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Nomenclature

1 Mathematical symbols

Symbol Description.

x ∈ R
+ x ∈ R and x ≥ 0.

v ∈ R
n v is a vector containing real values with n rows.

A ∈ R
n×m A is a matrix containing real values with n rows and m columns.

Ai,j Element of row i and column j of matrix A.
A,B ∈ R

n×m, A > B Ai,j > Bi,j for i = 1, ..., n and j = 1, ...,m (element-wise).
A ≻ 0, A ≺ 0 Matrix A is positive definite, respectively negative.
A � 0, A � 0 Matrix A is positive semi-definite, respectively negative.
λ(P ) Eigenvalues of Matrix P ∈ R

n×n.
A ∈ R

n×n, AT Transpose of Matrix A.

Ai,j = ∗ represents the transposed element of row j and column i, ∗ = Aj,i
T .

2 Nomenclature for piecewise affine systems

Symbol Description.

Ri Operating region i of piecewise affine system.
I Set of operating regions.
M Number of operating regions i ∈ I = {1, ...,M}.
pi finite number of half-spaces that define an operating region.
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Nomenclature

3 Vehicle nomenclature

Symbol Description.

CG Centre of gravity.
m Vehicle mass.
J Vehicle inertia moment with respect to the vertical axis through the centre of gravity.
lf Distance from centre of gravity to front axle.
lr Distance from centre of gravity to rear axle.
ls Look-ahead distance.
ρpref Road curvature.
v Longitudinal velocity.
δf Front wheel steering angle.
δp Steering wheel angle.
β Vehicle sideslip angle.
r Vehicle yaw rate.
yL Lateral offset at look-ahead distance.
ψL Relative yaw angle.
µ Adhesion coefficient.
αf Front wheel sideslip angle.
αr Rear wheel sideslip angle.
Fyf Front wheel lateral tyre force.
Fyr Rear wheel lateral tyre force.
cf Front wheel cornering stiffness coefficient.
cr Rear wheel cornering stiffness coefficient.
dfi Slope of piecewise affine approximation of front tyre lateral force.
dri Slope of piecewise affine approximation of rear tyre lateral force.
efi Constant of piecewise affine approximation of front tyre lateral force.
eri Constant term of piecewise affine approximation of rear tyre lateral force.
τp Torque on steering wheel.
τalg Wheel auto alignment torque.
τon Threshold on driver torque on steering wheel for assistance activation.
τoff Threshold on driver torque on steering wheel for assistance deactivation.
η Length of contact between tyre and ground.
Bs Steering column damping coefficient.
Rs Steering column gear ratio.
Is Steering column inertial moment.
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4. Acronyms

4 Acronyms

Acronyms Description.

ABS Anti-lock Brake System.
ESC Electronic Stability Control.
ADAS Advanced Driving Assist Systems.
LDWS Lane Departure Warning Systems.
LKAS Lane Keeping Assist Systems.
PWL Piecewise Linear.
PWA Piecewise Affine.
PWQ Piecewise Quadratic.
LMI Linear Matrix Inequalities.
BMI Bilinear Matrix Inequalities.
LIV IC Laboratoire sur les Interactions Véhicules-Infrastructure-Conducteurs
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Resumé

Les statistiques de la sécurité routière indiquent qu’une large part des accidents est due aux
sorties de voie involontaires [BK11], [Fra10]. Deux conditions sont aggravantes parmi les causes
de ces accidents. Premièrement, en conditions d’adhérence dégradées, notamment causées par la
pluie, la neige où le verglas, la perte de stabilité du véhicule résulte d’une erreur du conducteur
ou d’une sur-réaction en essayant de corriger la trajectoire du véhicule. Ainsi, aux Etats-Unis,
28% des accidents sont causés par un erreur de braquage et en France, les collisions latérales
contribuent pour 30% des accidents (16% mortels).

Le manque d’attention du conducteur est aussi présent dans une grand partie des accidents,
dont les sorties de voie involontaires. La fatigue et la distraction ont été liées aux causes des
accidents, et représentent 36% et 25% respectivement, [BK11]. Selon [Weg11], 17% de tous les
accidents aux États-Unis en 2009 concernait des conducteurs distraits.

Dans ce contexte, les avancées dans les technologies de capteurs et actionneurs ont permis
le développement de systèmes d’aide à la conduite pour prévenir les accidents. Plusieurs types
de ces systèmes sont déjà disponibles sur le marché, comme l’ABS1 (système anti-blocage de
roues) et l’ESC2 (contrôle électronique de la stabilité) et utilisent uniquement des capteurs
proprioceptifs. Ces systèmes sont très efficaces pour éviter l’instabilité du véhicule, notamment
dans les situations d’adhérence dégradée. D’autre part, l’usage de capteurs extéroceptifs est
présent dans les systèmes plus récents, comme l’ACC3 (gestion de vitesse et d’inter-distance),
LKAS4 (Maintien dans la voie) et LDWS5 (Alerte en sortie de voie). Ces systèmes sont capables
de percevoir l’environnement du véhicule et non seulement avertir le conducteur en cas de danger,
mais aussi d’agir sur la dynamique du véhicule pour éviter des accidents typiquement causées
par manque d’attention ou la fatigue. Cependant, l’ESC agit sur la dynamique du véhicule
en situations d’urgence alors que les systèmes d’alerte et d’évitement de sortie de voie sont
généralement conçus pour les situations de faible sollicitation latérale.

Cette thèse traite le développement d’un système d’aide à la conduite, nommé ESC-perceptif,
qui intègre les informations des capteurs extéroceptifs (Une camera vidéo montée en vision
frontale) avec le contrôle de la vitesse de lacet afin d’éviter les sorties de voie involontaires, y
compris pour des conditions de fortes sollicitations latérales ou d’adhérence dégradée. La prise en
compte du phénomène de saturation de forces de contact pneumatiques-chaussée est essentielle
pour la conception de l’ESC-Perceptif. Le comportement non-linéaire des efforts pneumatiques
est traité par l’approche des systèmes affines par morceaux (PWA6). Cela permet de mener
l’analyse et la synthèse de lois de commande en combinant les fonctions de Lyapunov avec la

1Anti-block System
2Electronic Stability Control
3Automatic Cruise Control
4Lane Keeping Assistance System
5Lane Departure Warning System
6Piecewise affine systems
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Resumé

résolution de problèmes d’optimisations sous contraintes d’inégalités matricielles linéaires (LMI)
et bilinéaires (BMI).

Tout au long de la thèse, plusieurs contrôleurs affines par morceaux pour le développement
de systèmes d’aide à la conduite sont présentés. Leur complexité et fonctionnalité sont abordées
de façon graduelle, à partir d’une simple amélioration de la manœuvrabilité de véhicule jusqu’à
l’ESC-perceptif, basé uniquement sur les capteurs disponibles sur les véhicules commercialisés.
À chaque étape, les avantages de l’utilisation des systèmes PWA sont évalués

Un modèle du véhicule type bicyclette [Ack02] a été utilisé pour l’analyse et la synthèse
de lois de commande. Ce modèle permet la représentation des phénomènes essentiels de la dy-
namique latérale du véhicule. Seules la translation latéral et la rotation de lacet sont considérées
alors que les mouvements de roulis et tangage sont négligés. Les deux roues avant et arrières
sont rassemblées en une seule au milieu de chaque essieu. Les efforts pneumatique-chaussée,
normalement représentés par le modèle de Pacejka [Pac04], sont approximés par des fonctions
affines par morceaux. Plusieurs simulations dans différentes conditions de vitesse, d’adhérence
et de braquage ont permis de valider l’approximation du modèle non-linéaire du véhicule par le
modèle affine par morceaux (PWA). Ce modèle PWA a été étendu pour prendre en compte le
positionnement du véhicule sur la voie lors du développement d’assistances au maintien de voie.

Pour contourner les simplifications du modèle utilisé dans la synthèse, les systèmes d’aide à
la conduite, conçus tout au long de la thèse, ont été validés avec l’aide du simulateur CarSim
[Mac81], ou sur véhicule prototype pour la validation expérimentale.

Premièrement, seule la dynamique du véhicule à été évaluée dans la conception d’un ESC
fondé sur le braquage actif du véhicule. Une structure PI (proportionnel-intégrateur), similaire
à [B+03], à été utilisée pour suivre une vitesse de lacet de référence. Afin de prendre en compte
la non-linéarité des efforts pneumatiques-chaussée, cette structure a été étendue avec une loi de
commande linéaire par morceaux, où la commutation est basée sur la vitesse de lacet. Les seuils
de commutation ont été obtenus par une paramétrisation de la dynamique du véhicule par le
régime permanent de la vitesse de lacet, la seule variable supposée mesurable. La commande
linéaire par morceaux s’est avérée plus performante que la commande uniquement linéaire lors de
simulations des situations d’urgence. Néanmoins, cette commande a été améliorée par l’inclusion
d’une boucle de retour d’état et des conditions de commutation utilisant l’angle de dérive de
roues avant. Cette assistance constitue une nette amélioration et présente moins d’oscillations
en régime permanent. Elle a permis de valider les avantages de l’approche affine par morceaux.
La stabilité de ces deux assistances a été prouvée par des fonctions de Lyapunov quadratiques
par morceaux.

Pour le développement de l’assistance au maintien de voie, la courbure de la route peut
être considérée comme un perturbation à rejeter. En connaissant les fonctions qui décrivent
cette perturbation, le principe du modèle interne peut être appliqué afin de synthétiser des lois
de commande. Cette méthode a été appliquée, dans un premier temps, au modèle linéaire du
véhicule pour la synthèse d’un contrôleur par retour d’état qui a été validé expérimentalement.
Le même système a été évalué aussi pour des manœuvres de type double changement de voie
selon le standard ISO-3888-1, ce qui indique une application potentielle comme assistance pour
l’évitement d’obstacle. L’extension pour prendre en compte la non-linéarité considère aussi le
modèle interne dans une structure PIID linéaire par morceaux, pour la régulation de l’écart
latéral, laquelle à été validée en simulation. Cette étape a permis de confirmer les performances
plus satisfaisantes des contrôleurs linéaires par morceaux par rapport aux contrôleurs uniquement
linéaires non seulement pour la dynamique du véhicule mais aussi pour l’assistance au maintien
de voie. Cependant, la preuve de stabilité par des fonctions de Lyapunov quadratiques par
morceaux est indépendant de la synthèse et effectuée après la choix de gains.
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Afin de contourner cet inconvénient, les synthèses développées dans [RH03] ont été ap-
pliquées. Par le choix, à priori, des points d’équilibre de chaque région de l’espace d’état, les
gains du contrôleur affine par morceaux peuvent être obtenus par la résolution d’un problème
d’optimisation sous contraintes de type BMI. Une solution sous-optimale a été calculée par la
méthode itérative V-K. Cette assistance d’évitement de sortie de voie involontaire a été validée
expérimentalemente à l’aide des anneaux de composite montés sur les pneumatiques avant du
véhicule prototype [Bou11]. Ce dispositif a permis de reproduire des conditions de faible ad-
hérence à des vitesses relativement basses. Les véhicules actuellement commercialisés ne possè-
dent pas de capteur capable de mesurer l’angle de dérive du véhicule. Donc, une extension de
cette assistance, fondée sur un contrôleur du type retour de sortie affine par morceaux, a été
développée avec une structure composée d’observateur et régulateur, afin d’assurer la viabilité
industrielle de cette application. L’assistance a été également validée sur le véhicule proto-
type sans perte de performances qui pouvait être causée par l’introduction de l’observateur. Ce
dernier point répond à l’objectif principal de la thèse.

Les principales contributions de cette thèse peuvent être listées comme la proposition et
analyse de la dynamique latérale du véhicule par les systèmes affines par morceaux; la proposition
de systèmes de braquage actif et de maintien de voie qui prennent en compte le comportement
non-linéaire des efforts pneumatiques-chaussé; le développement d’une assistance à la conduite
pour l’évitement de sorties de voie basée sur les capteurs déjà disponibles sur le marché et capable
d’intervenir en situation d’urgence.
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Chapter 1

Motivations and Methodology

Contents

1.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Goals and contributions . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Document organisation . . . . . . . . . . . . . . . . . . . . . . . . 6

1.1 Context

According to road safety statistics, unintended road departures caused either by a mistake or
inattention of the driver or degraded road adhesion (rain, snow, ice) accounts for a great parcel
of the accidents.

As reported by the ERSO7 in [BK11], more than 106000 people were killed in single vehicle
accidents8 in the 16 European Union countries between 1999 and 2008. It represents one third
of all traffic accident fatalities. Data from 2005 to 2008, reports that 40% of these accidents are
due to incorrect direction (including lane departure) for European Union 23 (EU-23) countries.
The same reason accounts for 8% of multiple vehicle accidents.

Concerning the weather conditions, in the EU-23 countries, more than one third of the total
fatalities recorded when it snows are due to single vehicle accidents, whereas the respective
percentage for rainy weather is less than 30% [BK11]. Statistics from ONISR9 reveal that 21.1%
of fatal accidents in France happened in 2009 in degraded meteorological conditions (rain, snow,
haze, wind and fog) [Fra10].

Accidents due to the drivers’ lack of attention also represent a significant proportion. In
[BK11], reporting the accidents in EU-23, the critical events such as no action or late action
are related, respectively, to 25% and 16% of multiple vehicle accidents. Regarding single vehicle
accidents, 36% of the causes are linked to fatigue while 25% are linked to distraction, these two
causes of accidents being among the 10 most frequent. According to [Weg11] the NHTSA10

7European Road Safety Observatory
8Type of road traffic accident in which only one vehicle and no other road user is involved. Run-off-road

collisions, collisions with fallen rocks or debris in the road, rollover crashes within the roadway and collisions with

animals are included in this category.
9Observatoire National interministériel de sécurité routière

10National Highway Traffic Safety Administration.
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estimates that in 2009, 17% of all crashes in the United States involved distracted driving,
representing nearly 5500 fatalities.

The ONISR estimates that, in 2009 in France the costs directly and indirectly involved in 4273
fatal road accidents amounts to 5.36 billion e [Fra10]. For the accidents involving hospitalised
injured people (33323), the costs sum up to 4.52 billion e , and accidents with minor injuries or
only material damage account for 0.78 billion e .

Efforts have been made to reduce the number of accidents and their severity. Advances in the
technology of sensors and actuators have enabled the development of driver assistance systems
to prevent accidents.

Concerning active safety, systems such as the ABS11 and ESC12 (also known by ESP13

and other numerous manufacturer-specific names) are capable of recovering the vehicle stability
and therefore avoid skidding, in emergency situations. Enhancing the vehicle manoeuvrability
is also possible with active steering in vehicles equipped with steer-by-wire systems, in which
the conventional mechanical steering elements are replaced by electrical actuators at the front
(or rear) corners to turn the wheels. Such systems are based on proprioceptive sensors, in
consequence they depend on the driver attentiveness to avoid an accident by acting on the
vehicle dynamics.

Some development of active safety systems based on exteroceptive sensors have also been
carried out in recent years, and systems such as assisted parking and ACC14 are currently
common in passenger vehicles, while automatic emergency braking systems are becoming more
common. Regarding the lateral mode, examples of systems in development or recently available
in the market are Lane Departure Warning Systems (LDWS), Lane Keeping Assistance Systems
(LKAS) and Motor Primming Assistance. When vehicles are about to leave the lane, these
systems warn the driver or aid him/her to correct the trajectory through steering actuators.
The positioning of the vehicle with respect to the lane is in most of the cases obtained by a
video system. On the contrary to ESC, the systems to avoid lane departure are usually designed
to work only in situations with weak lateral solicitation.

