉8❡ -❝❡♥❛8✐♦-

❲❡ ❝♦♥)✐❞❡'❡❞ )❡✈❡'❛❧ )❝❡♥❛'✐♦) ♣❡' ❛✐♥✐♥❣  ♦ ❞✐✛❡'❡♥ ♣❛'❛♠❡ ❡') )✉)❝❡♣ ✐❜❧❡  ♦ ✐♥✢✉❡♥❝❡

 ❤❡ ) '❛ ❡❣✐❡) ❛♥❛❧②③❡❞✳ ❲❡ )✐♠✉❧❛ ❡❞ )❡✈❡'❛❧ ❣❡♥❡ )✐③❡) ✭✸✱ ✶✵ ❛♥❞ ✸✵ ❙◆K)✮✱ ❞✐✛❡'❡♥ 

♣❛  ❡'♥) ♦❢ ▲❉ ✭♥♦ ▲❉✱ ♠♦❞❡'❛ ❡ ▲❉ ❛♥❞ ❤✐❣❤ ▲❉✮ ❛♥❞ ❞✐✛❡'❡♥ ♣❛  ❡'♥) ♦❢ ❛))♦❝✐❛✲

 ✐♦♥  ❤❛ ❝♦''❡)♣♦♥❞❡❞  ♦  ❤❡ ♥✉♠❜❡' ♦❢ ♠❛'❦❡')✱ ✇❤❡♥  ❤❡'❡ ✇❛) ♥♦ ▲❉✱ ♦' ♦❢ ❜❧♦❝❦)

♦❢ ♠❛'❦❡')✱ ✇❤❡♥  ❤❡'❡ ✇❛) ▲❉✱  ❤❛ ✇❡'❡ ❛))♦❝✐❛ ❡❞ ✇✐ ❤  ❤❡ ❞✐)❡❛)❡ ✭)❡✈❡'❛❧ ♠❛'❦❡'✲

)✴❜❧♦❝❦)✱ ♦♥❡ ♠❛'❦❡'✴❜❧♦❝❦✱ ♥♦ ♠❛'❦❡' ❛))♦❝✐❛ ❡❞✮✳ ❲❡ '❡❢❡' ✐♥  ❤❡ ❢♦❧❧♦✇✐♥❣  ♦ ♠✉❧ ✐♣❧❡

♠❛'❦❡')✴❜❧♦❝❦) ❛))♦❝✐❛ ✐♦♥ ❛) ) '♦♥❣ ❛))♦❝✐❛ ✐♦♥ ❛♥❞  ♦ )✐♥❣❧❡ ♠❛'❦❡'✴❜❧♦❝❦ ❛))♦❝✐❛ ✐♦♥

❛) ✇❡❛❦ ❛))♦❝✐❛ ✐♦♥✳ ●❡♥❡) )✐♠✉❧❛ ❡❞ ✇✐ ❤ ♥♦ ♠❛'❦❡' ❛))♦❝✐❛ ❡❞ ✇❡'❡ ✉)❡❞  ♦ ❛))❡))  ❤❡

❢❛❧)❡✲♣♦)✐ ✐✈❡ '❛ ❡ ✇❤✐❧❡ ❣❡♥❡) ✇✐ ❤ ❛))♦❝✐❛ ❡❞ ♠❛'❦❡') ✇❡'❡ ✉)❡❞  ♦ ❛))❡))  ❤❡ ♣♦✇❡'✳

❊❛❝❤ ❣❡♥❡ ✇❛) )✐♠✉❧❛ ❡❞ ♦♥ 500 ❝❛)❡) ❛♥❞ 500 ❝♦♥ '♦❧)✳ ❚❤❡ '❡❧❛ ✐✈❡ '✐)❦ ❢♦'  ❤❡

♥♦♥✲❛))♦❝✐❛ ❡❞ ♠❛'❦❡') ✇❛) ✜①❡❞ ❛ 1 ❛♥❞ ✇❛) '❛♥❞♦♠❧② ❝❤♦)❡♥ ❜❡ ✇❡❡♥ 1.1 ❛♥❞ 1.3 ❢♦'

 ❤❡ ❛))♦❝✐❛ ❡❞ ♠❛'❦❡')✳ ❚❤❡ ♣❛  ❡'♥ ♦❢ ♠♦❞❡'❛ ❡ ▲❉ ✐♠♣❧✐❡❞ ❛ ❝♦''❡❧❛ ✐♦♥ ❜❡ ✇❡❡♥  ❤❡

♠❛'❦❡') ♦❢ ❛ ❜❧♦❝❦ ❝♦♠♣'✐)❡❞ ❜❡ ✇❡❡♥ 0.4 ❛♥❞ 0.7 ❛♥❞  ❤❡ ❤✐❣❤ ▲❉ ♣❛  ❡'♥ '❡❢❡''❡❞  ♦ ❛

❝♦''❡❧❛ ✐♦♥ ❜❡ ✇❡❡♥ 0.7 ❛♥❞ 1✳ ❊❛❝❤ )✐♠✉❧❛ ❡❞ ❣❡♥❡ ✇❛) '❡♣❧✐❝❛ ❡❞ 10, 000  ✐♠❡) ✐♥ ♦'❞❡'

 ♦ ♣'♦✈✐❞❡ ❛❝❝✉'❛ ❡ ❡) ✐♠❛ ❡) ♦❢  ❤❡ ❢❛❧)❡✲♣♦)✐ ✐✈❡ '❛ ❡) ❛♥❞ ♣♦✇❡') ♦❢  ❤❡ ♠❡ ❤♦❞)✳

❋✐❣✉8❡- ✹✳✹ (♦ ✹✳✽ ♣'❡)❡♥  ❤❡ ❞✐✛❡'❡♥ ♣❛  ❡'♥) ♦❢ ▲❉ ❛♥❞ ❛))♦❝✐❛ ✐♦♥ ✇❤❡♥  ❤❡'❡ ✐)

♦♥❡ ✐♥ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡ )✐③❡ ♦❢  ❤❡ ❣❡♥❡)✳ ❲❡ ❝❛♥ ♦❜)❡'✈❡  ❤❡ ) '♦♥❣ ♣❛  ❡'♥) ♦❢ ❛))♦❝✐❛ ✐♦♥

♦♥ ❋✐❣✉8❡- ✹✳✺ ❛♥❞ ✹✳✼ ✇❤❡'❡ ❛ ❧❡❛) ♠♦'❡  ❤❛♥  ✇♦ ♠❛'❦❡')✴❜❧♦❝❦) ❛'❡ ❛))♦❝✐❛ ❡❞ ✇✐ ❤

 ❤❡ ❞✐)❡❛)❡ ❛♥❞  ❤❡ ✇❡❛❦ ♣❛  ❡'♥) ✐♥ ❋✐❣✉8❡- ✹✳✻ ❛♥❞ ✹✳✽ ✇❤❡'❡ ♦♥❧② ♦♥❡ ♠❛'❦❡'✴❜❧♦❝❦

✐) ❛))♦❝✐❛ ❡❞ ✇✐ ❤  ❤❡ ❞✐)❡❛)❡✳



✹✳✷ ●❡♥❡✲❧❡✈❡❧ ❛**♦❝✐❛.✐♦♥ ✶✺✸

❈♦♠♣❛5✐*♦♥ *.5❛.❡❣②

❋♦" ❡❛❝❤ '❝❡♥❛"✐♦ ❛♥❞ ❡❛❝❤ ♣❛,,❡"♥ ♦❢ ▲❉ ✇❡ ❛''❡''❡❞ ,❤❡ ❢❛❧'❡✲♣♦'✐,✐✈❡ "❛,❡ ❛♥❞ ,❤❡ ♣♦✇❡"

♦♥ B = 10, 000 ❞❛"❛#❡"# ✉#✐♥❣ "❤❡ ♠❡"❤♦❞ ❞❡#❝-✐❜❡❞ ✐♥ ❙❡❝#✐♦♥ ✷✳✹✳✺✳ ❚❤✐# ❝♦--❡#♣♦♥❞#

"♦ ❡#"✐♠❛"❡ "❤❡ 2✉❛♥"✐"②

#
(

{p−valuei 6 α, i = 1 . . . B}
)

B
,

✇❤❡-❡ "❤❡ "❤-❡#❤♦❧❞ α ✐# #❡" ❛" 5%✳

■♥ ♦-❞❡- "♦ ♣-❡#❡♥" "❤❡ -❡#✉❧"# ♦❢ "❤❡ ❝♦♠♣❛-✐#♦♥ ♦❢ "❤❡ ♠❡"❤♦❞# ✇❡ ❞❡❝♦♠♣♦#❡❞ "❤❡#❡

#✐♠✉❧❛"✐♦♥# ✐♥ #❡✈❡-❛❧ #❝❡♥❛-✐♦# ✐♥ ❢✉♥❝"✐♦♥ ♦❢ "❤❡ ♣❛""❡-♥ ♦❢ ▲❉ ♦❢ "❤❡ ❣❡♥❡#✳ ❙❝❡♥❛-✐♦
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($✉❞✐❡( ❧❡❛❞✐♥❣ $♦ ❢❛❧(❡✲♣♦(✐$✐✈❡ ♦. ❢❛❧(❡✲♥❡❣❛$✐✈❡ ✜♥❞✐♥❣(✳ ▼❛♥② ($.❛$❡❣✐❡( ❤❛✈❡ ❜❡❡♥

❞❡(✐❣♥❡❞ $♦ ❛❝❝♦✉♥$ ❢♦. ($.❛$✐✜❝❛$✐♦♥ ❛♥❞ ✐$ ✐( ♥♦$ ❛❧✇❛②( ♦❜✈✐♦✉( ✐♥ ♣.❛❝$✐❝❡ ✇❤✐❝❤ ♦♥❡

(❤♦✉❧❞ ❜❡ ✉(❡❞✳ ❲❡ $❤❡.❡❢♦.❡ ❝♦♥❞✉❝$❡❞ ❛♥❛❧②(❡( $♦ ❡❧✉❝✐❞❛$❡ $❤✐( ♣♦✐♥$ ❜② ❢♦❝✉(✐♥❣ ♦♥ $❤❡

♠❛✐♥ ❛♣♣.♦❛❝❤❡( $❤❛$ ❛.❡ $❤❡ ●❡♥♦♠✐❝ ❝♦♥$.♦❧✱ ♠❡$❤♦❞( ❜❛(❡❞ ♦♥ B.✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥$(

❆♥❛❧②(✐(✱ ❘❡❣.❡((✐♦♥ ♠♦❞❡❧( ❛♥❞ ▼❡$❛✲❛♥❛❧②(❡(✳

❲❡ ❝♦♠♣❛.❡❞ $❤❡(❡ ❞✐✛❡.❡♥$ ($.❛$❡❣✐❡( ♦♥ ❛ (❡$ ♦❢ (✐♠✉❧❛$❡❞ ❞❛$❛(❡$( ❝♦..❡(♣♦♥❞✐♥❣

$♦ ✈❛.✐♦✉( ($.❛$✐✜❝❛$✐♦♥ (❝❡♥❛.✐♦(✳ ❚❤❡(❡ ❛♥❛❧②(❡( ❛❧❧♦✇❡❞ ✉( $♦ .❛✐(❡ (❡✈❡.❛❧ ❝♦♥❝❧✉(✐♦♥(✳
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#$"✉❝$✉"❡# ♠❛② ♥♦$ ❜❡ ❞❡$❡❝$❡❞ ❛# $❤❡ ❝♦""❡#♣♦♥❞✐♥❣ #✉❜✲♣♦♣✉❧❛$✐♦♥# ❛"❡ ❤✐❞❞❡♥ ✇✐$❤✐♥
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❡. ❛❧✳ ✭,❡❡ ❙❡❝#✐♦♥ ✷✳✸✳✹✮ ✐♥ ♦3❞❡3 .♦ ❛❝❝♦✉♥. ❢♦3 ,.3❛.✐✜❝❛.✐♦♥✳ ❉✉❡ .♦ .❤❡ ✈❡3② ❧♦♥❣
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Abstract

Inferring the structure of populations has many applications for genetic research. In addition to providing information for
evolutionary studies, it can be used to account for the bias induced by population stratification in association studies. To
this end, many algorithms have been proposed to cluster individuals into genetically homogeneous sub-populations. The
parametric algorithms, such as Structure, are very popular but their underlying complexity and their high computational
cost led to the development of faster parametric alternatives such as Admixture. Alternatives to these methods are the non-
parametric approaches. Among this category, AWclust has proven efficient but fails to properly identify population
structure for complex datasets. We present in this article a new clustering algorithm called Spectral Hierarchical clustering
for the Inference of Population Structure (SHIPS), based on a divisive hierarchical clustering strategy, allowing a progressive
investigation of population structure. This method takes genetic data as input to cluster individuals into homogeneous sub-
populations and with the use of the gap statistic estimates the optimal number of such sub-populations. SHIPS was applied
to a set of simulated discrete and admixed datasets and to real SNP datasets, that are data from the HapMap and Pan-Asian
SNP consortium. The programs Structure, Admixture, AWclust and PCAclust were also investigated in a comparison study.
SHIPS and the parametric approach Structure were the most accurate when applied to simulated datasets both in terms of
individual assignments and estimation of the correct number of clusters. The analysis of the results on the real datasets
highlighted that the clusterings of SHIPS were the more consistent with the population labels or those produced by the
Admixture program. The performances of SHIPS when applied to SNP data, along with its relatively low computational cost
and its ease of use make this method a promising solution to infer fine-scale genetic patterns.
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Introduction

Population structure relates the genetic heterogeneity that exists

between individuals of a population. This heterogeneity is a

natural phenomenon resulting from biological and evolutionary

processes such as for instance natural selection, genetic drift,

populations migrations or mating processes [1]. These phenomena

lead in time to sub-populations genetically differing with regard to

the frequency of certain alleles. For the same reasons, disease

prevalences or allele penetrances may vary between such groups.

These systematic differences between sub-populations can be more

or less important. The most identifiable are found between ethnic

and/or geographically distant groups.

Identifying the underlying structure of populations is often of

use for genetic research. It allows the study of evolutionary

relationships between populations as well as learning about their

demographic histories [2–6].

Such analyses are also of a great interest for population-based

genetic studies such as Genome-Wide Association Studies

(GWASs). Notwithstanding the widespread usage of GWASs,

their findings have been criticized partly because they are

vulnerable to population stratification. This corresponds to the

bias induced in situations where the studied populations are

genetically heterogeneous and the sampling of cases and controls is

imbalanced between the various ancestries. Population stratifica-

tion is known to lead to finding spurious associations or to missing

genuine ones [7–11]. Inferring the structure of the populations can

therefore be helpful to identify whether there is indeed a structure

or to define homogeneous clusters of individuals that can later be

used to correct the association test and account for stratification.

Two major strategies have been developed to infer the structure

of the populations that are parametric model-based clustering and

non-parametric clustering. Model-based clustering approaches

make numerous assumptions on the genetic data and use statistical

inference methods to assign individuals to sub-populations. Many

of these parametric approaches exist such as for instance Structure

[5], Admixture [12,13], BAPS [14] or FRAPPE [15]. These

parametric methods are more commonly used to infer population

structure. It has however been pointed out that they have some

drawbacks such as the complexity of the underlying statistical

models and of the assumptions that have to been made on the

data. Also, the program Structure is known to have a very high

computational cost. Non-parametric approaches have the advan-

tage over parametric ones of making fewer assumptions on the

data. For example most of these methods do not assume the

Hardy-Weinberg equilibrium between genetic markers. In addi-

tion, such approaches involve few parameters to be estimated [16].