The development of vehicle control to avoid lane departure considering strong lateral so-
licitations is still an open problem. The integration of information from vision systems with
action on the vehicle steering dynamics, may enable the development of Advanced Driver As-
sistance System (ADAS) to prevent accidents in situations of strong lateral instability due to
degraded adhesion conditions or driver’s lack of attention. Moreover, in situations of vehicle
lateral instability, acting only on the steering angle of the wheels may not be enough to recover
the stability, therefore it is needed to add a control input on the yaw moment (differential torque
or independent wheel braking).

Although linear modelling for analysis and control of engineering systems has been exten-
sively studied and many tools for control design are available, they may not be adequate for
the design of ADAS involving strong lateral solicitations, since the vehicle nonlinear behaviour
plays an important role. Therefore the conception of the ADAS implies two challenges: firstly,
to take into account the nonlinear behaviour of the vehicle and secondly to treat this properly
in the control synthesis.

11Anti-Block System
12Electronic Stability Control
13Electronic Stability Program
14Automatic Cruise Control
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1.2 Goals and contributions

The main objective of this thesis is the development of an ADAS to avoid lane departure caused
by driver inattention. Moreover, it comprises an integrated control system which is able to an-
ticipate the steering action by taking into account the environment of the vehicle (exteroceptive
signals) such as LKAS and simultaneously cope with strong lateral instability (proprioceptive
signals), if needed, as ESC. The combination of the characteristics of both systems in one leads
to the vehicle safety oriented ADAS, which is named Perceptive-ESC.

It is implied from this main objective that the system must:

• improve the vehicle manoeuvrability taking into account the vehicle environment,

• perform well in straight or curved roads, as well as under variable road adhesion and load
conditions.

• intervene when driver is not attentive, sharing the control of the vehicle with the driver,

• consider already available hardware in currently commercialised vehicles to avoid addi-
tional costs of implementation which could render the system commercially impracticable.

It can be seen, throughout this document, that several steps have been taken to achieve these
objectives. Therefore, the topics listed above have been gradually considered in the development
of the Perceptive-ESC . As a result, the main contributions of this thesis are:

• Use of hybrid models to capture the nonlinear lateral vehicle behaviour.

• Design of controllers for active steering, in which only the vehicle dynamics are taken into
account, to improve the vehicle manoeuvrability in emergency situations.

• Design of the controllers for lane keeping in curved roads.

• Design of controllers for lane departure avoidance in emergency situations.

• Exploration of performance and limitations of hybrid system in the design of driving as-
sistance systems for lateral mode.

• Proposals to reduce the number of sensors for the active steering and lane keeping assis-
tance systems.

• Practical validation of the proposed assistances.

The methodology employed to achieve these contributions is described in the next section.

1.3 Methodology

The methodology used to achieve develop the Perceptive-ESC and achieve the goals listed above
consisted on the development of several intermediate assistance systems with gradually increasing
complexity. The main steps of the methodology can be listed in the following points:

1. Research of adequate model to treat nonlinearity. Through the literature review,
the possibilities to represent the nonlinear behaviour of the lateral tyre forces have been
searched. The piecewise affine systems (PWA) have been considered adequate for this kind
of problem as well as the existing theoretical tools for analysis and control synthesis of this
class of systems.
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2. Investigation of vehicle lateral dynamics modelled with piecewise affine system.
At this stage, the PWA vehicle models have been simulated and analysed in order to
comprehend their behaviour in comparison with the nonlinear vehicle model.

3. Yaw control by active steering. In order to explore the potential of the PWA modelling
for the control of vehicle dynamics, only the active steering has been used as a control
input for the yaw dynamics. Besides being the natural choice to steer a vehicle, it keeps
the control systems with a simple structure involving a single input, so that the advantages
from the modelling can be evaluated.

4. Piecewise linear control of vehicle dynamics. A simple piecewise linear (PWL)
control structure has been implemented for the development of active steering assistance, in
order to evaluate the advantages of the PWL controller in stabilising the vehicle dynamics.
A steer-by-wire configuration has been considered.

5. PWA control of vehicle dynamics and positioning The variables representing the
positioning of the vehicle have been included in the model in order to design a lane depar-
ture avoidance system. Starting from a simple PWL controller designed to evaluate the
vehicle response, the control structure and synthesis is gradually sophisticated in order to
develop the Perceptive-ESC .

This methodology has provided the possibility to evaluate the feasibility, advantages and
limitations of PWA controllers for vehicle lateral dynamics. These aspects are described in this
document which is organised as presented in the next section.

1.4 Document organisation

This thesis is divided in four parts. The first part consists of this chapter describing the mo-
tivation goals and contributions of the thesis. The following chapter consists of a presentation
of intelligent transportation systems and the state-of-the art of the driver assistance systems
for lateral motion, with focus on the theoretical and practical aspects of yaw rate controllers,
lane-departure-warning and lane-departure-avoidance systems. The currently commercialised
driving assistance systems for the lateral mode are also presented in Chapter 2.

Part II is composed of two chapters. Chapter 3 introduces the main theoretical tools used
in the design of the lateral driving assistance systems. It includes a review of the dynamical
systems, Lyapunov stability and optimisation problems involving Linear and Bilinear Matrix
Inequalities. Piecewise Affine Systems and the tools for analysis and control design of this
specific class of Hybrid systems are also presented in this chapter. Chapter 4 presents the
vehicle models used in the design of the assistances. Moreover, it introduces the simulation
environment used for the evaluation of the controllers, as well as the prototype vehicle used in
the practical implementation.

Part III comprises of Chapters 5 to 7. In each chapter, the control strategies and the
evaluation of assistance systems are presented. Two active steering assistances, described in
Chapter 5, are designed to track a yaw rate reference signal based on the yaw rate error. The
first assistance is based only on the yaw rate while the second includes a state feedback loop in
order to enhance the closed loop response.

Chapter 6 covers two controllers designed for lane keeping assistances. Both make use of
the internal model concept to reject disturbances such as the road curvature. The first one is
an extension of the work already developed in LIVIC based on a linear model. For the second
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assistance a simple controller structure is deployed in order to evaluate the use of piecewise affine
control applied to the lane departure avoidance problems.

In Chapter 7, the use of Lyapunov based control syntheses are explored in the design of three
assistance systems for lane departure avoidance. The practical implementation of the assistances
is also presented. The first two assistances are designed on the basis of a piecewise linear and
piecewise affine state feedback controllers. The third assistance is based on a piecewise affine
output feedback controller, which uses only sensors that are available in currently commercialised
vehicles. Consequently it avoids the use of costly optical sensors.

The last part concludes the work, by recalling the main contributions and limits of the
investigated methods. Perspectives for future research are also provided in Chapter 8.
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In this chapter an overview of Intelligent Transportation Systems (ITS) is provided as well
as a description of the main projects related to passenger vehicles.

The state of the art regarding driver assistance systems focusing on the vehicle lateral stability
is also discussed. It includes an overview of the existing systems for lateral vehicle dynamics
control and lane departure avoidance with the corresponding control strategies.

2.1 Intelligent transportation systems

Intelligent transportation systems is, despite lacking an unified definition, the term used to refer
to the research and technologies employed not only to improve the traffic safety and comfort but
also to reduce the travelling time, traffic congestion, fuel consumption and pollutant emissions.

The possibilities of use and development of road ITS can be focused mainly on the driver,
vehicle, infrastructure and public power, as well as interactions of these. The next sections
introduce the safety aspects involving each of these agents on road ITS.

Driver

Nowadays, the basic traffic rules are defined by an international treaty under the authority of the
United Nations, the 1968 Vienna Convention on Road Traffic [Uni68]. Despite not being signed
by all countries and some local variation in practise, these general rules are largely employed in
the majority of countries.
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According to the Vienna Convention on Road Traffic, (see [Uni68], Article 8), every moving
vehicle must have a driver who must possess physical and mental ability to drive. Moreover, it
is required that the driver is able to control his vehicle at all times.

The main function of ITS is then to keep the driver informed about his/her environment and
potential dangerous situations, as well as to help him in the driving task enhancing the vehicle
manoeuvrability, and reducing the risks of accidents.

Vehicle

Regarding the safety of vehicles, two main classes of systems exist, passive and active systems.

Passive systems consist of those designed to reduce the passenger injuries and vehicle damage
when a collision occurs. Such devices include the vehicle body structure designed to absorb the
impact of the collision and restraint devices such as seat belts, air-bags and seats with whiplash
protection (prevent neck injury caused from rear end collision).

Active safety systems have as purpose to avoid and prevent the accidents, which may occur
due to lack of maintenance, unexpected behaviour of the vehicle or drivers mistake caused either
by misjudgement or lack of attention. Each of these accident causes are addressed by active
safety systems.

Among the proprioceptive active safety systems, tyre pressure monitoring systems can help
the driver cope with lack of maintenance while the manoeuvrability of the vehicles can be
enhanced by the systems like ABS, ESC, Active steering and traction control systems which
depend on the driver awareness.

Using exteroceptive sensors, active safety systems can perceive the environment around the
vehicle and help the driver to avoid accidents caused by inattentiveness or misjudgement. Exam-
ples of such systems include ACC15, Lane Keeping Assist (LKAS), Lane Change Assist (LCA),
Intelligent Speed Adaptation (ISA) and emergency braking systems. These systems are based
on cameras, with algorithms for the detection of lanes, signs and obstacles (pedestrians, other
vehicles, etc) and sensors to monitor the vehicle’s environment, helping the driver in case of
degraded visibility (luminosity, blind-spot and hard-to-view areas) or inattention (unintended
lane departure and frontal collision).

Infrastructure

The infrastructure in ITS can be equipped with communication systems in order to inform the
drivers about the road conditions and potentially dangerous situations. Vehicles capable of
emitting, receiving and interpreting information can also work as a transceiver to communicate
with either the infrastructure or other vehicles. In case an accident occurs, it can be noticed by
the infrastructure or informed by the vehicle using a communication system. Such information
can be broadcast to warn other vehicles about the accident, and instruct them on how to proceed
in order to enable a rescue unit to arrive faster at the accident scene. Dangerous situations,
such as degraded road adhesion, can also be transmitted when experienced by vehicles in a
given location, alerting other drivers. Such information exchange can also provide drivers with
suggestion of alternative itineraries in case of congestion.

15Active Cruise Control
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Governmental actions

The role of the governmental authorities is to regulate the use of safety equipment. For example,
ABS is mandatory for all new vehicles produced for the European market. The authorities are
also responsible for making propositions such as to equip all light new vehicles with ESC for the
American market by August 2011 [Hig07] and for the European market by 2014 [Cou08].

Besides, governmental institutions have often also been a source of funding for research
projects, which have provided significant advances in ITS. The development of the road ITS
achieved through research projects is discussed in the next section.

2.1.1 Research projects on ITS

The research on ITS can be historically classified in four relatively distinct phases [YdB99]. The
early research on ITS dates from the 60’s and 70’s and aimed to show the capacity of systems
to increase the security and performance of road transportation. The need of complementary
equipments and the size of computers at that time were the main bottleneck for the introduction
of new systems, therefore most of the projects remained in the concept status, as for example
the driver guidance information system [Kuh05].

From 1980 to 1995 major investments were made on the research for ITS, marked by ambi-
tious projects like PROMETHEUS16 in Europe, PATH17 in the USA, and RACS18 and ASV19

in Japan. These projects were aimed mainly at the development of traffic management and
information for drivers. Major changes to the infrastructure were required for the implemen-
tation of these projects, as for example, the embedment of permanent magnets along the road
borders for vehicle guidance [PTH97, Shl07]. In consequence, most of the achievements from
these projects have not been implemented on a larger scale. Nevertheless, they served as a basis
for the next phase of research in ITS.

From 1995 to 2000, the automated road caught a lot of researchers attention. With the
advances of video cameras, on board sensors and computers, the focus became fully automatic
vehicles. Demonstrations from the project ARGO were performed in Europe, and the AHS20 in
USA showed the successful results of the projects. Still, the technologies developed could not
be easily spread as real solutions for safety and congestion problems. Therefore the main public
powers decided to prioritise research that could become commercialisable in the short term.

From 2000, concerns about sustainable development, multimodal transportation and safety
became stronger, and research projects regarding the latter begun to integrate the driver for
the development of Advanced Driving Assistance Systems (ADAS), as for example the project
PReVENT-IP21. The same trend can be noticed with the current ITS projects such as HAVEit22,
which reinforces further the interaction between the driver and highly automated systems.

In this section, more details from some of the main projects on road ITS are provided, with
an emphasis on the safety aspects. Some trends for the future research are also presented.

16PROgraMme for a European Traffic of Highest Efficiency and Unprecedented Safety
17Partners for Advanced Transportation TecHnology
18Road Automobile Communication Systems
19Advanced Safety Vehicle
20Automated Highway Systems
21Preventive and Active Safety Applications Integrated Project
22Highly Automated Vehicles for Intelligent Transport
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PROMETHEUS

The project PROMETHEUS (1987-1995) was funded by EUREKA, an intergovernmental net-
work for the support of market-oriented research and development and innovative projects.
Being the first ITS project on a global scale, it counted on a budget of 749Me , for the creation
of concepts and solutions for road traffic systems which are more efficient and less detrimental
to the environment and guarantee an unprecedented degree of safety [Eur11].

Several car manufactures, electronic and automotive suppliers, research institutes, universi-
ties, traffic engineers and authorities took part in the project and some prototype vehicles were
built during the project, being able to perform vision based environmental analysis such as road
tracking, obstacle detection, lane traffic analysis and traffic sign recognition [PKL+94]. More-
over the prototype vehicles were able to operate autonomously on highways [PKL+94, HL95]
and avoid collisions [Mat94, FHL92].

Even though the research activities and developments from the PROMETHEUS project did
not directly become products, the achievements of the project were the basis for other projects
on ITS, such as ARGO, and PReVENT, described in the sequel.

PATH

The California PATH was established in 1986 and it is administrated by the Institute of Trans-
portation Studies from the University of California, Berkeley in collaboration with the Cali-
fornia Department of Transportation (Caltrans). PATH is a multi-disciplinary program with
the mission of developing solutions to the problems of California’s surface transportation sys-
tems through cutting edge research in three main areas: Transportation Safety Research, Traffic
Operations Research and Modal Applications Research [PAT11].

The research activities of the first 20 years of PATH is summarised in [Shl07], regarding the
research devoted to safety, the project groupings include:

• Intersections and Cooperative Systems - crossing path vehicle crashes, safety aspects of
cooperative driver-assist systems, Vehicle Infrastructure Integration.

• Driver behaviour - modelling and applications for safety and countermeasure studies of car
following and lane changes, at roadway intersections, at-grade crossings

• Employee Safety - work zone warning signals, snow removal equipment. Emerging areas
include speed enforcement, heavy truck safety, pedestrian safety and research with older
driver safety.

Research devoted to road safety and reduction of accidents in the framework of PATH in-
cludes: the modelling of passenger and heavy-duty vehicles [PT90, TWWT01]; modelling of the
driver [DS01, Pro01]; vehicle equipment for longitudinal and lateral control [PD98, FB01, CT03];
the longitudinal and lateral control of autonomous vehicles and vehicle platoons [GTP97, PTH97,
SY99, HT91]; and situations of failure in sensors and control [TPZS97, TPT04].

ARGO

Based on the achievements of the PROMETHEUS project, the Department of Information
Technology from the University of Parma, Italy, continued the research on autonomous vehicles
by setting up in 1994 the ARGO project, funded by the Italian National Research Council.

The vehicle, equipped for autonomous driving, is able to follow lanes, recognise objects in the
path and perform lane change manoeuvres. Moreover, it provides the functionality of warning of
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dangerous situations in manual drive mode, and is able to take control in dangerous situations
in supervised driving mode.