The main non-parametric methods are Awclust [17] using a
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Abstract

Genome-Wide Association Studies are powerful tools to detect genetic variants associated with diseases. Their results have,
however, been questioned, in part because of the bias induced by population stratification. This is a consequence of
systematic differences in allele frequencies due to the difference in sample ancestries that can lead to both false positive or
false negative findings. Many strategies are available to account for stratification but their performances differ, for instance
according to the type of population structure, the disease susceptibility locus minor allele frequency, the degree of
sampling imbalanced, or the sample size. We focus on the type of population structure and propose a comparison of the
most commonly used methods to deal with stratification that are the Genomic Control, Principal Component based
methods such as implemented in Eigenstrat, adjusted Regressions and Meta-Analyses strategies. Our assessment of the
methods is based on a large simulation study, involving several scenarios corresponding to many types of population
structures. We focused on both false positive rate and power to determine which methods perform the best. Our analysis
showed that if there is no population structure, none of the tests led to a bias nor decreased the power except for the Meta-
Analyses. When the population is stratified, adjusted Logistic Regressions and Eigenstrat are the best solutions to account
for stratification even though only the Logistic Regressions are able to constantly maintain correct false positive rates. This
study provides more details about these methods. Their advantages and limitations in different stratification scenarios are
highlighted in order to propose practical guidelines to account for population stratification in Genome-Wide Association
Studies.

Citation: Bouaziz M, Ambroise C, Guedj M (2011) Accounting for Population Stratification in Practice: A Comparison of the Main Strategies Dedicated to Genome-
Wide Association Studies. PLoS ONE 6(12): e28845. doi:10.1371/journal.pone.0028845

Editor: Thomas Mailund, Aarhus University, Denmark

Received July 21, 2011; Accepted November 16, 2011; Published December 21, 2011

Copyright: ß 2011 Bouaziz et al. This is an open-access article distributed under the terms of the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original author and source are credited.

Funding: This study was funded by Pharnext SA, Paris, France and the Genome and Statistics Laboratory, Evry, France. The funders had no role in study design,
data collection and analysis, decision to publish, or preparation of the manuscript.

Competing Interests: The authors declare that they received funding from Pharnext SA, Paris. This does not alter the authors’ adherence to all the PLoS ONE
policies on sharing data and materials.

* E-mail: matthieu.x.bouaziz@gmail.com

Introduction

Genome-wide association studies (GWAS) have become a

widely used approach for gene mapping of complex diseases.

With the development of high throughput genotyping technologies

many markers are available to conduct these studies. The most

common study design is the case-control design using unrelated

individuals. The relevance of the results of such large scale genetic

studies is however questioned. Indeed certain biases arise when

conducting a GWAS, leading to false discoveries. As a conse-

quence, only few associations are consistently and convincingly

replicated [1]. There can be many causes to such spurious findings

and non-replications [2–4]. It is broadly considered that failure to

account for the bias induced by population stratification is one of

them. This phenomenon occurs when the sampling has been made

within non genetically homogeneous populations, i.e. there are

systematic differences in allele frequencies due to ancestry and the

baseline disease risk are different between the actual subpopula-

tions. This can lead to finding spurious associations or to missing

genuine ones [5–8]. Accounting for population stratification has

nowadays become a necessary step in the conduct of a GWAS,

especially with the development of very large studies such as the

ones undertaken by international consortia. These studies indeed

gather many cohorts of cases and controls, not always matched,

with different ancestries.

The most used association test to detect an association is

Armitage’s Trend test. This test statistic follows a x2 distribution

under the null hypothesis of no association. In case of population

stratification, this distribution is inflated and the test statistic

follows a non-central x2 distribution. Several main approaches

exist to account for population stratification in GWAS: Genomic

Control [9,10], Principal Component Analysis (PCA) based

methods [11,12], Regression models [4,13], and Meta-Analyses.

Genomic Control aims at correcting the Trend test statistic

inflated null distribution by estimating an inflation factor, usually

called l, using many markers. In practice we usually consider that

a l inferior to 1.05 indicates that there is no stratification [14]. The

main assumption of this method is that the inflation factor is the

same for all markers. PCA-based methods use markers to define

continuous axes of variation, called principal components, that

reduce the data to few variables containing most of the

information about the genetic variability. These axes often relate

the spatial distribution of the ancestries of the samples. Using such

methods, Price et al. propose an association test to account for
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    Chapter 13   

 Multiple Testing in Large-Scale Genetic Studies       

        Matthieu Bouaziz, Marine   Jeanmougin,    and    Mickaël   Guedj        

  Abstract 

 Recent advances in Molecular Biology and improvements in microarray and sequencing technologies have 

led biologists toward high-throughput genomic studies. These studies aim at  fi nding associations between 

genetic markers and a phenotype and involve conducting many statistical tests on these markers. Such  a 

wide investigation of the genome not only renders genomic studies quite attractive but also lead to a major 

shortcoming. That is, among the markers detected as associated with the phenotype, a nonnegligible pro-

portion is not in reality (false-positives) and also true associations can be missed (false-negatives). A main 

cause of these spurious associations is due to the multiple-testing problem, inherent to conducting numer-

ous statistical tests. Several approaches exist to work around this issue. These multiple-testing adjustments 

aim at de fi ning new statistical con fi dence measures that are controlled to guarantee that the outcomes of 

the tests are pertinent.The most natural correction was introduced by Bonferroni and aims at controlling 

the family-wise error-rate (FWER) that is the probability of having at least one false-positive. Another 

approach is based on the false-discovery-rate (FDR) and considers the proportion of signi fi cant results that 

are expected to be false-positives. Finally, the local-FDR focuses on the actual probability for a marker of 

being associated or not with the phenotype. These strategies are widely used but one has to be careful 

about when and how to apply them. We propose in this chapter a discussion on the multiple-testing issue 

and on the main approaches to take it into account. We aim at providing a theoretical and intuitive 

de fi nition of these concepts along with practical advises to guide researchers in choosing the more appro-

priate multiple-testing procedure corresponding to the purposes of their studies.    

  Key words:  Multiple testing, Genetic, Association, Biostatistics, GWAS, Bonferroni, FWER, FDR 

 

 During the last decade, advances in Molecular Biology and 
substantial improvements in microarray and sequencing technolo-
gies have led biologists toward high-throughput genomic studies. 
In particular, the simultaneous genotyping of hundreds of 
thousands of genetic markers such as single nucleotide polymor-
phisms (SNPs) on chips has become a mainstay of biological and 

 1. Introduction
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◆✳✱ ●❛❜7✐❡❧✱ ❙✳ ❇✳✱ ❚♦♣♦❧✱ ❊✳ ❏✳✱ ❙♠♦❧❧❡7✱ ❏✳ ❲✳✱ *❛#♦✱ ❈✳ ◆✳✱ *❛#♦✱ ▼✳ ❚✳✱ *❡#7②"❤❡♥✱

❚✳ ▲✳✱ ❑♦❧♦♥❡❧✱ ▲✳ ◆✳✱ ▲❛♥❞❡7✱ ❊✳ ❙✳✱ ❙❦❧❛7✱ *✳✱ ❍❡♥❞❡7"♦♥✱ ❇✳✱ ❍✐7"❝❤❤♦7♥✱ ❏✳ ◆✳✱

❛♥❞ ❆❧#"❤✉❧❡7✱ ❉✳ ✭✷✵✵✹✮✳ ❆""❡""✐♥❣ #❤❡ ✐♠♣❛❝# ♦❢ ♣♦♣✉❧❛#✐♦♥ "#7❛#✐✜❝❛#✐♦♥ ♦♥ ❣❡♥❡#✐❝

❛""♦❝✐❛#✐♦♥ "#✉❞✐❡"✳ ◆❛( ●❡♥❡(✱ ✸✻✭✹✮✿✸✽✽✕✸✾✸✳ ✭◆♦# ❝✐#❡❞✳✮

❋7✐❡❞♠❛♥✱ ❏✳✱ ❍❛"#✐❡✱ ❚✳✱ ❛♥❞ ❚✐❜"❤✐7❛♥✐✱ ❘✳ ✭✷✵✶✵✮✳ ❘❡❣✉❧❛7✐③❛#✐♦♥ ♣❛#❤" ❢♦7 ❣❡♥❡7❛❧✐③❡❞

❧✐♥❡❛7 ♠♦❞❡❧" ✈✐❛ ❝♦♦7❞✐♥❛#❡ ❞❡"❝❡♥#✳ ❏ ❙(❛( ❙♦❢(✇✱ ✸✸✭✶✮✿✶✕✷✷✳ ✭◆♦# ❝✐#❡❞✳✮

●❛♦✱ ❳✳ ❛♥❞ ❙#❛7♠❡7✱ ❏✳ ✭✷✵✵✼✮✳ ❍✉♠❛♥ ♣♦♣✉❧❛#✐♦♥ "#7✉❝#✉7❡ ❞❡#❡❝#✐♦♥ ✈✐❛ ♠✉❧#✐❧♦❝✉"

❣❡♥♦#②♣❡ ❝❧✉"#❡7✐♥❣✳ ❇▼❈ ●❡♥❡(✱ ✽✿✸✹✳ ✭◆♦# ❝✐#❡❞✳✮

●❛♦✱ ❳✳ ❛♥❞ ❙#❛7♠❡7✱ ❏✳ ❉✳ ✭✷✵✵✽✮✳ ❆✇❝❧✉"#✿ ♣♦✐♥#✲❛♥❞✲❝❧✐❝❦ "♦❢#✇❛7❡ ❢♦7 ♥♦♥✲♣❛7❛♠❡#7✐❝
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❝✐#❡❞✳✮
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✾✭✻✮✿✸✷✺✕✸✸✶✳ ✭◆♦# ❝✐#❡❞✳✮
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✶✽✷ ❇■❇▲■❖●❘❆*❍❨

●✉❡❞❥✱ ▼✳✱ ❘♦❜❡❧✐♥✱ ❉✳✱ ❍♦❡❜❡❦❡✱ ▼✳✱ ▲❛♠❛4✐♥❡✱ ▼✳✱ ❲♦❥❝✐❦✱ ❏✳✱ ❛♥❞ ◆✉❡❧✱ ●✳ ✭✷✵✵✻❛✮✳
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✭◆♦> ❝✐>❡❞✳✮
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✭◆♦> ❝✐>❡❞✳✮
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❊✛❡❝> ♦❢ ♣♦♣✉❧❛>✐♦♥ B>4❛>✐✜❝❛>✐♦♥ ♦♥ ❝❛B❡✲❝♦♥>4♦❧ ❛BB♦❝✐❛>✐♦♥ B>✉❞✐❡B✳ ✐✳ ❡❧❡✈❛>✐♦♥ ✐♥

❢❛❧B❡ ♣♦B✐>✐✈❡ 4❛>❡B ❛♥❞ ❝♦♠♣❛4✐B♦♥ >♦ ❝♦♥❢♦✉♥❞✐♥❣ 4✐B❦ 4❛>✐♦B ✭❛ B✐♠✉❧❛>✐♦♥ B>✉❞②✮✳

❍✉♠ ❍❡/❡❞✱ ✺✽✭✶✮✿✸✵✕✸✾✳ ✭◆♦> ❝✐>❡❞✳✮

❍♦❤✱ ❏✳ ❛♥❞ ❖>>✱ ❏✳ ✭✷✵✵✸✮✳ ▼❛>❤❡♠❛>✐❝❛❧ ♠✉❧>✐✲❧♦❝✉B ❛♣♣4♦❛❝❤❡B >♦ ❧♦❝❛❧✐③✐♥❣ ❝♦♠♣❧❡①

❤✉♠❛♥ >4❛✐> ❣❡♥❡B✳ ◆❛! ❘❡✈ ●❡♥❡!✱ ✹✭✾✮✿✼✵✶✕✼✵✾✳ ✭◆♦> ❝✐>❡❞✳✮

❍♦❤✱ ❏✳✱ ❲✐❧❧❡✱ ❆✳✱ ❛♥❞ ❖>>✱ ❏✳ ✭✷✵✵✶✮✳ ❚4✐♠♠✐♥❣✱ ✇❡✐❣❤>✐♥❣✱ ❛♥❞ ❣4♦✉♣✐♥❣ B♥♣B ✐♥ ❤✉♠❛♥

❝❛B❡✲❝♦♥>4♦❧ ❛BB♦❝✐❛>✐♦♥ B>✉❞✐❡B✳ ●❡♥♦♠❡ ❘❡2✱ ✶✶✭✶✷✮✿✷✶✶✺✕✷✶✶✾✳ ✭◆♦> ❝✐>❡❞✳✮

❍♦❧♠✱ ❙✳ ✭✶✾✼✾✮✳ ❆ B✐♠♣❧❡ B❡_✉❡♥>✐❛❧❧② 4❡❥❡❝>✐✈❡ ♠✉❧>✐♣❧❡ >❡B> ♣4♦❝❡❞✉4❡✱✳ ❙❝❛♥❞✐♥❛✈✐❛♥

❏♦✉/♥❛❧ ♦❢ ❙!❛!✐2!✐❝2✱ ✻✿✻✺✕✼✵✳ ✭◆♦> ❝✐>❡❞✳✮

❍♦♥❣✱ ▼✳✲●✳✱ W❛✇✐>❛♥✱ ❨✳✱ ▼❛❣♥✉BB♦♥✱ W✳ ❑✳ ❊✳✱ ❛♥❞ W4✐♥❝❡✱ ❏✳ ❆✳ ✭✷✵✵✾✮✳ ❙>4❛>❡❣✐❡B ❛♥❞

✐BB✉❡B ✐♥ >❤❡ ❞❡>❡❝>✐♦♥ ♦❢ ♣❛>❤✇❛② ❡♥4✐❝❤♠❡♥> ✐♥ ❣❡♥♦♠❡✲✇✐❞❡ ❛BB♦❝✐❛>✐♦♥ B>✉❞✐❡B✳ ❍✉♠

●❡♥❡!✱ ✶✷✻✭✷✮✿✷✽✾✕✸✵✶✳ ✭◆♦> ❝✐>❡❞✳✮

❍✉❛♥❣✱ ❍✳✱ ❈❤❛♥❞❛✱ W✳✱ ❆❧♦♥B♦✱ ❆✳✱ ❇❛❞❡4✱ ❏✳ ❙✳✱ ❛♥❞ ❆4❦✐♥❣✱ ❉✳ ❊✳ ✭✷✵✶✶✮✳ ●❡♥❡✲❜❛B❡❞

>❡B>B ♦❢ ❛BB♦❝✐❛>✐♦♥✳ :▲♦❙ ●❡♥❡!✱ ✼✭✼✮✿❡✶✵✵✷✶✼✼✳ ✭◆♦> ❝✐>❡❞✳✮

❍✉❜✐B③✱ ▼✳✱ ❋❛❧✉B❤✱ ❉✳✱ ❙>❡♣❤❡♥B✱ ▼✳✱ ❛♥❞ W4✐>❝❤❛4❞✱ ❏✳ ✭✷✵✵✾✮✳ ■♥❢❡44✐♥❣ ✇❡❛❦ ♣♦♣✉❧❛>✐♦♥

B>4✉❝>✉4❡ ✇✐>❤ >❤❡ ❛BB✐B>❛♥❝❡ ♦❢ B❛♠♣❧❡ ❣4♦✉♣ ✐♥❢♦4♠❛>✐♦♥✳ ▼♦❧❡❝✉❧❛/ ❊❝♦❧♦❣② ❘❡2♦✉/❝❡2✱

✾✿✶✸✷✷✕✶✸✸✷✳ ✭◆♦> ❝✐>❡❞✳✮

❍✉❡❧B❡♥❜❡❝❦✱ ❏✳ W✳ ❛♥❞ ❆♥❞♦❧❢❛>>♦✱ W✳ ✭✷✵✵✼✮✳ ■♥❢❡4❡♥❝❡ ♦❢ ♣♦♣✉❧❛>✐♦♥ B>4✉❝>✉4❡ ✉♥❞❡4 ❛

❞✐4✐❝❤❧❡> ♣4♦❝❡BB ♠♦❞❡❧✳ ●❡♥❡!✐❝2✱ ✶✼✺✭✹✮✿✶✼✽✼✕✶✽✵✷✳ ✭◆♦> ❝✐>❡❞✳✮
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❙❤*✐♥❣❛*♣✉*❡✱ ❙✳ ❛♥❞ ❳✐♥❣✱ ❊✳ D✳ ✭✷✵✵✾✮✳ ♠&"*✉❝"✿ ✐♥❢❡*❡♥❝❡ ♦❢ ♣♦♣✉❧❛"✐♦♥ &"*✉❝"✉*❡ ✐♥