The environment recognition was based on video cameras only, so that information was
acquired without altering the infrastructure of the roads.

In 1998 the system was tested in different road conditions, including rural roads. It accom-
plished tours of more than 175km in which the automatic driving mode was active for more
than 85% of the travelled distance. Fig. 2.1 shown the autonomous vehicle from the project.

Figure 2.1: The ARGO autonomous vehicle [BBFC99].

The vehicle lateral control is based on a gain scheduling based proportional feedback from the
lateral offset [BBF+99]. More detailed information about the project can be found in [BBFC99].

PReVENT-IP

The project PreVENT-IP was part of the 6th Framework Programme and took place from 2004
to 2007, having a budget of 55Me . Similarly to PROMETHEUS, it was set up in a con-
sortium, grouping 55 partners from 10 European countries including automotive manufactures
and suppliers, research laboratories and institutes, universities, public and road authorities and
associations.

The vision of the project consisted of creating an electronic security region around the vehicle
through the development, integration and demonstration of a series of safety functions to provide
information and assistance to the driver. These concepts are illustrated in Fig. 2.2. Contrary
to other projects considering fully autonomous vehicles, PReVENT focused on the interaction
between vehicle, environment and driver, such that the last is integrated in the intelligent vehicle
system.

The final report of the project [SMI+08] provides a summary of the functions developed.
They were structured in five complementary fields, named vertical activities:

• Safe Speed and Safe Following. These functions help drivers keep or choose a speed or
inter-vehicle distance, allowing them to safely cope with the road situation they will meet
in the following seconds. The approach is mostly autonomous.

• Lateral Support. This field deals with autonomous applications focusing on the lateral
areas of a vehicle to help drivers keep their vehicle at the safest position in the lane, as
well as warn them if the vehicle is about to run off the road.
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Figure 2.2: Illustration of the concepts vision of the European Project PReVENT-IP and a
safety zone around the vehicle [SMI+08]

• Intersection Safety. This function field covers the investigation of autonomous and cooper-
ative approaches to safety applications dedicated to approaching or passing intersections.

• Vulnerable Road Users and collision Mitigation. Collision mitigation and pre-crash protec-
tion systems focus on reduction of injuries and fatalities in case of unavoidable crashes (in
particular during the last 2-3 seconds before the impact). Collision mitigation by braking
significantly reduces kinetic energy of impact, thereby greatly reducing crash severity.

• Cross-functional Activities. An additional cross-functional field covering methodologies,
common architectures, liability issues, and technology or standardisation oriented activities
safeguards a common approach

The structure of the project also counted on horizontal activities to ensure the integration
of the vertical functions. For that, common sets of sensors for different safety applications and
sensor data fusion were specified and used in the evaluation of the performance enhancement
and robustness of functions. Moreover a ”code of practise” was created in order to develop,
validate and introduce the ADAS to the market [SMI+08].
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Often compared to PROMETHEUS for its amplitude and similar set up, the PReVENT
project differs not only because it integrates the driver in the systems, but also for focusing on
the use of already available technology and components, so that the project achievements could
be easily commercialised.

DARPA Grand Challenge

The DARPA23 (USA) has organised competitions of autonomous vehicles, named Darpa Grand
Challenge, and funded cash awards of 1M US$ for the winners having as main purpose the
employment of autonomous vehicle technologies for military applications.

The first competition took place in 2004, and the teams were supposed to cover a 140-
mile on- and off-road course from Barstow-CA to Primm-NV, in USA [DAR04]. None of the
15 finalist vehicles managed to finish the course. Nevertheless, the award was doubled and
the competition took place in the following years. In 2005, five vehicles managed to complete
the course [DAR05, IB06, TMD+06]. In 2007, the competition took place in a 96-km urban
environment including traffic situations such as such as merging, passing, parking and negotiating
intersections [DAR08, BIS08a, BIS08b].

Despite the military purpose of this competition, most of the aspects regarding the safety of
the vehicles were taken into account and advances were noticed in perception, control, and motion
planning for intelligent autonomous vehicles operating in urban scenarios, therefore it can be
considered as a contribution to the research for autonomous vehicles as means of transportation.

AKTIV

AKTIV24 (2006-2010) was a project launched by a consortium supported by the German Federal
Ministry for Economy and Technology involving 28 German partners from automotive indus-
try (manufacturers and suppliers), electronic, telecommunication and software companies and
research institutions.

Figure 2.3: The functionalities of the integrate lateral assistance from project AKTIV [Sch10b].

Provided with an overall budget of 60Me , the project objectives consisted of driver assistance-
and traffic management systems, which: improve traffic safety for all participants; decrease the
driver load and efficiently guide him to his destination; avoid traffic jams and better utilise the
existing road capacity; make economic and ecological sense and have a sound legal basis; and
are accepted by the society and the user. For that, 3 main groups were set-up, dealing with

23Defense Advanced Research Projects Agency
24Adaptive und Kooperative Technologien für den Intelligenten Verkehr
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traffic management, cooperative cars and active safety [Sch10a]. Regarding the last group, the
research activity was performed in 5 sub-projects [Sch10b]:

• Active Hazard Braking to avoid collisions and to mitigate consequences of accidents, but
adapted to the traffic situation and equipped with a sophisticated detection of the driving
environment, accurate interpretation of the situation and plausible system decision adapted
to the driving scenario. The concept of intervention integrates the driver and is based on
a graduated warning followed by braking and full braking, taking into account the driver
alertness in the decision loop.

• Integrated Lateral Assistance is a continuous, integrated lateral guidance in the full speed
range from 0 to 180 km/h for lane-keeping and lane-change. As shown in Fig. 2.3 this
assistance is also able to handle scenarios such as construction on the road.

• Intersection Assistance was a sub-project that aimed the reduction of accidents at inter-
sections by supporting the driver while entering, crossing or turning into an intersection
with adequate warnings and intervention strategies triggered by the analysis of a selection
of information gathered from onboard sensors, cooperative communication, integration of
positioning and digital maps.

• Pedestrian and Cyclist Safety was a subprojet aimed at the improvement of the safety of
vulnerable road-users. In case of imminent collision (in 2s) the driver is warned by audible,
visual or haptic signals, the pedestrian or cyclist is warned by front light blinks and horn
honks. At 1s to the collision the brakes are fully engaged and at 0.5s a swerve manoeuvre
in initiated, followed by activation of protection mechanisms on the hood and bumper, as
well as exterior air-bag.

• Driver Awareness and Safety deals with the detection of driver alertness using surround
sensor information and/or in-vehicle video cameras. The actual alertness level serves to
adapt the strategies for warning and intervention in the application projects.

Demonstration of the developed systems took place at the end of the project, in order to
provide an exchange of the acquired know-how.

VIAC

The VIAC25 is a challenge consisting of driving autonomously four electric vehicles (shown in
Fig. 2.4) from Parma, Italy to Shanghai, China organised by Vislab [Visa]. Partially funded
by the European Research Council, the trip took place from July to October 2010. The first
vehicle drove autonomously in parts of the 13000Km, but human intervention was required in
some section and in critical situations. The other vehicles followed the first using vision system
of GPS waypoints left by the leader vehicle. The vehicle sensors were constantly monitored
resulting in 50terabytes of data that can be used in future research.

HAVEit

HAVEit project (2008-2011) is formed by a consortium of European automotive manufacturers
and suppliers, universities and research laboratories and institutes with a budget of 30Me .

25Vislab Intercontinental Autonomous Challenge
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Figure 2.4: Electric vehicles used in the challenge, obtained from [Visb]

It addresses the development of advanced driving assistance systems in highly automated
vehicle applications with the purpose of enhancing comfort, safety and the efficient usage of
energy.

Considering the varying performance of the driver, and therefore a variable requirement for
level of assistance, the improvement of overall safety is handled by a variable task partition
between the driver and automation, which supports the driver in monotonous driving tasks (e.g.
queueing on crowded motorways) as well as in highly demanding tasks (e.g. automated merging
into the traffic flow). The task repartition in the driver-copilot composed system is considered
a key objective in the HAVEit project, since the driver must be given enough time to react
properly and retake the control of vehicle in a situation which cannot be handled automatically
by the highly automated system, as illustrated in Fig. 2.5. For this reason a step-wise strategy
to handle back the vehicle control to the driver is chosen.

Figure 2.5: Level of automation and repartition of driving tasks in HAVEit project [HAV11].

Another measure to ensure safety among the project basis is the failure tolerant safe vehicle
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architecture including advanced redundancy management.

The functionalities of the highly automated vehicles, which have been validated in 6 vehicles,
includes: queue assistance, construction site assistance, temporary autopilot and active green
driving. The deliverables and publications associated to HAVEit can be found in [HAV11].

2.1.2 Trends for research on safety related issues of ITS

The research on ITS has seen several main orientations in the last two decades. The first
projects (PATH and PROMETHEUS) which proposed major investments on equipments for the
infrastructure, have changed into the fully automatisation of the vehicles (ARGO) in a second
step. The tendency in the end of the 90’s changed, focusing on the assistance systems having
the automation centred on the driver. Such strategy has been reinforced in recent projects such
as HAVEit and AKTIV, where the interaction of the driver and the autonomous systems make
up a great deal of the research activity.

According to the European Commission, the research applied to Intelligent Transportation
Systems is one of the central planks for reducing road accidents. Further research on cooperative
systems and intelligent infrastructure is expected, as well as on ADAS, which has already con-
tributed to significant improvements on road safety, enabling several ADAS to be commercialised,
such as ABS, ESP and LKA (more detailed in Section 2.2.2) [Eur10]. The human-machine in-
terfaces has increasingly driven the attention of researchers, and it tends to continue as a key
objective in future research. Moreover, driven by the demand for solution to the current safety
and transportation issues, the research is prioritised for systems that can be employed in the
market in a short time. Therefore, virtual testing methods can play an important role on the
development of new applications.

Such trends noticed in the research of safety related issues on ITS are considered in the def-
inition of the thesis objectives (see Section 1.2). The Perceptive-ESC is designed to be a highly
automated assistance which shares the control of the vehicle with the driver, so that he/she is
responsible for driving but is replaced by the assistance when he/she is considered unable to
follow the lane. Moreover the use of only equipment that already exists in the commercialised
vehicles, enables this proposal to be implemented in production without major additional in-
vestments. Such characteristics can also be found on the development of ADAS for the vehicle
lateral stability, as described in detail in the next section.

2.2 ADAS for vehicle lateral stability

In this section the possibilities of enhancing the vehicle lateral stability are presented. Firstly, a
description of the proprioceptive systems to enhance vehicle handling such as yaw rate controllers
is provided. It is followed by a review on the exteroceptive ADAS for lane departure warning
and lane departure avoidance, providing information on the control techniques explored in the
research and commercialised solutions.

2.2.1 Yaw stability control

Safety critical situations may occur on the roads, causing vehicle skidding when the response
of the car changes suddenly, for example under a reduction in the road adhesion (icy or wet
pavement), or under disturbance torques like wind gusts, asymmetric road surface, tyre burst,
a collision avoidance manoeuvre or other that forces the tyre to the limits. Usually drivers take
from 0.5s to 1s to react in such critical safety situations, and inexperienced drivers may oversteer
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the vehicle which clearly makes things even worse [Ack02]. Yaw stability control systems, also
known as electronic stability systems (ESC) are automatic systems that continuously monitor
the vehicle conditions to detect and minimise skids, helping the driver overcome dangerous
situations, as illustrated in Fig. 2.6.

Figure 2.6: Functioning of ESC in critical situation (image from Bosch GmbH).

The acceptability and efficiency of yaw stability controllers have been assessed in studies
carried out by the NHTSA26. Different data sets and methodologies were used in the studies,
which considered accidentology statistics in the USA [Dan04]. Other studies regarding different
countries are summarised in [GF05], which includes data from Statistischen Bundesamtes27,
EACS28, Swedish Road Administration, and Japanese crash data compiled from ITARDA29.
They have all found typically about 30% reduction in single vehicle crashes due to ESC.

There are mainly three types of actuators for yaw stability control [Raj06a]: The differential
braking system applies differential braking between the left and right wheels; The active steering
modifies the driver steering angle input adding correction to the wheel steering angles; and
the active torque distribution, which uses active differentials and all-wheel-drive technology to
independently control the drive torque on each wheel enabling the traction and yaw control.

Each of these types of actuation and some of the important research activities on their
development and deployment are presented in the following.

Differential braking

Using differential braking is the most employed technique for yaw stability control under the
commercial abbreviated names: ESP (Electronic Stability Program), VDC (Vehicle Dynamics
Control), VSA (Vehicle Stability Assist), DSC (Dynamic Stability Control) among others. Such
systems typically consist of four wheel speed sensors, yaw rate sensor, steering angle sensor,

26National Highway Traffic Safety Administration.
27German Government Statistics Office
28European Accident Causation Survey
29Institute for Traffic Accident Research and Data Analysis
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lateral accelerometer, brake pressure sensors. Moreover an electronic control unit is required to
compute the control input based on a comparison between the driver input and the response of
the vehicle. The actuators are typically solenoid based hydraulic modulators which are available
from anti-lock brake (ABS) system [Raj06a].

A more detailed description of the functioning of differential braking for yaw rate stability
control is provided in [VZEP95, PUH95], in which a PID controller is used to track a desired
yaw rate.

Control techniques for electronic stability systems using differential braking have been a
subject of intense research in the last decades.

Gain Scheduled H∞ control is designed in [OHA+99] to take into account variation of for-
ward velocity and to ensure that the closed loop system satisfies a H∞ norm condition which
guarantees the stability of the vehicle, during the application of distributed brake force on the
right and left wheels.

In [TJ05], a vehicle model considering nonlinear lateral and longitudinal tyre forces (Pacejka
model) is used. The desired yaw moment is supposed to be given by a higher level controller,
and the driver gives the steering input. The control objectives are: primarily to obtain the
desired yaw moment; secondly to find the smallest vector of slip angles in order to minimise
the use of brakes and avoid reduction of the lateral force. The activation of this controller is
based on bounds for the vehicle sideslip angle and yaw rate, considered to be within the vehicle
steerability. The controller is computed on the basis of a mp-NLP (multi-parametric Nonlinear
Problem). Some simplifications are done in order to reduce complexity. An explicit piecewise
linear approximation of the solution was generated using the algorithm in [Joh02a]. Results are
shown by simulation.

A Linear Quadratic Regulator (LQR) is used in [ZTHZ06] for the yaw moment controller
and sliding mode theory is applied to design the wheel slip controller. The results are presented
in simulations for J-turn and lane change as well as practical experiments with degraded road
adhesion step inputs on the steering wheel.

Sliding mode theory is also explored in [JYJ+08] for the yaw rate controller which takes into
account the vehicle roll stability.

Active steering

Ackermann and co-authors have documented some significant work on active steering systems
for yaw control of passenger cars [Ack02]. In such systems the driver is responsible for providing
the necessary steering angle to follow a desired path, while the active steering control should
be in charge of disturbance attenuation. The additional steering angle from the active steering
control may be generated mechanically using a linear actuator or electrically on a steer-by-wire
configuration.

Among the advantages of active steering control with respect to the differential braking for
yaw stability it can be mentioned that:

• In torque generation from braking, the lever arm corresponds to half of the vehicle track-
width while for steering it is approximately half of the wheel base, at approximately two
times bigger. As a consequence, the force required to generate torque from steering is
approximately half of that required from braking.