❧✐❣❤" ♦❢ ❜♦"❤ ❣❡♥❡"✐❝ ❛❞♠✐①✐♥❣ ❛♥❞ ❛❧❧❡❧❡ ♠✉"❛"✐♦♥&✳ ●❡♥❡'✐❝&✱ ✶✽✷✭✷✮✿✺✼✺✕✺✾✸✳ ✭◆♦"

❝✐"❡❞✳✮

❙✐❞❛❦✱ ❩✳ ✭✶✾✻✼✮✳ ❘❡❝"❛♥❣✉❧❛* ❝♦♥✜❞❡♥❝❡ *❡❣✐♦♥ ❢♦* "❤❡♠❡❛♥& ♦❢ ♠✉❧"✐✈❛*✐❛"❡ ♥♦*♠❛❧

❞✐&"*✐❜✉"✐♦♥&✳ ❏♦✉,♥❛❧ ♦❢ '❤❡ ❆♠❡,✐❝❛♥ ❙'❛'✐&'✐❝❛❧ ❆&&♦❝✐❛'✐♦♥✱ ✻✷✿✻✷✻✕✻✸✸✳ ✭◆♦" ❝✐"❡❞✳✮

❙✐♠♦♥✐✱ ▼✳✱ ❚❡♠♣❢❡*✱ ❈✳ ❇✳✱ ❉❡&"❡♥❛✈❡&✱ ❇✳✱ ❛♥❞ ❋❛✉&❡*✱ ❇✳ ❈✳ ❏✳ ▼✳ ✭✷✵✵✽✮✳ ❋✉♥❝"✐♦♥❛❧

❣❡♥❡"✐❝ ♣♦❧②♠♦*♣❤✐&♠& ❛♥❞ ❢❡♠❛❧❡ *❡♣*♦❞✉❝"✐✈❡ ❞✐&♦*❞❡*&✿ D❛*" ✶✿ D♦❧②❝②&"✐❝ ♦✈❛*②

&②♥❞*♦♠❡ ❛♥❞ ♦✈❛*✐❛♥ *❡&♣♦♥&❡✳ ❍✉♠ ❘❡♣,♦❞ ❯♣❞❛'❡✱ ✶✹✭✺✮✿✹✺✾✕✹✽✹✳ ✭◆♦" ❝✐"❡❞✳✮

❙❧❛❣❡*✱ ❙✳ ▲✳ ❛♥❞ ❙❝❤❛✐❞✱ ❉✳ ❏✳ ✭✷✵✵✶✮✳ ❈❛&❡✲❝♦♥"*♦❧ &"✉❞✐❡& ♦❢ ❣❡♥❡"✐❝ ♠❛*❦❡*&✿ ♣♦✇❡* ❛♥❞

&❛♠♣❧❡ &✐③❡ ❛♣♣*♦①✐♠❛"✐♦♥& ❢♦* ❛*♠✐"❛❣❡✬& "❡&" ❢♦* "*❡♥❞✳ ❍✉♠ ❍❡,❡❞✱ ✺✷✭✸✮✿✶✹✾✕✶✺✸✳

✭◆♦" ❝✐"❡❞✳✮

❙♣✐❡❧♠❛♥✱ ❘✳ ❙✳ ❛♥❞ ❊✇❡♥&✱ ❲✳ ❏✳ ✭✶✾✾✻✮✳ ❚❤❡ "❞" ❛♥❞ ♦"❤❡* ❢❛♠✐❧②✲❜❛&❡❞ "❡&"& ❢♦* ❧✐♥❦❛❣❡

❞✐&❡\✉✐❧✐❜*✐✉♠ ❛♥❞ ❛&&♦❝✐❛"✐♦♥✳ ❆♠ ❏ ❍✉♠ ●❡♥❡'✱ ✺✾✭✺✮✿✾✽✸✕✾✽✾✳ ✭◆♦" ❝✐"❡❞✳✮

❙♣✐❡❧♠❛♥✱ ❘✳ ❙✳✱ ▼❝●✐♥♥✐&✱ ❘✳ ❊✳✱ ❛♥❞ ❊✇❡♥&✱ ❲✳ ❏✳ ✭✶✾✾✸✮✳ ❚*❛♥&♠✐&&✐♦♥ "❡&" ❢♦* ❧✐♥❦❛❣❡

❞✐&❡\✉✐❧✐❜*✐✉♠✿ "❤❡ ✐♥&✉❧✐♥ ❣❡♥❡ *❡❣✐♦♥ ❛♥❞ ✐♥&✉❧✐♥✲❞❡♣❡♥❞❡♥" ❞✐❛❜❡"❡& ♠❡❧❧✐"✉& ✭✐❞❞♠✮✳

❆♠ ❏ ❍✉♠ ●❡♥❡'✱ ✺✷✭✸✮✿✺✵✻✕✺✶✻✳ ✭◆♦" ❝✐"❡❞✳✮

❙"❡♣❤❡♥&✱ ▼✳ ❛♥❞ ❉♦♥♥❡❧❧②✱ D✳ ✭✷✵✵✸✮✳ ❆ ❝♦♠♣❛*✐&♦♥ ♦❢ ❜❛②❡&✐❛♥ ♠❡"❤♦❞& ❢♦* ❤❛♣❧♦"②♣❡

*❡❝♦♥&"*✉❝"✐♦♥ ❢*♦♠ ♣♦♣✉❧❛"✐♦♥ ❣❡♥♦"②♣❡ ❞❛"❛✳ ❆♠ ❏ ❍✉♠ ●❡♥❡'✱ ✼✸✭✺✮✿✶✶✻✷✕✶✶✻✾✳

✭◆♦" ❝✐"❡❞✳✮

❙"♦*❡②✱ ❏✳ ❉✳ ❛♥❞ ❚✐❜&❤✐*❛♥✐✱ ❘✳ ✭✷✵✵✸✮✳ ❙"❛"✐&"✐❝❛❧ &✐❣♥✐✜❝❛♥❝❡ ❢♦* ❣❡♥♦♠❡✇✐❞❡ &"✉❞✐❡&✳

7,♦❝ ◆❛'❧ ❆❝❛❞ ❙❝✐ ❯ ❙ ❆✱ ✶✵✵✭✶✻✮✿✾✹✹✵✕✾✹✹✺✳ ✭◆♦" ❝✐"❡❞✳✮

❙✉❜*❛♠❛♥✐❛♥✱ ❆✳✱ ❚❛♠❛②♦✱ D✳✱ ▼♦♦"❤❛✱ ❱✳ ❑✳✱ ▼✉❦❤❡*❥❡❡✱ ❙✳✱ ❊❜❡*"✱ ❇✳ ▲✳✱ ●✐❧❧❡""❡✱ ▼✳ ❆✳✱

D❛✉❧♦✈✐❝❤✱ ❆✳✱ D♦♠❡*♦②✱ ❙✳ ▲✳✱ ●♦❧✉❜✱ ❚✳ ❘✳✱ ▲❛♥❞❡*✱ ❊✳ ❙✳✱ ❛♥❞ ▼❡&✐*♦✈✱ ❏✳ D✳ ✭✷✵✵✺✮✳

●❡♥❡ &❡" ❡♥*✐❝❤♠❡♥" ❛♥❛❧②&✐&✿ ❛ ❦♥♦✇❧❡❞❣❡✲❜❛&❡❞ ❛♣♣*♦❛❝❤ ❢♦* ✐♥"❡*♣*❡"✐♥❣ ❣❡♥♦♠❡✲