• When braking over surfaces with different adhesion condition on the left and right wheels
(µ-split), the disturbance torque can be compensated only by reducing the braking force
in vehicles equipped with differential braking. However if an active steering controller is
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available, the braking effort does not need to be reduced and a counter steering action can
be performed to achieve a straight and shorter braking path.

• Braking intervention usually takes place in emergency situations when the vehicle is close to
skidding, therefore there is more wear of tyres and brake components and energy dissipated
in this action than in steering control which can be performed continuously, attenuating
small disturbances and providing more comfort to the passengers.

In the work [Ack97], the controller is obtained by decoupling the driver task from the dis-
turbance attenuation. In other words, the influence of the yaw rate on the lateral acceleration
is removed. Since a robust controller with respect to the road adhesion is intended, the lateral
tyre forces are considered as a disturbance, and the decoupling is obtained by choosing the po-
sition of a point at a distance in front of the centre of gravity, such that the lateral acceleration
at this point does not depend on the lateral rear force. The small angle approximations are
considered, rendering the yaw rate unobservable from the front tyre slip angle. The stability of
the decoupled system is proven by Lyapunov conditions.

Many patents exist for active steering systems, for example [PB02, B+03], based on PI
controllers. Research on active steering is also very extensive. Fig. 2.7 shows the architecture of
an active steering system.

Figure 2.7: BMW active steering system.

The stability analysis of the vehicle lateral dynamics is presented in [OHTD98] showing that
the model has a limited stability region which also depends on the driver steering wheel angle,
two unstable equilibrium points and a stable one (bifurcation analysis). The authors propose a
controller based on linear H∞ control theory for the design of the front wheel controller.

A feedfoward on the steering action is used in [PHB01]. The proposed active steering system
also uses a state feedback controller, based on a linear quadratic regulator, to ensure vehicle
stability.

A comparison of two steering assistance systems using Model Predictive Control is described
in [KC06]. The first consists of a linear driver steering controller while the second is a nonlinear
steering control law based on multiple linearised vehicle and neuromuscular system models. The
models are obtained from the linearisation of the nonlinear vehicle dynamics about set values
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of front and rear wheel lateral slip. A controller is defined for each of the linearised models,
and the control input is computed for all the linear subsystems and a switching function selects
the steering controller with the least amount of error between the controller set points and the
present vehicle slip angles.

A nonlinear Model predictive control is also applied in [FBA+07] for the front wheel steering
assistance, supposing that the computational time could be reduced in order to develop a real-
time application. In order to overcome the calculation time of the nonlinear MPC30, a suboptimal
model predictive controller is derived from the successive online linearisation of the vehicle model
and computation of a linear MPC for the resulting linear time-varying system is applied. Both
controllers are compared in experimental tests.

In [BPK07] a simple rational tyre model is used to preserve vehicle stability in extreme
handling situations. A gain scheduled active steering control is designed solving linear matrix
inequality (LMI).

Active torque distribution

All-wheel-drive systems, also known as full-time-4-wheel drive systems enable vehicles to operate
in 2-wheel drive (either front or rear), and when needed, it automatically shifts to 4-wheel drive
and distributes torque to all four wheels independently. This kind of technology enables vehicle
handling without necessarily braking, as in the case of differential braking.

Mechanisms like a twin clutch torque biasing differential allow torque to be transferred to the
inner and outer wheels at different ratios [SS99], they can be applied with a central differential
to transfer torque to the front and rear wheels. Fig. 2.8 shows the torque distribution for
oversteering and understeering vehicles negotiating a curve.

The advantages of the all wheel drive using differential torque distribution are also explored
in [HWGB05]. An optimal control based on LQR is employed in the design of two feedback loops.
The primary feedback loop is used to control the reference model while the second feedback loop
compensates for the errors between the reference model and the vehicle.

Another comparison is provided in [OS06] between vehicles equipped with front-wheel-drive
with a single open differential, rear-wheel-drive with a single open differential and all-wheel-drive
with three open differentials each dividing torque in a 50:50 torque split. The control strategy
is based on two parallel PIs, one for the control of the front-rear torque ratio and the other for
the left-right torque ratio.

The increase in price and weight are the main drawbacks for larger commercialisation of
such systems. On the other hand, with the development of electric driven cars and associated
components, research has been dedicated to employment of one electric motor for each wheel
[HR03, WWJS11], showing that such a configuration has good potential to enhance vehicle
stability.

Combined active steering and differential braking

Work proposing the coordination of combined control actions on differential braking and active
steering can also be found in literature.

In [HON99] a 7 DOF model, taking into account pitch and roll motion effects in the normal
tyre forces, is used for the yaw rate controller design and coordination of the torque distribution
and four-wheel steering. The synthesised controller is based on the nonlinear predictive control

30Model Predictive Control
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Figure 2.8: Active torque distribution between front and rear wheels for overteering (top) and
understeering (bottom) vehicles negotiating a curve (image from [LMSN04]).

for continuous time systems [Lu95], considering a quadratic performance index used to minimise
the error between the controlled and predefined trajectory.

Four-wheel steering and four-wheel torque (traction and braking) distribution are also ex-
plored by [OHMK06], in which a hierarchical control structure is adopted. The target forces
and moments are computed by the first layer, based on the driver inputs from the pedals and
steering wheel. A Second layer performs the distribution of the vehicle target motion to each
of the wheels, using an algorithm based on Sequential Quadratic Programming to compute the
magnitude and direction of each tyre force, considering the radius of friction circle of each tyre
in order to maximise each tyre grip margin. The last layer controls each wheel motion.

In [Mam04] linear tyre forces are considered in the vehicle model, and the use of independent
wheel braking is used for lane keeping purposes. The controller consists of an internal loop
for handling improvement and an external loop for lane keeping assistance. The inner loop
has a dynamic feedback controller on yaw rate and a dynamic feedforward controller of the
steering angle to both, the tyre steering angle and yaw moment. The outer loop uses a feedback
controller of the lateral displacement at look-ahead distance and relative yaw angle. The H∞

coprime factors based method is used for the synthesis of inner loop feedback. A new vehicle
model including this controller is computed and a new H∞ optimisation is performed for the
feedforward term. The outer loop is processed analogously to the inner one. A feedforward
term is also used to compensate the road curvature. The results are presented from simulations
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including real track data.

In [Aca09] a nonlinear vehicle model is used in which the tyre forces are according to Duggof’s
tyre model and the effects of roll and pitch motions are taken into account in the normal tyre
forces. For the control synthesis, the vehicle model is transformed into a linear structure in
the State Dependent Coefficient form. The control inputs are derived by solving the State
Dependent Ricatti Equations at each point of vehicle states. Simulations show the performance
of the controller on a 14 DOF nonlinear 3D vehicle model.

The lateral tyre forces have been modelled as piecewise affine systems in [BCBT09] for a
steer-by-wire active steering controller. The discrete-time piecewise affine model is also converted
into an equivalent mixed-logical-dynamics system [HSB01], which is used as a prediction model
for the design of a hybrid model predictive controller [BM99] using a mixed integer quadratic
program to compute online the coordinated control inputs, the steering angle and vehicle yaw
moment (from differential braking).

The work of [PMB10] addresses the same application with a discrete-time piecewise affine
model but the controller design takes into account disturbance realisations using set theoretical
methods for control synthesis [BM08].

The nonlinear behaviour of the lateral tyre forces is also taken into account in [MBNGO11].
A Takagi-Sugeno model is obtained from the sector approximation of the Pacejka’s model for
tyre forces. Quadratic boundedness and Lyapunov stability are used to build invariant sets for
the trajectories of the controlled system. These constraints are considered in the computation of
the output feedback controller casted as a Linear and Bilinear Matrix Inequalities optimisation
problem.

2.2.2 Lane departure warning systems

Lane departure warning systems consist of optic sensors (video cameras or infra-red sensor)
and an algorithm for the lane detection. When the vehicle is about to leave the lane, without
engaging the turning signals (indication of unintended lane departure), a warning is provided to
the driver. Some commercialised passenger cars are already equipped with such systems, and
the technology involved and warning provided may differ according to the car manufactures.
Some detailed information about the existing systems are described in the next sections.

Commercialised lane departure warning systems

Citroën was the first European car manufacturer to introduce a lane departure warning system
in the ”C4”and ”C5”models in 2005. The lanes are monitored by down-looking infra-red sensors
and vibrations on the seat are used to warn of the lane departure. This feature is also available
in the ”C6” and ”Peugeot-308” models [Cit]. Audi’s lane departure warning systems, introduced
in 2007 in the ”Q7”model [Aud07], includes a forward-looking camera and the warnings consist
of vibrations on the steering wheel.

BMW, GM and Volvo launched their LDWS in 2007 and 2008 on the core technology of
”mobileye” [Mob]. It consists of vision based sensors and an algorithm to estimate vehicle
position with respect to the lane and the time to lane crossing. The warnings provided to the
driver in case of unintended lane departure may consist of sound, indication in the dashboard
or vibration on the steering wheel, depending on the car manufacturer. Nowadays the system is
available in several models.
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2.2.3 Lane keeping assistance

Most of the LKAS present also the feature of warning of the lane departure by audible, visual or
haptic means. Moreover, there is an electric powered steering system that provides part of the
steering torque in order to keep the vehicle in the lane or delay its departure. The steering task
is usually shared with the driver and his/her actions are prioritised over the automatic steering
torque. For this reason, the assistance is gradually reduced or cut-off after a few seconds if the
driver does not react. The following section presents an overview of the commercialised LKAS,
which are in general conceived for situations of low lateral accelerations.

Commercialised lane keeping assist system

Nissan introduced the first lane keeping assistance system in commercialised vehicles in 2001 for
the model ”Cima” sold in Japan [IVs01]. The system is designed for roads with small curvature
and it acts simultaneously with the driver, gradually reducing its contribution if the driver
is not active. Such strategy enables the driver to be assisted but does not take over his/her
responsibility from the steering task. The system architecture consists of a CCD video camera,
steering actuator and an electronic control unit. The vehicle position on the lane and road
geometry are estimated by the camera, and this information is used by the electronic control
unit along with vehicle velocity and steering angle to compute the steering torque needed to keep
the vehicle in the lane. Tone warning and vibrations on the steering wheel are triggered when
the vehicle is about to depart from the lane. The steering control assistance delays the departure
while the driver is expected to retake the control of the vehicle. The control is automatically
suspended if the driver steers in the opposite direction. The same concept was introduced for
the ”Infinity FX” model in 2004 in the American market [Val04].

A similar strategy was implemented by Toyota in the ”Crown Majesta” model in 2004 in
Japan, which evolved in 2006 with the Lexus model ”LS 460” using stereo cameras and more
sophisticated object and pattern recognition [ABL07], which is also available in the European
market.

A lane keeping assist system was launched by Honda in 2004 for the ”Inspire” model. The
system [Iih04] works together with an ACC and uses a C-MOS camera mounted above the
interior rear view mirror for lane detection and trajectory planning. The assistance provides
80% of the steering torque, reducing the driver’s burden on roads with a curvature radius above
230 [m], vehicle speed between 65 [km/h] and 100 [km/h] and lateral acceleration below 0.2g
(g is the gravitational acceleration 9.8 [m/s2]), typically a motorway environment. The driver
must remain attentive and he/she is responsible for providing the remaining torque for correct
steering.

It can be noticed that the currently commercialised assistance systems to avoid lane departure
are not adequate for situations of strong lateral solicitation. Fig. 2.9 provides a classification of
the described driving assistance systems for lateral control in terms of usage scenarios concerning
safety and comfort aspects, as well as the use of proprio- and exteroceptive signals. It can be
noticed that the ESC are very efficient in demanding manoeuvres in term of lateral solicitation,
however it is not capable of perceiving the vehicle environment. On the other hand, systems
such as LKAS, LDW and LCA, which are also characterised as active safety, are more oriented
to the passengers comfort and may not be so efficient when harsh direction changes are required.
The proposal of integrating the proprio- and exteroceptive signals into the same ADAS, named
Perceptive-ESC , may enlarge the usage scenarios as illustrated in the this figure.
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Figure 2.9: Classification of ADAS for lateral guidance.

2.2.4 Control strategies for lane keeping

Some strategies for controlling the vehicle dynamics and positioning are based on yaw rate con-
trollers. The desired yaw rate is not computed based on the driver input but on the information
acquired from the environment using the video sensor. It is the case of [MSON09] in which a
nested control scheme is used. An outer loop consisting of a PIID (Proportional, double Inte-
grator and Derivative) on the lateral offset and the reference model generates the desired yaw
rate, which is tracked by a PI controller based on the yaw rate tracking error.

Similarly, in [Mam04] an outer loop uses the feedback controller of the lateral displacement
at look-ahead distance and the relative yaw angle. The feedback controller is synthesised using
H∞ coprime factors. The resulting steering angle is added to the driver input, which feeds the
internal loops for controlling the vehicle dynamics.

These two works are based on linear models of the tyre lateral forces therefore their perfor-
mance in situations of strong lateral acceleration could not be shown.

The active steering controller from [FBA+07] is applied in an autonomous vehicle system,
under the assumption that a trajectory planning system is available to provide the reference
yaw rate, so that the desired trajectory is known over a finite horizon enabling the employment
of MPC theory. Although a nonlinear model of the lateral tyre force is used in this case, the
experimental tests could only be performed at low speed, due to the computational burden of
the nonlinear MPC. The authors propose an approximation by using a linear parameter variant
(LPV) model, which is able to overcome the computational burden, having the performance
slightly degraded. Nevertheless, there is still the limitation that the trajectory planning system
depends on measurements of the vehicle coordinates obtained from a differential GPS and on
the cartography of the road.

Other control strategies for controlling the vehicle positioning which does not directly involve
the tracking of a reference yaw rate, can be found in the literature.

In [WCP+08], the implementation of a lateral controller aided by vision system to avoid
lane departure is described. In order to support human like driving behaviour, a Fuzzy Gain
Scheduling (FGS) strategy is proposed for the steering control. It compensates for static feedback
control and adjusts the steering effort by considering the lateral offset and instantaneous speed of
the vehicle. Crossover model principle is applied to examine the utility of the designed controller.
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Practical experiments were used to confirm results. Bicycle model was used to describe vehicle
lateral dynamic. Road curvature is considered as noise to the system.

A combined automated lane keeping and drivers steering through a two degree-of-freedom
closed-loop control strategy is presented in [CMR09] . In this implementation there is no on/off
switching and the automated lane keeping control-loop is never opened. The driver has control
over the manoeuvres, but the automated lane keeping brings the vehicle back to the centre of
the lane when there is no driver steering action. The details of the lane keeping controller are
described in [CR03]. The design of a lane keeping (lateral displacement tolerance of 0.2m from
centreline) controller for typical highway conditions is addressed in this paper. The single input
is the steering angle and a vision system provides the measurements of lateral displacement and
angular orientation of the vehicle with respect to the centreline. The SITO control problem
is implemented by solving a SISO disturbance attenuation problem, formulated in the H

∞/µ

framework in the presence of uncertain parameters. Tests conducted showed that the SISO
controller was able to fulfil the specifications.

A comparison of four controllers implemented at LIVIC31 is presented in [CSNM04]. The
controllers are based on output feedback self-tuning,H∞, Fuzzy logic and Proportional. They are
applied on a vehicle linearised single track model, with the purpose of having zero error on lateral
displacement at look-ahead distance using steering angle as input. Each controller was simulated
on the testing track with curvature varying from zero to 0.025 [m−1], under the circumstances:
variation of adherence coefficients, variation of longitudinal speed and wind introduction. Results
show that the proportional controller presented systematically the largest errors. The self-tuning
regulator has the best results, although it is the most difficult to implement in real life. Fuzzy
and H∞ have similar performances.