✇✐❞❡ ❡①♣*❡&&✐♦♥ ♣*♦✜❧❡&✳ 7,♦❝ ◆❛'❧ ❆❝❛❞ ❙❝✐ ❯ ❙ ❆✱ ✶✵✷✭✹✸✮✿✶✺✺✹✺✕✶✺✺✺✵✳ ✭◆♦" ❝✐"❡❞✳✮

❚❛♥❣✱ ❍✳✱ D❡♥❣✱ ❏✳✱ ❲❛♥❣✱ D✳✱ ❛♥❞ ❘✐&❝❤✱ ◆✳ ❏✳ ✭✷✵✵✺✮✳ ❊&"✐♠❛"✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❛❞♠✐①"✉*❡✿

❛♥❛❧②"✐❝❛❧ ❛♥❞ &"✉❞② ❞❡&✐❣♥ ❝♦♥&✐❞❡*❛"✐♦♥&✳ ●❡♥❡' ❊♣✐❞❡♠✐♦❧✱ ✷✽✭✹✮✿✷✽✾✕✸✵✶✳ ✭◆♦"

❝✐"❡❞✳✮

❚❡♥❣✱ ❏✳ ❛♥❞ ❘✐&❝❤✱ ◆✳ ✭✶✾✾✾✮✳ ❚❤❡ *❡❧❛"✐✈❡ ♣♦✇❡* ♦❢ ❢❛♠✐❧②✲❜❛&❡❞ ❛♥❞ ❝❛&❡✲❝♦♥"*♦❧ ❞❡&✐❣♥&

❢♦* ❧✐♥❦❛❣❡ ❞✐&❡\✉✐❧✐❜*✐✉♠ &"✉❞✐❡& ♦❢ ❝♦♠♣❧❡① ❤✉♠❛♥ ❞✐&❡❛&❡&✳ ✐✐✳ ✐♥❞✐✈✐❞✉❛❧ ❣❡♥♦"②♣✐♥❣✳

●❡♥♦♠❡ ❘❡&✱ ✾✭✸✮✿✷✸✹✕✷✹✶✳ ✭◆♦" ❝✐"❡❞✳✮



✶✾✵ ❇■❇▲■❖●❘❆*❍❨

❚✐❛♥✱ ❈✳✱ ●(❡❣❡(+❡♥✱ ,✳ ❑✳✱ ❛♥❞ ❙❡❧❞✐♥✱ ▼✳ ❋✳ ✭✷✵✵✽✮✳ ❆❝❝♦✉♥<✐♥❣ ❢♦( ❛♥❝❡+<(②✿ ♣♦♣✉❧❛<✐♦♥

+✉❜+<(✉❝<✉(❡ ❛♥❞ ❣❡♥♦♠❡✲✇✐❞❡ ❛++♦❝✐❛<✐♦♥ +<✉❞✐❡+✳ ❍✉♠ ▼♦❧ ●❡♥❡)✱ ✶✼✭❘✷✮✿❘✶✹✸✕

❘✶✺✵✳ ✭◆♦< ❝✐<❡❞✳✮

❚✐❜+❤✐(❛♥✐✱ ❘✳✱ ❲❛❧<❤❡(✱ ●✳✱ ❛♥❞ ❍❛+<✐❡✱ ❚✳ ✭✷✵✵✵✮✳ ❊+<✐♠❛<✐♥❣ <❤❡ ♥✉♠❜❡( ♦❢ ❝❧✉+<❡(+

✐♥ ❛ ❞❛<❛+❡< ✈✐❛ <❤❡ ❣❛♣ +<❛<✐+<✐❝✳ ❏♦✉+♥❛❧ ♦❢ )❤❡ ❘♦②❛❧ ❙)❛)✐3)✐❝❛❧ ❙♦❝✐❡)②✱ ❙❡+✐❡3 ❇✱

✻✸✿✹✶✶✕✹✷✸✳ ✭◆♦< ❝✐<❡❞✳✮

❚♦(❦❛♠❛♥✐✱ ❆✳✱ ❚♦♣♦❧✱ ❊✳ ❏✳✱ ❛♥❞ ❙❝❤♦(❦✱ ◆✳ ❏✳ ✭✷✵✵✽✮✳ ,❛<❤✇❛② ❛♥❛❧②+✐+ ♦❢ +❡✈❡♥ ❝♦♠♠♦♥

❞✐+❡❛+❡+ ❛++❡++❡❞ ❜② ❣❡♥♦♠❡✲✇✐❞❡ ❛++♦❝✐❛<✐♦♥✳ ●❡♥♦♠✐❝3✱ ✾✷✭✺✮✿✷✻✺✕✷✼✷✳ ✭◆♦< ❝✐<❡❞✳✮

❚(❛❝②✱ ❈✳ ❛♥❞ ❲✐❞♦♠✱ ❍✳ ✭✶✾✾✹✮✳ ▲❡✈❡❧✲+♣❛❝✐♥❣ ❞✐+<(✐❜✉<✐♦♥+ ❛♥❞ <❤❡ ❛✐(② ❦❡(♥❡❧✳ ❈♦♠♠✉♥

▼❛)❤ 8❤②3✱ ✶✺✾✿✶✺✶✕✶✼✹✳ ✭◆♦< ❝✐<❡❞✳✮

❚(❡❣♦✉❡<✱ ❉✳ ❆✳✱ ❊+❝♦❧❛♥♦✱ ❙✳✱ ❚✐(❡<✱ ▲✳✱ ▼❛❧❧❡<✱ ❆✳✱ ❛♥❞ ●♦❧♠❛(❞✱ ❏✳ ▲✳ ✭✷✵✵✹✮✳ ❆ ♥❡✇

❛❧❣♦(✐<❤♠ ❢♦( ❤❛♣❧♦<②♣❡✲❜❛+❡❞ ❛++♦❝✐❛<✐♦♥ ❛♥❛❧②+✐+✿ <❤❡ +<♦❝❤❛+<✐❝✲❡♠ ❛❧❣♦(✐<❤♠✳ ❆♥♥

❍✉♠ ●❡♥❡)✱ ✻✽✭,< ✷✮✿✶✻✺✕✶✼✼✳ ✭◆♦< ❝✐<❡❞✳✮

❚③❡♥❣✱ ❏✳✲❨✳✱ ❉❡✈❧✐♥✱ ❇✳✱ ❲❛++❡(♠❛♥✱ ▲✳✱ ❛♥❞ ❘♦❡❞❡(✱ ❑✳ ✭✷✵✵✸✮✳ ❖♥ <❤❡ ✐❞❡♥<✐✜❝❛<✐♦♥

♦❢ ❞✐+❡❛+❡ ♠✉<❛<✐♦♥+ ❜② <❤❡ ❛♥❛❧②+✐+ ♦❢ ❤❛♣❧♦<②♣❡ +✐♠✐❧❛(✐<② ❛♥❞ ❣♦♦❞♥❡++ ♦❢ ✜<✳ ❆♠ ❏

❍✉♠ ●❡♥❡)✱ ✼✷✭✹✮✿✽✾✶✕✾✵✷✳ ✭◆♦< ❝✐<❡❞✳✮

❚③❡♥❣✱ ❏✳✲❨✳ ❛♥❞ ❩❤❛♥❣✱ ❉✳ ✭✷✵✵✼✮✳ ❍❛♣❧♦<②♣❡✲❜❛+❡❞ ❛++♦❝✐❛<✐♦♥ ❛♥❛❧②+✐+ ✈✐❛ ✈❛(✐❛♥❝❡✲

❝♦♠♣♦♥❡♥<+ +❝♦(❡ <❡+<✳ ❆♠ ❏ ❍✉♠ ●❡♥❡)✱ ✽✶✭✺✮✿✾✷✼✕✾✸✽✳ ✭◆♦< ❝✐<❡❞✳✮

✈❛♥ ❞❡♥ ❖♦(❞✱ ❊✳ ❏✳ ❈✳ ●✳ ✭✷✵✵✽✮✳ ❈♦♥<(♦❧❧✐♥❣ ❢❛❧+❡ ❞✐+❝♦✈❡(✐❡+ ✐♥ ❣❡♥❡<✐❝ +<✉❞✐❡+✳ ❆♠ ❏