It can be noticed that the proposals from these three last references [WCP+08, CMR09,
CSNM04] are also based on a linear vehicle model, and designed for typical motorway scenarios
in which strong lateral accelerations are not required to negotiate the curves.

The control synthesis for lane keeping system based on Lyapunov techniques are discussed
in the sequel.

Lyapunov based control synthesis

The lateral control approach based on potential field from the robots displacement theory has
been explored by the authors in [GR01]. They proposed an artificial potential field linked to the
lane, such that the corresponding energy is zero at the centre of the lane and it increases as the
position moves to the lane edges. The authors extend the same concept in [RG06], introducing
a degree of look-ahead along the roadway into the controller, which enables the decoupling of
the lateral and longitudinal dynamics such that the last is removed from the bounding process.
The controller is synthesised following a Lyapunov based bounding technique, which ensures
maximal lateral displacements even in the presence of time varying disturbances. The need of
measurements from a differential GPS with 2 antennas and a cartography of the desired path is
one of the main limitations of this system.

Control synthesis for lane keeping assist systems based on Lyapunov quadratic functions
and formulated as LMI or BMI optimisation problems are explored in the thesis [ME08]. The
quadratic Lyapunov function is used to construct minimal ellipsoidal invariant sets that approx-
imate externally the reachable set of the closed loop system. Additional constraints are used to
limit the control input from the state feedback structure, and to ensure that a ”normal driving

31Laboratoire sur les Interactions Véhicules-Infrastructure-Conducteurs
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zone” is included in the invariant set. Different activation strategies are proposed, considering
the driver awareness.

A lane keeping assistance designed in [MENML09] for roads with relatively small curvature
uses LMI optimisation to create the invariant set. In [MELMN09] road curvatures are taken
into account in the control synthesis casted as a BMI optimisation problem. Moreover a control
strategy with feed-forward on the road curvature is also proposed. Composite Lyapunov func-
tions are used in [MEMNL10] in order to obtain an invariant set that is closer to the polytopic
normal driving zone.

In these works, only the linear domains of the tyre lateral forces are taken into account, and
the tests are performed at situations of relatively small lateral acceleration.

In [MEMGL10] the authors proposed a control strategy to use simultaneously front wheel
steering and differential braking as control inputs. These are computed by full state feedback
with feedforward terms, designed to track a H∞ performance index of a yaw rate reference
model. The control synthesis is casted as a BMI optimisation problem to minimise a Lyapunov
based invariant set in order to ensure boundedness of the state trajectories during the assistance
intervention. Simulation results shown that the integrated control active steering and differen-
tial torque can handle the tyre force saturation, enhancing the vehicle stability. However the
nonlinear behaviour of the tyre forces are not treated explicitly in the control synthesis, since it
is based on a linear single track model.

A possibility to take into account the nonlinear behaviour of the lateral tire forces is proposed
in [MMEG+10] using a Takagi-Sugeno model. A parallel distributed controller is designed for
the lane keeping. The simulation results show that this control structure can handle well the
tyre force nonlinearities, however it requires estimation algorithms to obtain the wheel sideslip
angles.

As it can be noticed the development of assistance systems for lane departure avoidance
which take into account the lateral tyre force saturation is still an open topic for research.

2.3 Conclusion

In this chapter the main agents of road intelligent transportation systems have been presented
as well as the major projects carried out in this field. The vision and objectives of the projects
over the years have changed. It has been shown that the first ITS projects, as PROMETHEUS
and PATH, required major investments in the infrastructure therefore the developed concepts
have not been implemented in production series. In the late 90’s, some research was devoted to
develop a fully automated cars, as in the ARGOS project. However, more recent projects, such
as PReVENT-IP and AKTIV, consider the interaction of the driver, vehicle and environment
and effort has been concentrated on developing solutions that could be implemented in short-
term. The latest projects, such as HAVEit, present solutions consisting of highly automated
systems to intervene in dangerous situations or in tedious tasks during which the driver may
loose attention. Moreover the most recent projects envisage contributions which can be deployed
in short-term, therefore they are based on technologies which are already commercially available
so that the public can benefit from them.

The technological advances have allowed significant increase in the electronics of the vehicles,
with more sensors and computing units, such that active safety system like ABS in the end of
the 80’s and ESC in 1997 became regular in production series. Due to their effectiveness ABS
became mandatory in all production vehicles in some markets and discussions are on-going to
do the same with ESP.
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More recently, in 2001 lateral control assistance was introduced in the Japanese market and
later in 2005 in the European market as a lane departure warning system. It has been shown
that these systems have been evolving, and car manufacturers are increasingly offering such
driving assistance systems in their models.

It can also be noticed that these systems are designed such that the driver is always re-
sponsible for the control of the vehicle. The lane keeping systems are conceived to temporarily
correct the vehicle trajectory, or provide part of the steering torque, but these input signals
fade away if the driver does not react. Moreover, the current research developed in this field
and commercialised lane keeping systems operate only in relatively gentle lane departures, being
inefficient or even inactive when demanding direction changes are required.

The same limitation has been encountered in the bibliography review on vehicle lateral
control. Since most of the proposals are based on linear models for the lateral tyre forces and
designed for typically motorway scenarios, the assistance systems are not able to handle strong
lateral solicitations. Although some proposals exist using models that cover the whole domain
of lateral tyre force, their application is still limited either by the computational burden or
dependency on high cost equipment.

Driver steering assistance systems, that are capable of avoiding lane departure even in strong
lateral solicitation can be developed by the integration of the efficient safety aspects from ESC for
demanding manoeuvres, with the monitoring of the environment and driver awareness, existing in
the currently commercialised lateral assistance systems. For that, adequate models are required
to take into account the nonlinear behaviour of the lateral tyre forces. One possibility to take
into account the nonlinearities is through the use of piecewise affine systems, which is introduced
in the next chapter with the main theoretical tools used in the development of lateral assistance
systems.
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This chapter summarises the theoretical tools used in the design of the proposed driving
assistance systems. Firstly, dynamic systems of differential equations are defined, followed by the
concept of stability analysis based on Lyapunov functions. Such analysis and control synthesis
are usually casted as optimisation problems involving Linear or Bilinear Matrix inequalities
(LMI and BMI), therefore some important definitions involving convex optimisation as well as
the definitions of LMI and BMI are presented in the third section.

An overview of Hybrid systems, and its class called Piecewise Affine (PWA) systems is
detailed in the fourth section, while the last one presents the theoretical tool for Lyapunov
based analysis and control synthesis for this class of systems.

33



Chapter 3. Theoretical background for system control

3.1 Continuous dynamic systems

Definition 3.1.1 (Continuous dynamic system) A continuous dynamic system is charac-
terised by the differential equation

{

ẋ(t) = f(x(t), u(t), w(t))

y(t) = h(x(t), u(t), w(t)), t ∈ T ⊂ R
+,

(3.1)

where x ∈ R
n represents the state vector. The system input consists of the control input u ∈ R

nu

and the exogenous input w ∈ R
nw . The exogenous input may represent a disturbance, a reference

input or a noise that affects the system. The system output is described by the vector y ∈ R
ny ,

and f : Rn+nu+nw → R
n and h : Rn+nu+nw → R

ny are continuous vector fields.

Definition 3.1.2 (Continuous dynamic system trajectory) The trajectory of the contin-
uous dynamic system (3.1), is a continuous function, ξx : T → R

n, such that ξx is a solution of
equation (3.1) for the initial condition x(t0) = x0, and known u(t) and w(t).

Definition 3.1.3 (Linear continuous dynamic system) A linear continuous dynamic sys-
tem is described by:

{

ẋ(t) = A(t)x(t) +Bu(t)u(t) +Bw(t)w(t)
y(t) = C(t)x(t) +Du(t)u(t) +Dw(t)w(t), t ∈ T ⊂ R

+,
(3.2)

where A(t) ∈ R
n is the system dynamics matrix, Bu(t) ∈ R

n×nu is the control input matrix,
Bw(t) ∈ R

n×nw is the perturbation or reference matrix, C(t) ∈ R
ny×n is the observation ma-

trix, and Du(t) ∈ R
ny×nu and Dw(t) ∈ R

ny×nw are the transfer matrices from the input and
perturbation to the outputs.

If the matrices describing the linear continuous dynamic system (3.2) are constant, then the
system is called linear-time-invariant and it is represented by:

{

ẋ(t) = Ax(t) +Buu(t) +Bww(t)
y(t) = Cx(t) +Duu(t) +Dww(t), t ∈ T ⊂ R

+.
(3.3)

Having defined the dynamic systems, some theoretical tools for the stability analysis are
described in the subsequent section.

3.2 Lyapunov Stability

Lyapunov introduced in the late years of the 19th century a significant contribution to the
stability analysis of dynamic systems.

Considering an autonomous system:

ẋ(t) = f(x(t)), t ∈ R
+, (3.4)

its equilibrium points can be defined as:

Definition 3.2.1 (Equilibrium points) A state xeq is an equilibrium point of the system, if
once x(t0) = xeq, the system trajectory remains constant for all t ∈ [t0,∞). For autonomous
systems as in (3.4), the equilibrium points are the solutions of f(x(t)) = 0.

The definition of Lyapunov stability of the equilibrium point follows:
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3.2. Lyapunov Stability

Definition 3.2.2 (Lyapunov stability) An equilibrium point xeq is said to be:

• Lyapunov stable if for every ǫ > 0, there exists δ(ǫ) > 0, such that

||x(0) − xeq|| < δ ⇒ ||x(t)− xeq|| < ǫ, ∀t ≥ 0 (3.5)

• Unstable, if it is not stable,

• Asymptotically stable, if it is stable and δ can be chosen such that

||x(0)− xeq|| < δ ⇒ lim
t→+∞

x(t) = xeq, (3.6)

if the system convergence is bounded by an exponential decay, the equilibrium point is said
to be exponentially stable.

Remark 3.2.1 (Exponential stability for linear time-invariant systems)

Based on this stability concept, the following theorem has been developed:

Theorem 3.2.1 (Lyapunov stability theorem) Considering xeq = 0 an equilibrium point of
system (3.4) and D ∈ R

n a set containing the origin. Considering V (x) : D → R with continuous
first order derivative, such that:

V (0) = 0 and V > 0,∀x ∈ D − {0} (V is positive definite)

V̇ (x) ≤ 0,∀x ∈ D
(3.7)

Then, the equilibrium point xeq = 0 is locally stable. Moreover, if,

V̇ (x) < 0,∀x ∈ D − {0} (3.8)

then, the equilibrium point xeq = 0 is asymptotic stable.
If the set D corresponds the whole state space R

n then, the stability is said to be global.

The function V that satisfies the conditions (3.7) is called Lyapunov function.

Remark 3.2.2 (Coordinate change to place equilibrium point) Theorem 3.2.1 is stated
for an equilibrium point located at the origin, nevertheless if xeq 6= 0 for system (3.4), it is always
possible to perform a coordinate change z = x− xeq, to obtain an equivalent system:

ż = f(x) = f(z + xeq)
∆
= g(z) (3.9)

in which the solution of g(z) = 0 is zeq = 0.

It is important to note that satisfying conditions (3.7), and therefore the existence of a
Lyapunov function, is a sufficient condition to prove the stability of a dynamical system. On
the other hand, being unable to find a Lyapunov function does not necessarily imply that the
system is unstable.

Even though a Lyapunov function can often be constructed from conservation laws for many
dynamic systems, a general method for constructing a Lyapunov function for nonlinear au-
tonomous systems is still an open field of research. Often, quadratic forms for Lyapunov function
candidates are used in the control discipline [BGFB94].
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Chapter 3. Theoretical background for system control

3.2.1 Quadratic Lyapunov function

Before defining the quadratic function, the definition of an important property of matrices is
presented:

Definition 3.2.3 (Positive definite matrix) A symmetric matrix A ∈ R
n×n is said to be

positive definite, represented by A ≻ 0, if υTAυ > 0 for all υ ∈ R
n−{0}. A is said to be positive

semi-definite, denoted by A � 0 if the inequality is not strict (υTAυ ≥ 0)

A matrix A ∈ R
n×n is negative definite if −A ≻ 0. Analogously, it is negative semi-definite

if −A � 0
A positive definite quadratic function can be now defined as follows:

Definition 3.2.4 (Positive definite quadratic function) The function V : R
n → R is a

positive definite quadratic function if:

V (x) = xTPx, with P ∈ R
n×n, P = P T , and P ≻ 0. (3.10)

Since P is positive definite, the function V (x) is positive and radially unbounded, therefore
it can be used as a Lyapunov function candidate. If the second condition in (3.7) (i.e. V̇ (x) < 0)
holds, then V(x) is a quadratic Lyapunov function.

For the linear time-invariant systems (ẋ = Ax), the existence of a quadratic Lyapunov
function is not only a sufficient condition to prove the stability, it is a necessary condition.

Lemma 3.2.1 (Existence of a quadratic Lyapunov function) Considering a linear autono-
mous time invariant system ẋ = Ax, x ∈ R

n, A ∈ R
n×n. If A is Hurwitz, there exists a unique

solution to the Lyapunov equation:

ATP + PA = −Q (3.11)

for any Q definite positive, and the solution is:

P =

∫

∞

0
eA

T tQeAtdt (3.12)

Moreover, as Q is positive definite (Q ≻ 0), so is P (P ≻ 0).

3.2.2 Invariant sets

Invariant sets correspond to important properties, frequently used in the control discipline to
draw conclusions on the asymptotic stability of dynamical systems. The definition of an invariant
set can be expressed as:

Definition 3.2.5 (Invariant set [SL+91]) A set S is said to be invariant for a dynamical
system if every system trajectory that starts from a point in S remains in S for all future time.

It can be inferred that the equilibrium point of a dynamic system is an invariant set, as well
as its domain of attraction. The following theorem allows the study of convergence of dynamical
systems to cases more general than the equilibrium point.

Theorem 3.2.2 (Invariant set theorem [SL+91]) Consider an autonomous system of the
form (3.4), with f continuous, and let V (x) : D → R with continuous first order derivative.
Assume that:
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Figure 3.1: Convergence of the system trajectory to the invariant set L from the level curves of
a Lyapunov function.

• for some α > 0, the region S(α) = {x ∈ D : V (x) < α} is bounded.

• V̇ (x) ≤ 0 for all x ∈ S(α)

Let B be the set of all points within S(α) where V̇ (x) = 0, and L be the largest invariant set in
B. Then every solution x(t) originating in S(α) tends to L as t→∞.

The level curves of a Lyapunov function are invariant sets, described as S(α) = {x ∈ D :
V (x) ≤ α}, for α ∈ R,. Considering the invariant set S(α1) obtained from the level curve of
a Lyapunov function at t = t1. From the definition of an invariant set (3.2.5) every trajectory
starting in S(α1) does not leave this set. Since the Lyapunov function V (x) decreases along time
(i.e. V̇ (x) < 0,∀x ∈ D − {M}), the trajectories starting from S(α1) converge to a set S(α2) at
t = t2 for t2 ≥ t1 and S(α1) ⊂ S(α2).

Fig. 3.1 illustrates the geometrical interpretation of theorem 3.2.2 for a second order system.
It also shows the convergence of the system trajectory to the concentric invariant sets obtained
from the Lyapunov level curves.

If the set L corresponds to the equilibrium point, the system is asymptotically stable.

The computation of invariant sets and Lyapunov functions is often casted as LMI and BMI
optimisation problems. The main definitions and concepts involving these optimisations are
detailed in the next section.
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Figure 3.2: (a) Convex set, (b) Polytope and (c) Convex function

3.3 Linear and Bilinear matrix inequalities

As in a great variety of control problems, the algorithms used in the design of the proposed
driving assistance systems are based on convex optimisation problems.