▼❡❞ ●❡♥❡) ❇ ◆❡✉+♦♣3②❝❤✐❛)+ ●❡♥❡)✱ ✶✹✼❇✭✺✮✿✻✸✼✕✻✹✹✳ ✭◆♦< ❝✐<❡❞✳✮

❲❛♥❣✱ ❉✳✱ ❙✉♥✱ ❨✳✱ ❙<❛♥❣✱ ,✳✱ ❇❡(❧✐♥✱ ❏✳ ❆✳✱ ❲✐❧❝♦①✱ ▼✳ ❆✳✱ ❛♥❞ ▲✐✱ ◗✳ ✭✷✵✵✾✮✳ ❈♦♠♣❛(✐+♦♥

♦❢ ♠❡<❤♦❞+ ❢♦( ❝♦((❡❝<✐♥❣ ♣♦♣✉❧❛<✐♦♥ +<(❛<✐✜❝❛<✐♦♥ ✐♥ ❛ ❣❡♥♦♠❡✲✇✐❞❡ ❛++♦❝✐❛<✐♦♥ +<✉❞②

♦❢ (❤❡✉♠❛<♦✐❞ ❛(<❤(✐<✐+✿ ♣(✐♥❝✐♣❛❧✲❝♦♠♣♦♥❡♥< ❛♥❛❧②+✐+ ✈❡(+✉+ ♠✉❧<✐❞✐♠❡♥+✐♦♥❛❧ +❝❛❧✐♥❣✳

❇▼❈ 8+♦❝✱ ✸ ❙✉♣♣❧ ✼✿❙✶✵✾✳ ✭◆♦< ❝✐<❡❞✳✮

❲❛♥❣✱ ❏✳ ✭✷✵✵✸✮✳ ▼❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞ ❡+<✐♠❛<✐♦♥ ♦❢ ❛❞♠✐①<✉(❡ ♣(♦♣♦(<✐♦♥+ ❢(♦♠ ❣❡♥❡<✐❝

❞❛<❛✳ ●❡♥❡)✐❝3✱ ✶✻✹✭✷✮✿✼✹✼✕✼✻✺✳ ✭◆♦< ❝✐<❡❞✳✮

❲❛♥❣✱ ❑✳✱ ▲✐✱ ▼✳✱ ❛♥❞ ❇✉❝❛♥✱ ▼✳ ✭✷✵✵✼✮✳ ,❛<❤✇❛②✲❜❛+❡❞ ❛♣♣(♦❛❝❤❡+ ❢♦( ❛♥❛❧②+✐+ ♦❢

❣❡♥♦♠❡✇✐❞❡ ❛++♦❝✐❛<✐♦♥ +<✉❞✐❡+✳ ❆♠ ❏ ❍✉♠ ●❡♥❡)✱ ✽✶✭✻✮✿✶✷✼✽✕✶✷✽✸✳ ✭◆♦< ❝✐<❡❞✳✮

❲❛♥❣✱ ❙✳✲❏✳ ❛♥❞ ❈❤❡♥✱ ❏✳ ❏✳ ✭✷✵✵✹✮✳ ❙❛♠♣❧❡ +✐③❡ ❢♦( ✐❞❡♥<✐❢②✐♥❣ ❞✐✛❡(❡♥<✐❛❧❧② ❡①♣(❡++❡❞

❣❡♥❡+ ✐♥ ♠✐❝(♦❛((❛② ❡①♣❡(✐♠❡♥<+✳ ❏ ❈♦♠♣✉) ❇✐♦❧✱ ✶✶✭✹✮✿✼✶✹✕✼✷✻✳ ✭◆♦< ❝✐<❡❞✳✮

❲❛♥❣✱ ❚✳ ❛♥❞ ❊❧+<♦♥✱ ❘✳ ❈✳ ✭✷✵✵✼✮✳ ■♠♣(♦✈❡❞ ♣♦✇❡( ❜② ✉+❡ ♦❢ ❛ ✇❡✐❣❤<❡❞ +❝♦(❡ <❡+< ❢♦(

❧✐♥❦❛❣❡ ❞✐+❡b✉✐❧✐❜(✐✉♠ ♠❛♣♣✐♥❣✳ ❆♠ ❏ ❍✉♠ ●❡♥❡)✱ ✽✵✭✷✮✿✸✺✸✕✸✻✵✳ ✭◆♦< ❝✐<❡❞✳✮
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❲❤✐#❧♦❝❦✱ ▼✳ ❈✳ ✭✷✵✵✺✮✳ ❈♦♠❜✐♥✐♥❣ ♣6♦❜❛❜✐❧✐#② ❢6♦♠ ✐♥❞❡♣❡♥❞❡♥# #❡<#<✿ #❤❡ ✇❡✐❣❤#❡❞

③✲♠❡#❤♦❞ ✐< <✉♣❡6✐♦6 #♦ ✜<❤❡6✬< ❛♣♣6♦❛❝❤✳ ❏✳ ❊❱❖▲✳ ❇■❖▲✱ ✶✽✿✶✸✻✽❄✶✸✼✸✳ ✭◆♦# ❝✐#❡❞✳✮

❲♦❥❝✐❦✱ ❏✳ ❛♥❞ ❋♦6♥❡6✱ ❑✳ ✭✷✵✵✽✮✳ ❊①❛❝#❢❞6✿ ❡①❛❝# ❝♦♠♣✉#❛#✐♦♥ ♦❢ ❢❛❧<❡ ❞✐<❝♦✈❡6② 6❛#❡

❡<#✐♠❛#❡ ✐♥ ❝❛<❡✲❝♦♥#6♦❧ ❛<<♦❝✐❛#✐♦♥ <#✉❞✐❡<✳ ❇✐♦✐♥❢♦,♠❛/✐❝1✱ ✷✹✭✷✵✮✿✷✹✵✼✕✷✹✵✽✳ ✭◆♦#

❝✐#❡❞✳✮

❲6✐❣❤#✱ ❙✳ ✭✶✾✷✶✮✳ ❙②<#❡♠< ♦❢ ♠❛#✐♥❣✳ ●❡♥❡/✐❝1✱ ✻✭✷✮✿✶✶✶✕✶✼✽✳ ✭◆♦# ❝✐#❡❞✳✮

❲✉✱ ❈✳✱ ❉❡❲❛♥✱ ❆✳✱ ❍♦❤✱ ❏✳✱ ❛♥❞ ❲❛♥❣✱ ❩✳ ✭✷✵✶✶✮✳ ❆ ❝♦♠♣❛6✐<♦♥ ♦❢ ❛<<♦❝✐❛#✐♦♥ ♠❡#❤✲

♦❞< ❝♦66❡❝#✐♥❣ ❢♦6 ♣♦♣✉❧❛#✐♦♥ <#6❛#✐✜❝❛#✐♦♥ ✐♥ ❝❛<❡✲❝♦♥#6♦❧ <#✉❞✐❡<✳ ❆♥♥ ❍✉♠ ●❡♥❡/✱

✼✺✭✸✮✿✹✶✽✕✹✷✼✳ ✭◆♦# ❝✐#❡❞✳✮

❲✉✱ ❏✳✱ ❉❡✈❧✐♥✱ ❇✳✱ ❘✐♥❣\✉✐<#✱ ❙✳✱ ❚6✉❝❝♦✱ ▼✳✱ ❛♥❞ ❘♦❡❞❡6✱ ❑✳ ✭✷✵✶✵❛✮✳ ❙❝6❡❡♥ ❛♥❞ ❝❧❡❛♥✿

❛ #♦♦❧ ❢♦6 ✐❞❡♥#✐❢②✐♥❣ ✐♥#❡6❛❝#✐♦♥< ✐♥ ❣❡♥♦♠❡✲✇✐❞❡ ❛<<♦❝✐❛#✐♦♥ <#✉❞✐❡<✳ ●❡♥❡/ ❊♣✐❞❡♠✐♦❧✱