The optimisation problems often involve various constraints, which can be expressed as linear
matrix inequalities (LMI). This concept was first introduced in the analysis of dynamical systems
by the work of Lyapunov from the 1890’s, discussing the stability of linear continuous dynamical
systems. These LMIs can be solved analytically by solving a set of linear equations.

Historically, other important advances of the use of LMI in control engineering appear in
the work of Luré (1940’s) applying Lyapunov’s method to a practical control problem of small
order that could still be solved ”by-hand”, and later in the 1960’s with the contributions of
Yakubovich, Popov and Kalman that proposed graphical criteria (which is nowadays called
positive-real lemma) for the solution of the LMI from Luré’s problem.

By the 1970’s an alternative solution for the LMIs in the positive-real lemma without the
graphic methods for the LMIs could be employed solving a certain Riccati equation. In the
next decade, it was observed that optimisation problems involving LMI constraints could be
formulated as convex optimisation problems and solved by an algorithm that guaranteed to
solve the problem [PS82]. Later on, interior-point algorithms were developed, solving linear
(convex) programs in polynomial-time [NN94].

Although there is in general no analytical solution for convex optimisation problems, very
efficient methods have been developed to solve them. Another advantage of convex optimisation
is the property that if a local optimal solution, subjected to convex constraints, is found, then
in fact it is the global optimal. Therefore it is largely employed in many fields, and frequently
used in control synthesis.

The main notions of convexity are introduced in this section, followed by definitions of the
convex optimisation problems involving LMIs and BMIs.

3.3.1 Convexity notions

Definition 3.3.1 (Convex set) A set C is convex if the line segment between any two points
in C lies in C, i.e., if for any x1, x2 ∈ C and any γ with 0 ≤ γ ≤ 1, the point γx1+(1−γ)x2 ∈ C.

Fig. 3.2 (a) illustrates a convex set for R2.

38



3.3. Linear and Bilinear matrix inequalities

Property 3.3.1 (Intersection of convex sets) The intersection of convex sets is also con-
vex, i.e, if C1 and C2 are convex set, then C = C1 ∩ C2 is convex.

Definition 3.3.2 (Hyperplane) A hyperplane is a set of the form:

H
∆
= {x ∈ R

n : hTx = g} (3.13)

with h ∈ R
n, h 6= 0 and g ∈ R.

A hyperplane divides Rn into two halfspaces. The halfspace is defined as follows:

Definition 3.3.3 (Halfspace) A halfspace is a set of the form:

Hs
∆
= {x ∈ R

n : hTx ≤ g}. (3.14)

Having defined the hyperplanes and halfspaces, the polyhedron can be defined.

Definition 3.3.4 (Polyhedron) A polyhedron is defined as solution of a finite number of linear
equalities and inequalities:

P
∆
= {x ∈ R

n : hTi x ≤ gi, i = 1, ..., p hTj x = gj , j = 1, ..., q} (3.15)

A polyhedron is the intersection of a finite number of halfspaces and hyperplanes, therefore
polyhedra are convex sets (see Property 3.3.1). When a polyhedron is bounded it is called
polytope.

Fig. 3.2 (b) shows a polytope in 2-D constructed by the intersection of 5 halfspaces.

Definition 3.3.5 (Ellipsoid) An ellipsoid is a convex set of the form:

ǫ(P, xc)
∆
= {x ∈ R

n : (x− xc)
TP (x− xc) ≤ 1} (3.16)

where P ∈ R
n×n, P = P T (symmetric matrix), and xc ∈ R

n

The vector xc determines the centre of the ellipsoid and the matrix Q = P−1 determines its
shape. The length of the semi-axes are given by the square-root of the eigenvalues of Q, and the
direction of the semi-axes are given by the eigenvectors of Q.

This description of an ellipsoid corresponds to the image of a unit ball under affine mapping.
Similarly, an ellipsoidal set can be described by

ǫ = {x ∈ R
n : ||Ex+ f || < 1} (3.17)

The conversion of description (3.16) to (3.17) is obtained by:

E = P−1/2, f = −Exc (3.18)

When E is singular, the set in (3.17) is called degenerated ellipsoid, and the dimension of f
corresponds to the rank of E. Degenerated ellipsoids are also convex.

Remark 3.3.1 (Quadratic Lyapunov function and ellipsoidal invariant set) If V (x) =
xTPx is a quadratic Lyapunov function for an autonomous system of the form (3.4), then the
corresponding level curves are ellipsoidal invariant sets, as follows:

S(α) = ǫ

(

1

α
P, 0

)

= {x ∈ R
n : V (x) = xT

(

1

α
P

)

x ≤ 1} (3.19)
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Definition 3.3.6 (Convex function) A function f : Rn → R is convex if its domain (denom-
inated Df) is convex and if for all x, y ∈ Df and γ with 0 ≤ γ ≤ 1 the inequality

f(γx+ (1− γ)y) ≤ γf(x) + (1 − γ)f(y) (3.20)

holds.

Geometrically, this inequality means that the line segment between (x, f(x)) and (y, f(y)),
which is the chord from x to y, lies above the graph of f (fig. 3.2-(c)).

Definition 3.3.7 (Affine function) A function f : Rn → R
m is affine if it is a sum of a linear

function and a constant, i.e., it has the form f(x) = Ax+ b, A ∈ R
m×n and b ∈ R

m.

For an affine function, the equality (3.20) always holds, so all affine functions are convex.

3.3.2 Convex optimisation problem

Definition 3.3.8 (Convex optimisation problem) A convex optimisation problem is described
as

minimise f0(x)
subject to fi ≤ 0 i = 1, ..., p

gj(x) = 0 j = 1, ..., q,
(3.21)

where f0, ..., fp and gj(x) for j = 1, ..., q are convex functions.

Equivalently, the problem consists of finding an x that minimises f0(x) among all x that
satisfy the inequality conditions (constraints) fi(x) ≤ 0, with i = 1, ..., p, and the equality
conditions (constraints) gj(x) = 0, for j = 1, ..., q. x ∈ R

n is the optimisation variable and
the function f0 ∈ R

n is the objective function or cost function. If there are no constraints the
problem (3.21) is said to be unconstrained.

Remark 3.3.2 (Feasibility problem) A feasibility problem consists of finding at least one
solution of the optimisation variable (not necessarily an optimal solution) that satisfies the con-
straints.

A fundamental property of convex optimisation problems is that:

Property 3.3.2 (Solution of convex optimisation problem) Any locally optimal point is
also globally optimal.

Having defined the convex optimisation problems, the class of constraints involving linear
matrix inequalities can be described.

3.3.3 Convex optimisation problem involving LMI

Definition 3.3.9 (Linear matrix inequalities (LMI)) A linear matrix inequality (LMI) has
the form:

F (x)
∆
= F0 +

p
∑

i=1

xiFi ≻ 0, (3.22)

where xi ∈ R
m are called decision variables, and the matrices Fi ∈ R

n×n are symmetric (i.e.,
Fi = F T

i ).
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Example 3.3.1 (Search of Lyapunov function for Linear time-invariant system)

Considering a linear time invariant system ẋ = Ax, a Lyapunov function candidate can be
V (x) = xTPx. Writing the Lyapunov conditions, the problem becomes:

find: P = P T

subject to: P ≻ 0
ATP + PA � 0

(3.23)

According to Lemma 3.2.1, when A is Hurwitz, there always exists a quadratic Lyapunov
function for a linear time invariant system ẋ = Ax. This lemma ensures the feasibility of the
LMI problem (3.23) for a Hurwitz matrix A.

Several solvers are available for solving LMIs on Matlab, such as LMIlab [Mat11] contained
in the robust control toolbox, or the freely distributed SeDuMi [Pol]. Modelling languages such
as Yalmip [Löf04] and CVX [GB11] (both freely distributed) are also available and are very
useful to convert the optimisation problems into a computing language.

Often the constraints describing an optimisation problem are nonlinear. Schur’s lemma can
be used to convert some nonlinear convex constraints into LMIs. When the constraints are strict
inequalities, the Schur’s lemma can be described as:

Lemma 3.3.1 (Schur’s Lemma) Considering the symmetric matrices Q(x) and R(x), the
matrix S(x) that depend affinely in x. The constraints

R(x) ≻ 0, Q(x)− S(x)R(x)−1S(x)T ≻ 0, (3.24)

is equivalent to the LMI:
[

Q(x) S(x)
S(x)T R(x)

]

≻ 0 (3.25)

Testing the feasibility of convex quadratic constraints can also be expressed as LMIs, using
the S-procedure:

Lemma 3.3.2 (S-Procedure) Considering quadratic functions ζi(x) : R
n → R for i = 0, ...g,

such that:

ζi(x) = xTPix+ 2vTi x+ ci, Pi ∈ R
n×n, Pi = P T

i , vi ∈ R
n, ci ∈ R. (3.26)

If there exist τj > 0 for j = 1, ...g such that:

ζ0(x)−
g
∑

j=1
τjζj(x) ≥ 0, ∀x ∈ R

n, then,

ζ0(x) ≥ 0 ∀x such that ζj(x) ≥ 0.

(3.27)

Applying the S-procedure may render the constraints conservative, but it is often useful to
express them as LMIs.

Nevertheless it is not always possible to cast the constraints as an LMI. Frequently the
problems are represented by bilinear matrix inequalities (BMI). The next section provides on
overview of problems involving these constraints.
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3.3.4 Optimisation problem involving BMI

Problems involving bilinear matrix inequalities are in general non convex, and consequently
algorithms to solve them were developed much later than the LMI problems [SGL94]. Intense
research has been carried out in this domain, and solvers are available for this kind of problem.
The framework of the algorithm [KS03] is based on the augmented Lagrangian method in which
the Lagrangian function is defined using a special penalty or barrier function.

A BMI problem can be described in the form:

Definition 3.3.10 (BMI optimisation problem) A BMI optimisation problem consists of

minimise υTx

subject to F0 +
m
∑

i=1
xiFi +

q
∑

j=1
pjHj +

m
∑

i=1

q
∑

j=1
xipjFiHj ≻ 0

(3.28)

where x ∈ R
m and p ∈ R

q are the decision variables and υ ∈ R
n, Fi = F T

i ∈ R
n×n with

i = 1, ...,m and Hj = HT
j ∈ R

n×n with j = 1, ..., q

It represents the search of x and p among all values that satisfy constraints (3.28) such that
the objective function υTx is minimised.

The modelling language Yalmip [Löf04] also supports the solver PENBMI [KS03] which is
able to handle BMI constraints.

3.4 Hybrid systems

In this section, an introduction of hybrid systems, more precisely the switched linear systems
is presented. It is followed by the historical achievements relating to piecewise affine systems
and finally, some tools for analysis and control synthesis for this class of hybrid systems are also
discussed.

3.4.1 An introduction to hybrid systems

Mathematical models are used to represent the physical behaviour of systems. Different models
may be used to represent the same phenomena, depending on the objectives of the study and
application. The choice of an adequate model is based on the tradeoff between the complexity
of the model and its efficiency to solve analysis and synthesis problems. In other words, if the
model is too simple, it may not capture the essential phenomena, but if it’s too detailed, it may
be very difficult to analyse and control it.

Traditionally, systems were modelled either by continuous dynamics or discrete dynamics.
Continuous dynamics are described by differential or difference equations, for example the torque
and power provided by an automobile engine and the heat transfer on an electrical resistance.
Discrete dynamics are described by logical components, such as a finite state machine, if-then-
else rules, propositional and temporal logic, for example the set of gear shift position in an
automobile gearbox and the on-off switch from a thermostat. However, a large proportion
of physical phenomena encountered in practice has an heterogeneous nature including both
characteristics, such as an automobile powertrain system, a temperature regulator and many
other applications.

The increasing demand on efficiency in the development of products and on performance
of industrial processes has motivated engineers to research and develop tools for analysis and
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synthesis of more complex models than the purely continuous or purely discrete. The advances
on computer science allow the use of software and mathematical process models to test systems
thoroughly in simulation before prototypes are built or experimental tests are carried out, which
can provide a significant reduction in cost and time to release or implement new applications.

The need for more adequate modelling, analysis and design tools has driven scientists to
investigate the dynamical systems that describe the interactions between continuous dynamics
and discrete dynamics, which are usually called ”hybrid systems”. Examples of system that are
hybrid in nature may include mechanical systems with collisions, diodes and switches, chemical
processes controlled by valves or pumps, and embedded computation systems, where digital
devices interact with an analogue environment.

Although some systems clearly have a hybrid nature, some classes of hybrid model can
also be used to represent nonlinear behaviour of purely continuous dynamical systems [Joh02b].
Moreover, the tools for analysis and synthesis of hybrid systems may be used to circumvent the
difficulties of working directly with the nonlinear model.

An overview of dynamics modelling, the elements of stability theory and the basics of control
for hybrid systems are presented in [GST09], and many applications can be found, for example,
air traffic control [TPS98], automotive control [BBdB+00, PL06, MEMNL10], bioengineering
[LTEP96, Bro93, YESG08], process control [EKSS00, KH08] , highway systems [HV00] and
manufacturing [PC00].

The interdisciplinary field of hybrid systems, has led to the development of different commu-
nities with different viewpoints. Computer science researchers tend to focus their studies on the
discrete behaviour of the system, while continuous dynamics are assumed to be relatively sim-
ple. On the other hand, researchers on system and control theory, tend to emphasise more the
properties of continuous states, regarding hybrid systems as continuous systems with switching.
Continuous-time systems with discrete switching events are referred to as switched systems.

Hence, hybrid systems can be classified in several specific categories. Regarding the switching
events in switched systems, they can be [Lib03]:

• State-dependent or time-dependent switching,

• Autonomous (non-controlled) or controlled switching.

Each of these classes is briefly described below.

State-dependent switching

State-dependent switching is characterised by the continuous state-space partitioned into a finite
or infinite number of operating regions, by means of a family of switching surfaces or guards. A
continuous dynamical system is associated with each region. Whenever the system trajectory
reaches a switching surface, the continuous state jumps instantaneously to a new value according
to a reset map. This is illustrated in Fig. 3.3 by the dashed lines, while the bold lines represent
the switching surfaces. When the reset map for a given transition is the identity, the state does
not instantaneously change to a new value, but usually it loses differentiability when crossing
the switching surface. This case is illustrated in Fig. 3.3 for the first switching of the trajectory.

Time-dependent switching

The time-dependent switching is a class of hybrid system in which the switches are activated
according to time functions. These functions have a finite number of discontinuities, called
switching times, on every bounded time interval, and take constant values on every interval

43



Chapter 3. Theoretical background for system control

Figure 3.3: State-dependent switching, represented by the state trajectory (red) with reset maps
(dashed) and switching surfaces (black thick lines)

between two consecutive switching times. The image of the time function is a finite index set.
The role of this function is to specify, at each time instant, the index of the active subsystem
(continuous dynamics). These switching instants can be prescribed a priori and fixed, or designed
arbitrarily by engineers. Fig. 3.4 illustrates a switching signal (the time function) which is
mapped in two index values, p1 and p2.

Autonomous and controlled switching

Autonomous switching refers to the situations where there is no direct control over the switch-
ing mechanisms that trigger the discrete switching. State-dependent switching systems with
predetermined switching surfaces and time-dependent switching systems with unknown rules to
define the switching signals are classified into the category of autonomous switching.

Controlled switching is represented by the situations in which the designer has control over
the switching mechanism (either in state- or time-dependent systems) as they may be adjusted
as the system evolves in order to achieve a desired behaviour.

The class of hybrid systems used in this thesis to model the vehicle dynamics consists of
an autonomous state-dependent switching system, also called piecewise affine system, which is
described in detail in the following section.

3.4.2 Piecewise affine systems

Piecewise affine systems consist of systems that have affine dynamics in different and non-
overlapping regions of the state-space. These systems are able to capture many of the frequent
nonlinearities and saturations from engineering systems (e.g. models for transistors and diodes),
and can also be efficient in approximating general nonlinearities arbitrarily closely [Joh02b].
Two further characteristics ease the deployment of PWA systems: firstly, PWA functions can be
efficiently implemented on inexpensive hardware; secondly, PWA systems and the corresponding
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Figure 3.4: Time-dependent switching

control laws have a simple form, that is similar to linear or affine control laws, and that engineers
in the industry are familiar with [BHL10].

Mathematically, continuous-time PWA systems can be described by:

ẋ(t) = Aix(t) +Buiu(t) +Bwiw(t) + ai
y(t) = Cix(t) +Duiu(t) +Dwiw(t)

(3.29)

where, similarly to (3.1), x(t) ∈ R
n is the state, u ∈ R

nu is the control input, w(t) ∈ R
nw is the

exogenous input, ai is an affine constant term and y(t) ∈ R
ny is the output. The state-space

is divided into M regions, denoted Ri for which the associated dynamics are described by the
index i ∈ I = {1, ...,M}.

These regions are usually described in terms of the state-space variables. More detailed
information about the cell description and their boundaries is presented in the sequel.

Boundary descriptions

Although the regions of a piecewise affine system can be of any shape, restrictions on their
geometry are often imposed in order to make it possible to analyse and control these systems.
Mainly convex sets are used to describe the regions, polytopes and ellipsoids being very powerful
for the analysis. These two shapes for the region boundaries are defined as follows

Definition 3.4.1 (Polytopic regions) Assuming that the partitions Ri of the state-space for
system (3.29) are polytopic cells, they can be described by the intersection of a finite number (pi)
of half-spaces [HB98, JR98], as follows:

Ri = {x|H
T
i x− gi < 0}, (3.30)
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where Hi = [hi1 hi2 ... hipi ] and gi = [gi1 gi2 ... gipi ]
T

When the polytopic regions are slab, they can be expressed as degenerated ellipsoids [HB98,
RB05], because they exactly describe the polytopic regions and often require fewer parameters
than (3.30), which is advantageous from a computational perspective.

Definition 3.4.2 (Ellipsoidal regions) The (degenerated) ellipsoids for the operating regions
can be described by:

Ri = {x| ||Eix+ fi||2 ≤ 1} (3.31)

Following the description in [RB05], if Ri = {x | di < cTi x < d̄i} then the degenerated
ellipsoid can be obtained by Ei = 2cTi /(d̄i − di) and fi = −(d̄i + di)/(d̄i − di).

Remark 3.4.1 For the unbounded regions in the direction of the state variables that explicitly
define the subsystem boundaries, the values of d̄i and di must be specified such that they are
beyond the physical limitation of the system. More details are provided in [HB98].

The following example shows how to convert the slab polytopic regions into ellipsoidal re-
gions.

Example 3.4.1 (Converting slab polytopic cell boundaries to ellipsoidal cell boundaries)
Considering a second order PWA systems with M = 3 and operating regions described by:

R1 = {x | H
T
1 x− g1 < 0}, HT

1 =
[

1 −1
]

, g1 = −b

R2 = {x | H
T
2 x− g2 < 0}, HT

2 =

[

−1 1
1 −1

]

, g2 =

[

b
b

]

R1 = {x | H
T
3 x− g3 < 0}, HT

3 =
[

−1 1
]

, g3 = −b

(3.32)

as shown by the dashed green lines in Fig. 3.5.
The hyperplanes defining the regions are parallel, and it can be noticed that region R2 is

bounded on the direction of the vectors normal to the hyperplane and unbounded on the tangent
direction. Considering cT2 = [1 − 1], given by the direction of the normal vector, with bounds at
the values d2 = −b and d̄2 = b. According to Ei = 2cTi /(d̄i − di) and fi = −(d̄i + di)/(d̄i − di),
it is possible to obtain E2 = [1/b − 1/b] and f2 = 0, according to Ei = 2cTi /(d̄i − di) and
fi = −(d̄i + di)/(d̄i − di). Only a lower and an upper bound exists respectively for region For
regions R1 and R3 on the direction of c1 = c3 = c2. In order to obtain an ellipsoid with
finite volume in the direction of c1 = c3, it is necessary to choose the values of d̄1 and d3 (see
Remark 3.4.1). Supposing that in practise, the system is limited to the dashed blue lines in

Fig. 3.5, one can choose for R1: d1 = b and d̄1 = a, resulting in E1 = 2[1 −1]
a−b and f1 = −a+b

a−b .

For R3, d̄3 = −b and d3 = −a, resulting in E3 =
2[1 −1]
−b+a and f3 = −

−b−a
−b+a .

The cell boundaries can be parametrised as a subset of the state-space:

Definition 3.4.3 (Cell boundary parametric description) Each facet boundary between the
neighbouring regions Ri and Rj is contained in the hyperplanes described by:

{x|cTijx− dij = 0}. (3.33)

and the boundary parametric description can be obtained by:

R̄i ∩ R̄j ⊆ {lij + Fijs / s ∈ R
n−1} (3.34)

where Fij ∈ Rn×n−1 (full rank) is the matrix whose columns span the null space of cij , and
lij ∈ R

n is given by lij = cij(c
T
ijcij)

−1dij

46



3.5. Tools for analysis and control of piecewise affine systems

b
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x1

x2

R1 R2 R3

Figure 3.5: Cell boundaries (dashed green lines) for a second order PWA system and physical
limit of the system (dash-dotted blue lines)

.

Having defined a PWA system and its operating regions, PWA system analysis and control
are discussed in the next section.

3.5 Tools for analysis and control of piecewise affine systems

In this section a historical background of PWA systems is presented, with emphasis on the
Lyapunov based methods. Theoretical tools for PWA systems analysis and control synthesis
based on quadratic and piecewise quadratic Lyapunov functions are also described.

3.5.1 Previous work on Piecewise affine systems

The research and application of piecewise affine systems dates from the late 40’s. In the work of
[AC49] tools from Poincaré were used in the investigation of oscillations in nonlinear systems.
Practical benefits of piecewise affine systems were noticed in [Sch53] which provides a discussion
on piecewise linear servomechanisms. Saturation of linear systems has been considered in the
work [Kal54]. In this work the saturated systems were considered as a series of linear regions in
state-space, which were separated by switching boundaries. The same concept was used some
decades later in [Joh02b] and other researchers, which has provided significant contribution for
the control theory community.

In the 60’s some research was devoted to piecewise affine systems, for instance [Pop61]
on absolute stability, [Fil88] on differential equations with discontinuous right-hand side and
[FL68] on optimal control. However it was not until the 70’s that piecewise affine systems were
considered as a class of model by the circuit community [CK77, Bok81] with the increasing need
to efficiently simulate and analyse large scale circuits with diodes and other piecewise affine
elements.

In the early 80’s, [Son81] presented some pioneering work in the analysis of discrete-time
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piecewise affine systems, exploiting properties of affine mappings and polyhedral sets. Similar
ideas were employed later in [Kan97] for the analysis of robustness of discrete-time PWA systems.

Lyapunov based techniques have been applied to analysis and control synthesis of discrete-
time PWA systems. In the article [LJ09], a methodology is presented to relax the conditions
of finding a control Lyapunov function that renders the discrete-time system stable. Instead
of computing off-line global Lyapunov function, the focus is on the synthesis of time-variant
Lyapunov functions, by solving an online optimisation problem. Such trajectory-dependent
Lyapunov functions, which are allowed to be locally non-monotone, can be thus derived. Still
considering time-discrete systems, analysis and control design tools based on Lyapunov methods
can be found in [MFTM00, FTCMM02, DRI02, dBBvdM+08, LHT09].

Another widespread technique to construct state feedback controllers for discrete-time piece-
wise affine systems is through the use of MPC theory. A compact overview of the state-of-the-art
for MPC methods for synthesis of PWA control law is provided in [BHL10] and references therein.
It presents the equivalence of different hybrid automata descriptions, such as mixed logical dy-
namical (MLD) systems, linear complementarity (LC) systems, extended linear complementar-
ity (ELC) systems, piecewise affine (PWA) systems, and max-min-plus scaling (MMPS) systems
(more details in [HSB01]). Moreover, it also shows the computational techniques for solving
hybrid MPC problem involving Mixed-Integer Quadratic Problems (details in [BM99]), when
quadratic cost is considered, or Mixed-Integer Linear Problems (details in [BBM00]) when 1−
or ∞−norms are used.

Regarding the PWA systems with continuous-time dynamics, [Pet97] proposed a technique
based on vector fields to provide a qualitative analysis of the overall system dynamics, indicating
sliding modes, probable limit cycles and instabilities.

In the late 90’s, [BT99] showed that the analysis of even some simple PWA systems is either
a N-P hard problem or undecidable. For this reason, it is not expected that algorithms for
the exact solution of PWA systems analysis can be employed within polynomial time. On the
other hand, analysis methods have been developed to cast the search of a Lyapunov function
(to prove stability and verify invariant sets) as a convex optimisation program. These problems
typically involve Linear Matrix Inequalities (LMIs) [BGFB94] and bilinear matrix inequalities
(BMIs) [SGL94, GSP94]. The LMI problems can be efficiently solved using polynomial-time
algorithms. These methods do not guarantee that a Lyapunov function can be found, however,
if one is found then it guarantees a certain system performance.

Some applied research has been devoted to the use of piecewise affine systems for automotive
applications, as presented in the sequence.

Piecewise affine control applied in automotive systems

Some applications of piecewise affine control can be found in the automotive domain. Discrete-
time piecewise affine models are used in control strategies to minimise the effects of oscillations
and vibrations (Bonanza effect) in automotive powertrains with backlash [HWBK06]. Also re-
lated to powertrain, in [GRB+06] model predictive control techniques based on mixed-integer
quadratic optimisation are used to manage the air-to-fuel ratio and torque in advanced technol-
ogy gasoline direct-injection stratified-charge engines.

In the framework of driving assistance systems, [CDS07] presents a comparison of control
methods based on tuned proportional-integral action and on model predictive control, developed
for linear and piecewise affine systems for an adaptive cruise controller application.

The longitudinal tyre forces are approximated by piecewise affine functions in [BBFH01]
for traction control using an MPC control strategy. The discrete-time piecewise affine model is
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converted into an equivalent mixed-logical-dynamics system [BM99, HSB01], and the algorithms
in [BBM00] are used to implement an explicit PWA form of the MPC law.

Similarly, the lateral tyre forces have been modelled as piecewise affine systems in [BCBT09]
and in [PMB10], as described in Section 2.2.1 (Combined active steering and differential braking)
for the design of a yaw rate controller based on the actuation of a steer-by-wire active steering
system and differential wheel braking.

The more recent research and the state-of-the-art for analysis and control of continuous-time
PWA systems based on the Lyapunov technique are presented in the following.

Lyapunov based techniques for piecewise affine systems

The work of [PD91] is possibly the first attempt to apply Lyapunov based methods on piecewise
affine systems. Analysis methods for PWA systems based on common quadratic Lyapunov
function have been investigated by many researchers. Necessary and sufficient conditions for the
existence of a common quadratic Lyapunov function for two stable linear systems in the plane
are discussed in [SN99]. These results were extended in [SNM03] for a finite number of stable
linear-time-invariant systems. In [Lib03], Lie-algebraic conditions are presented for the existence
of a common Lyapunov function for switched linear systems, and if they are solved the system
is stable under arbitrary switching.

Extending these results on piecewise linear systems to systems containing affine terms,
[HB98, Joh99] provided methods based on LMI optimisation algorithms for the computation
of a common Lyapunov function for piecewise affine systems whose regions are described by
polyhedral cells. A synthesis method for a piecewise linear state feedback controller is provided
in [HB98] when the operating regions are slab, and [RB05] extends the results for a piecewise
affine controller.

The discontinuous nature of hybrid systems has lead researchers to investigate the existence
of multiple Lyapunov functions. Similarly to the case for the common Lyapunov function,
in [HB98, Joh99] LMI based methods are provided for system analysis based on a piecewise
quadratic Lyapunov function. The Lyapunov conditions are exploited in each of the polyhedral
operating regions through the S-Procedure, and constraints are added to enforce continuity on
the boundaries.

Control synthesis possibilities have also been proposed based on piecewise quadratic Lya-
punov functions. Considering only piecewise linear systems, the authors in [DY08] proposed a
method based on the Reciprocal Projection Lemma which is able to recover the linearity for the
PWA systems that have a single equilibrium. For more general piecewise affine systems, a piece-
wise linear state feedback control law can be designed using convex optimisation with piecewise
quadratic cost functions [RJ00]. In this procedure, Hamilton-Jacobi-Bellman inequalities are
used to obtain lower bounds on the optimal cost, which serve as a suboptimal solution to the
control problem. The control laws performance can be improved by further refinements of the
partitioning. An extension of this work is proposed by [MH04] to take into account switching
laws that depend not only on the system states, but also on exogenous inputs.

Piecewise affine state and output feedback controllers are proposed by [RH03] in which
the control synthesis can be casted as an optimisation problem with BMI constraints once the
equilibrium point of the closed-loop systems for each operating region has been previously chosen.

A specific technique for state feedback control of piecewise affine systems on simplices and
rectangles is proposed in [HvS01].

As an alternative to the quadratic forms of Lyapunov function candidates, [Joh99] presents
a stability analysis for piecewise affine systems based on piecewise linear Lyapunov functions,
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which can be computed using linear programing.

PWA analysis and control synthesis based on quadratic and piecewise quadratic Lyapunov
functions are presented below.

3.5.2 Lyapunov stability of piecewise affine systems

Throughout the methods for analysis and control synthesis presented in this section, it is assumed
that the origin is the equilibrium point of the PWA system (3.29). A coordinate change as shown
in Remark 3.2.2 is also possible if the origin is not the equilibrium point of the system.

It is important to note that switching plays a key role in the stability of PWA systems. If
the dynamics of each subsystem are stable, it does not necessarily imply that the dynamics of
the whole system are also stable. The following example shows how switching may influence the
stability of the PWA system.

Example 3.5.1 (Influence of switching on the system stability) [Lib03] Considering the
Hurwitz matrices A1 and A2 (with the same eigenvalues) as follows:

A1 =

[

−0.1 5

−1 −0.1

]

and A2 =

[

−0.1 1

−5 −0.1

]

(3.35)

and the piecewise linear systems:

ẋ =







A1x, x1x2 < 0

A2x, x1x2 ≥ 0
(3.36)

where the state vector is x = [x1, x2]
T . The system trajectories for the same initial state of the

autonomous linear systems ẋ = A1x and ẋ = A2x are shown in the plots of Fig. 3.6 (a,b). It
can be noticed from the trajectory of the PWL system (3.36), plotted in Fig. 3.6 (c), that the
switching is stable.

On the other hand, by interchanging the operating regions of the PWA system, the resulting
system becomes:

ẋ =







A1x, x1x2 ≥ 0

A2x, x1x2 < 0
(3.37)

The system trajectory of (3.37) from the same initial state is displayed in Fig. 3.6 (d), and it
can noted that under this switching rule the stable dynamics A1 and A2 render the PWA system
(3.37) unstable.

The stability of piecewise affine systems can be proved by the existence of a Lyapunov
function. Often, quadratic forms for Lyapunov function candidates are used in the control
discipline [BGFB94] and also applied for piecewise affine systems.