✸✹✭✸✮✿✷✼✺✕✷✽✺✳ ✭◆♦# ❝✐#❡❞✳✮

❲✉✱ ▼✳ ❈✳✱ ❑6❛❢#✱ ✳̂✱ ❊♣<#❡✐♥✱ ▼✳ ✳̂✱ ❚❛②❧♦6✱ ❉✳ ▼✳✱ ❈❤❛♥♦❝❦✱ ❙✳ ❏✳✱ ❍✉♥#❡6✱ ❉✳ ❏✳✱ ❛♥❞

▲✐♥✱ ❳✳ ✭✷✵✶✵❜✮✳ ^♦✇❡6❢✉❧ <♥♣✲<❡# ❛♥❛❧②<✐< ❢♦6 ❝❛<❡✲❝♦♥#6♦❧ ❣❡♥♦♠❡✲✇✐❞❡ ❛<<♦❝✐❛#✐♦♥

<#✉❞✐❡<✳ ❆♠ ❏ ❍✉♠ ●❡♥❡/✱ ✽✻✭✻✮✿✾✷✾✕✾✹✷✳ ✭◆♦# ❝✐#❡❞✳✮

❩❛②❦✐♥✱ ❉✳ ❱✳✱ ❲❡<#❢❛❧❧✱ ✳̂ ❍✳✱ ❨♦✉♥❣✱ ❙✳ ❙✳✱ ❑❛6♥♦✉❜✱ ▼✳ ❆✳✱ ❲❛❣♥❡6✱ ▼✳ ❏✳✱ ❛♥❞ ❊❤♠✱

▼✳ ●✳ ✭✷✵✵✷✮✳ ❚❡<#✐♥❣ ❛<<♦❝✐❛#✐♦♥ ♦❢ <#❛#✐<#✐❝❛❧❧② ✐♥❢❡66❡❞ ❤❛♣❧♦#②♣❡< ✇✐#❤ ❞✐<❝6❡#❡ ❛♥❞

❝♦♥#✐♥✉♦✉< #6❛✐#< ✐♥ <❛♠♣❧❡< ♦❢ ✉♥6❡❧❛#❡❞ ✐♥❞✐✈✐❞✉❛❧<✳ ❍✉♠ ❍❡,❡❞✱ ✺✸✭✷✮✿✼✾✕✾✶✳ ✭◆♦#

❝✐#❡❞✳✮

❩❤❛♥❣✱ ❋✳✱ ❲❛♥❣✱ ❨✳✱ ❛♥❞ ❉❡♥❣✱ ❍✳✲❲✳ ✭✷✵✵✽✮✳ ❈♦♠♣❛6✐<♦♥ ♦❢ ♣♦♣✉❧❛#✐♦♥✲❜❛<❡❞ ❛<<♦❝✐✲

❛#✐♦♥ <#✉❞② ♠❡#❤♦❞< ❝♦66❡❝#✐♥❣ ❢♦6 ♣♦♣✉❧❛#✐♦♥ <#6❛#✐✜❝❛#✐♦♥✳ :▲♦❙ ❖♥❡✱ ✸✭✶✵✮✿❡✸✸✾✷✳
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❩❤❛♥❣✱ ❋✳✱ ❩❤❛♥❣✱ ▲✳✱ ❛♥❞ ❉❡♥❣✱ ❍✳✲❲✳ ✭✷✵✵✾❛✮✳ ❆ ♣❝❛✲❜❛<❡❞ ♠❡#❤♦❞ ❢♦6 ❛♥❝❡<#6❛❧ ✐♥❢♦6✲

♠❛#✐✈❡ ♠❛6❦❡6< <❡❧❡❝#✐♦♥ ✐♥ <#6✉❝#✉6❡❞ ♣♦♣✉❧❛#✐♦♥<✳ ❙❝✐ ❈❤✐♥❛ ❈ ▲✐❢❡ ❙❝✐✱ ✺✷✭✶✵✮✿✾✼✷✕

✾✼✻✳ ✭◆♦# ❝✐#❡❞✳✮

❩❤❛♥❣✱ ❏✳✱ ◆✐②♦❣✐✱ ✳̂✱ ❛♥❞ ▼❝^❡❡❦✱ ▼✳ ❙✳ ✭✷✵✵✾❜✮✳ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥❢✉♥❝#✐♦♥< ❧❡❛6♥ ♣♦♣✉✲

❧❛#✐♦♥ <#6✉❝#✉6❡✳ :▲♦❙ ❖♥❡✱ ✹✭✶✷✮✿❡✼✾✷✽✳ ✭◆♦# ❝✐#❡❞✳✮

❩❤❛♥❣✱ ❨✳✱ ❳✐❛♦✱ ❳✳✱ ❛♥❞ ❲❛♥❣✱ ❑✳ ✭✷✵✵✾❝✮✳ ❆❝❝♦♠♠♦❞❛#✐♥❣ ♣♦♣✉❧❛#✐♦♥ <#6❛#✐✜❝❛#✐♦♥ ✐♥

❝❛<❡✲❝♦♥#6♦❧ ❛<<♦❝✐❛#✐♦♥ ❛♥❛❧②<✐<✿ ❛ ♥❡✇ #❡<# ❛♥❞ ✐#< ❛♣♣❧✐❝❛#✐♦♥ #♦ ❣❡♥♦♠❡✲✇✐❞❡ <#✉❞②

♦♥ 6❤❡✉♠❛#♦✐❞ ❛6#❤6✐#✐<✳ ❇▼❈ :,♦❝✱ ✸ ❙✉♣♣❧ ✼✿❙✶✶✶✳ ✭◆♦# ❝✐#❡❞✳✮

❩❤❛♦✱ ❍✳✱ ❘❡❜❜❡❝❦✱ ❚✳ ❘✳✱ ❛♥❞ ▼✐#6❛✱ ◆✳ ✭✷✵✵✾✮✳ ❆ ♣6♦♣❡♥<✐#② <❝♦6❡ ❛♣♣6♦❛❝❤ #♦ ❝♦66❡❝#✐♦♥

❢♦6 ❜✐❛< ❞✉❡ #♦ ♣♦♣✉❧❛#✐♦♥ <#6❛#✐✜❝❛#✐♦♥ ✉<✐♥❣ ❣❡♥❡#✐❝ ❛♥❞ ♥♦♥✲❣❡♥❡#✐❝ ❢❛❝#♦6<✳ ●❡♥❡/

❊♣✐❞❡♠✐♦❧✱ ✸✸✭✽✮✿✻✼✾✕✻✾✵✳ ✭◆♦# ❝✐#❡❞✳✮
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❩❤❛♦✱ ❏✳✱ ❏✐♥✱ ▲✳✱ ❛♥❞ ❳✐♦♥❣✱ ▼✳ ✭✷✵✵✻✮✳ ❚❡56 ❢♦8 ✐♥6❡8❛❝6✐♦♥ ❜❡6✇❡❡♥ 6✇♦ ✉♥❧✐♥❦❡❞ ❧♦❝✐✳

❆♠ ❏ ❍✉♠ ●❡♥❡(✱ ✼✾✭✺✮✿✽✸✶✕✽✹✺✳ ✭◆♦6 ❝✐6❡❞✳✮

❩❤❡♥❣✱ ●✳✱ ❋8❡✐❞❧✐♥✱ ❇✳✱ ❛♥❞ ●❛56✇✐86❤✱ ❏✳ ▲✳ ✭✷✵✵✻✮✳ ❘♦❜✉56 ❣❡♥♦♠✐❝ ❝♦♥68♦❧ ❢♦8 ❛55♦❝✐❛✲

6✐♦♥ 56✉❞✐❡5✳ ❆♠ ❏ ❍✉♠ ●❡♥❡(✱ ✼✽✭✷✮✿✸✺✵✕✸✺✻✳ ✭◆♦6 ❝✐6❡❞✳✮

❩♦♥❞❡8✈❛♥✱ ❑✳ ❚✳ ❛♥❞ ❈❛8❞♦♥✱ ▲✳ ❘✳ ✭✷✵✵✹✮✳ ❚❤❡ ❝♦♠♣❧❡① ✐♥6❡8♣❧❛② ❛♠♦♥❣ ❢❛❝6♦85 6❤❛6
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