Quadratic Lyapunov stability

Considering (3.29) with u = 0 and w = 0, a quadratic Lyapunov function candidate can be
described as:

V (x) = xTPx, with P ∈ R
n×n, P = P T , and P ≻ 0. (3.38)
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(a) (b)

(c) (d)

Figure 3.6: System trajectories from the same initial conditions for the stable linear autonomous
systems (a) ẋ = A1x, (b) ẋ = A2x and for (c) the PWA system (3.36) under stable switching
and (d) the PWA system (3.37) under unstable switching. The shaded regions represent the
operating regions of A1.

Moreover it is required that V decreases along the trajectories of (3.29), equivalent to dV (x)
dt <

0. Supposing that u = 0 and w = 0, then dV (x)
dt becomes:

dV (x)
dt = (Aix+ ai)

TPx+ xTP (Aix+ ai)

=

[

x
1

]T [
AT

i P + PAi Pai
aTi P 0

] [

x
1

]

,
(3.39)

In order to take into account the switching boundaries, it is required that the Lyapunov
conditions are valid on each of the operating regions of (3.29), described either by ellipsoidal cell
boundaries (3.31) or polytopes (3.30). Expressing these conditions in quadratic forms allows the
use of the S-procedure (3.3.2) to describe these constraints as an LMI feasibility problem.

Lemma 3.5.1 (Local quadratic stability for PWA systems) Considering system (3.29) with
u = 0, w = 0, its equilibrium point located at the origin, i.e. xeq = 0 and its regions described
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as (3.31). If there exists a symmetric matrix P = P T , and negative scalars λi such that:











P ≻ 0, λi < 0, i = 1, ...,M
[

PAi +AT
i P + λiE

T
i Ei Pai + λiE

T
i fi

(Pai + λiE
T
i fi)

T −λi
(

I − fTi fi
)

]

≺ 0
(3.40)

Then the PWA system is locally asymptotically stable [HB98].

Remark 3.5.1 For the regions containing the origin, the condition of negative decay rate sim-
plify to the standard Lyapunov condition, PAi +AT

i P ≺ 0

If it is not possible to obtain the ellipsoidal description of the regions (3.31), and only the
polytopic description (3.30) is available, the same procedure can be used to cast the search of
a quadratic Lyapunov function as an LMI problem. In this case, the conditions (3.40) must be
replaced by:











P ≻ 0, i = 1, ...,M
[

PAi +AT
i P + H̄T

i ΛiH̄i Pai − H̄
T
i Λiḡi

(Pai − H̄
T
i Λiḡi)

T ḡTi Λiḡi

]

≺ 0
(3.41)

where Λi is a matrix with non-negative entries, H̄i = [0 hi1 hi1 ... hipi ]
T and ḡi = [1 gi1 gi1 ... gipi ]

T

[HB98].

See Appendix A for details on how to describe the polytopic cell boundaries in a quadratic
form. The polytopic description of cells allows the operating regions to be unbounded. In this
case, the regions may cover the whole state-space and global stability conditions can be checked.
Remark 3.5.1 is also valid for the proof of stability using polytopic cell boundaries.

Lemma 3.5.2 (Global quadratic stability for PWA systems) Considering system (3.29)

with u = 0, w = 0 and cell polytopic description (3.30). If R =

{

M
⋃

i=1
Ri = R

}

and (3.41) holds,

then the system is globally asymptotically stable.

Example 3.5.2 (Global quadratic stability) Solving the feasibility problem (3.41) on the
PWL system (3.36) leads to the quadratic Lyapunov function:

V (x) = xTPx, with P =

[

10.2310 0.0000
0.0000 10.2310

]

(3.42)

Since the regions cover the whole state-space, recalling Lemma 3.5.2, it can be concluded that
system (3.36) is globally asymptotically stable

However when attempting to solve the LMI (3.41) for the PWL system (3.37), no feasible
solution could be found.

These conditions may be very conservative, as a single Lyapunov function candidate must
satisfy the stability conditions for all the piecewise affine dynamics simultaneously. One possi-
bility to circumvent this limitation is the search for piecewise quadratic Lyapunov functions.
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Piecewise quadratic stability

Considering a piecewise quadratic function:

V (x) = xTPix+ 2qTi x+ ri, Pi ∈ R
n×n, Pi = P T

i , qi ∈ R
n, ri ∈ R. (3.43)

with the index i representing the regions of the piecewise affine system.
In order to ensure the continuity of the piecewise quadratic Lyapunov function across the

boundaries of the regions Ri, the parametric boundary description from Definition 3.4.3 can be
used [HB98].

The continuity is enforced by the equality constraints.


















F T
ij (Pi − Pj)Fij = 0

F T
ij (Pi − Pj)lij + F T

ij (qi − qj) = 0

lTij(Pi − Pj)lij + 2(qi − qj)
T lij + (ri − rj) = 0

(3.44)

In order to satisfy the conditions for Lyapunov stability, it is required that Pi ≻ 0 and
dV (x)
dt < 0, in each of the regions, Ri. Considering ellipsoidal cell description (Definition 3.4.2)

and applying the S-procedure, these conditions correspond to the LMIs:































λi > 0, γi < 0, i = 1, ...M
[

Pi + λiE
T
i Ei qi + λiE

T
i fi

(qi + λiE
T
i fi)

T ri + λi(f
T
i fi − 1)

]

≻ 0

[

AT
i Pi + PiAi − γiE

T
i Ei Piai +AT

i qi − γiE
T
i fi

(Piai +AT
i qi − γiE

T
i fi)

T 2aTi qi − γi(f
T
i fi − 1)

]

≺ 0

(3.45)

If the cells are described by polytopes, the corresponding LMIs are:






























i = 1, ...M
[

Pi − H̄
T
i ΛiH̄i qi + H̄T

i Λ
T
i ḡi

(qi + H̄T
i Λiḡi)

T ri − ḡ
T
i Λiḡi

]

≻ 0

[

AT
i Pi + PiAi + H̄T

i ΓiH̄i Piai +AT
i qi − H̄

T
i ΓiH̄i

(Piai +AT
i qi − H̄

T
i ΓiH̄i)

T 2aTi qi + ḡTi Γiḡi

]

≺ 0

(3.46)

where Λi and Γi are matrices containing non-negative entries.

Theorem 3.5.1 (Piecewise quadratic stability) Considering system (3.29) with u = 0,
w = 0 and regions described as (3.31), if there exist symmetric matrices Pi = P T

i , for i =
1, ...,M , such that conditions (3.44) and (3.45) or (3.44) and (3.46) hold, then the system is
asymptotically stable.

Remark 3.5.2 (Global piecewise quadratic stability of PWA system) If the regions of
the PWA system are unbounded, covering the whole state-space, and theorem 3.5.1 is verified,
then the PWA system is globally asymptotically stable.

Changing the boundaries of the PWA system from example 3.5.1, it is possible to find a case,
shown in the following example, in which the dynamics are stable but the quadratic stability
fails. On the other hand, a piecewise quadratic Lyapunov function can be found to prove the
stability
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Example 3.5.3 (Piecewise quadratic stability) [Joh99] Considering the PWA affine sys-
tems

ẋ =

{

A1x, x ∈ R1 or R3

A2x, x ∈ R2 or R4

(3.47)

where A1 and A2 as in equation (3.35) and operating regions as illustrated on Fig. 3.7. The
same figure depicts the trajectory from an initial state. Applying conditions (3.41) on system
(3.47) leads to an infeasible problem. Nevertheless the theorem 3.5.1 holds, resulting in:

P1 = P3 =

[

14.1924 0.0000

0.0000 70.6969

]

and P2 = P4 =

[

70.6969 0.0000

0.0000 14.1924

]

(3.48)
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Figure 3.7: (a) Trajectory of the PWA system (3.47) (in blue) and invariant sets corresponding to
the piecewise quadratic Lyapunov function level curves (in red dotted); (b) Piecewise quadratic
Lyapunov function.

It can be noticed in Fig. 3.7, that it is not possible to find ellipsoidal invariant sets (obtained
from the quadratic Lyapunov function) that ensure that once the trajectory reaches the set, the
system state will remain in it. However the level curves of the piecewise quadratic Lyapunov
function (plotted in red dotted lines in Fig. 3.7) satisfy the invariant set properties.

Having described some tools for analysis of PWA systems, some methods for control synthesis
are described in the sequel.

3.5.3 State feedback control for piecewise affine systems

Two methods for synthesis of state feedback controllers based on Lyapunov functions are pre-
sented in this section. The first method, introduced by [HB98] allows the design of a piecewise
linear controller based on a single quadratic Lyapunov function through an LMI optimisation
procedure. The second method presented was developed by [RH03]. It considers a piecewise
affine controller based on a piecewise quadratic Lyapunov function. It is formulated as a BMI op-
timisation problem which can be transformed into two LMIs that are solved in iterative fashion,
when some terms are fixed a priori.
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The exogenous input w(t) (see (3.29)) is not explicitly taken into account in neither of
these methods. Nevertheless, differential inclusions [BGFB94, Joh99] and norm bounds on
approximation errors [Joh99, Rod02] can be used to guarantee the robustness of the synthesis.

State feedback control based on quadratic Lyapunov function

Considering a PWA system such as (3.29) with w = 0 and slab operating regions described as
(3.31), a PWL full state feedback controller of the from (u = Kix) can be designed based on a
quadratic Lyapunov function (3.38) using LMI optimisation procedure [HB98]. In this case the
closed-loop dynamics become:

ẋ(t) = (Ai +BiKi) x(t) + ai (3.49)

Using the results from (3.40) and performing the variable change Q = P−1 and Yi = KiQ,
the following theorem can be derived.

Theorem 3.5.2 (Piecewise linear state feedback control) if there exists a matrix Q =
QT > 0; negative scalars µi < 0 such that:

Q = QT ≻ 0
µi < 0 (scalar)

[

AiQ+QAT
i +BiYi + Y T

i B
T
i − µiaia

T
i QET

i + µiaif
T
i

(

QET
i + µiaif

T
i

)T
−µi

(

I − fif
T
i

)

]

≺ 0,
(3.50)

then the feedback u = Kix with Ki = YiQ
−1 renders the PWA system (3.49) exponentially stable

[HB98].

Remark 3.5.3 The same problem can be changed in order to have a common state feedback
gain for all regions. For that, the term Yi is replaced by a single variable Y . On the other hand,
it may restrain the set of feasible solutions, rendering the problem more conservative.

Remark 3.5.4 An objective function can be included in the LMI, in order to obtain more sat-
isfactory performance of the controller, rather than simply solving the feasibility problem. For
example, maximise the decay rate of the Lyapunov function.

Similarly to the analysis of stability, the control synthesis may become less conservative if
piecewise quadratic Lyapunov functions are used, as described below.

State feedback control based on piecewise quadratic Lyapunov function

For the control synthesis based on a piecewise quadratic Lyapunov function, it is important
to note that it is not evident to perform the variable changes applied in theorem 3.5.2 to re-
cover convexity. The difficulty lies in finding a parametrisation for the inverse of the piecewise
quadratic Lyapunov function in order to ensure its continuity (see equations (3.44)).

In the method developed in [RH03], a generic piecewise affine state feedback controller, such
as:

u = Kix+mi (3.51)

is considered in the controller design based on a piecewise quadratic Lyapunov function for the
piecewise affine system (3.29), without perturbations
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Remark 3.5.5 (Piecewise affine control input) The affine term in (3.51) is used to control
the PWA systems to arbitrary equilibrium points, rather than the origin. Although a coordinate
change can be performed (as described in Remark 3.2.2) so that the equilibrium point is located
at the origin, for PWA systems it would require a change in coordinates for each subsystem and
changing also the boundaries of the operating regions, which can render the system analysis and
control synthesis quite cumbersome.

The closed-loop equations become:

ẋ = (Ai +BiKi)x+ (ai +Bimi) = Āix+ b̄i (3.52)

The matrix Āi of the closed loop system must be designed such that each region has a single
equilibrium point denoted xieq. This condition is mathematically expressed by:

(Ai +BiKi)x
i
eq + (ai +Bimi) = 0 (3.53)

The piecewise quadratic function (3.43) is a Lyapunov function if conditions (3.7) are verified.
Alternatively, these conditions can be expressed as:

x ∈ Ri,

{

Vi(x) > ǫ||x− xeq||2

d
dtVi(x) < −αiVi(x),

(3.54)

where xeq is the closed-loop system equilibrium point, αi is the Lyapunov function decay rate
for region Ri, and ǫ ≥ 0 is fixed.

Applying the S-Procedure (lemma 3.3.2), the conditions of stability, for a system with ellip-
soidal boundaries (3.31), can be written as:

λi > 0, γi > 0

[

Pi − ǫIn + λiE
T
i Ei qi + ǫxeq + λiE

T
i fi

∗ ri − ǫx
T
eqxeq + λi(f

T
i fi − 1)

]

≻ 0 (3.55)

[

ĀT
i Pi + PiĀi − γiE

T
i Ei + αiPi Pib̄i + ĀT

i qi − γiE
T
i fi + αiqi

∗ 2b̄Ti qi − γi(f
T
i fi − 1) + αiri

]

≺ 0 (3.56)

Since the equilibrium point of each region must be the extrema of the candidate piecewise
quadratic Lyapunov function [HB98], when xieq ∈ Ri, the following replacements must take place
in constraints (3.44), (3.55) and (3.56):

qi ← −Pix
i
eq

ri ← ri + xieq
T
Pix

i
eq

(3.57)

Considering as an objective function the maximisation of the decay rates αi, the controller
synthesis can be cast as an optimisation problem, as follows:

maximise: min
i
αi

subject to: (3.53), (3.44), (3.55), (3.56)
ǫ > 0, γi > 0, λi > 0, αi > 0,
−l1 < Ki < l1, −l2 < mi < l2

(3.58)
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where l1 and l2 are vector bounds.
Such optimisation problem is not convex, due to terms such as PiBiKi in constraint (3.55)

and Pix
i
eq in equality constraint (3.57). By choosing the equilibrium points of each subsystem a

priori, constraints (3.57) become linear and the constraints of the optimisation problem (3.58)
simplify to BMI.

Theorem 3.5.3 (PWA state feedback control synthesis, from [RH03]) Assume the Lya-
punov function (3.43) is defined in X ⊆ R

n. If there is a solution to the design problem (3.58),
the closed-loop system is locally asymptotically stable inside any subset of the largest level set of
the control Lyapunov function (3.43) that is contained in X ∈ R

n. If ǫ > 0, then the convergence
is exponential. If, furthermore, X = R

n then the exponential stability is global.

Proof 3.5.1 (Proof of Theorem 3.5.3) Any level set of a Lyapunov functio is an invariant
set for the system. Since the derivative of the Lyapunov function (well defined in the interior
of the polytopic regions) is made strictly negative in the optimization problem in (3.58), the
invariant sets of the system are also regions of attraction. Thus if ǫ > 0 then |x − xeq| ≤
ǫ−1V (0)e−ι, where ι = min

i
αi, which proves local exponential convergence when X ⊂ R

n. If,

X = R
n then the esxponential stability is global, because (3.43) is radially unbounded.

Remark 3.5.6 (Choice of equilibrium points of Ri [RHH00]) In order to ensure that the
closed loop system has a single equilibrium point, xeq, all other equilibrium points (xieq) must be
chosen outside their respective regions. A method for choosing the equilibrium points is proposed
in [Rod02].

Although algorithms to solve BMI problems for the optimal solution exists [GTS+94], they
usually run in non-polynomial time, and are very restrictive for medium/large number of poly-
topic regions. Alternatively, algorithms that eqch iteration run in polynomial-time can be used
for local solutions, and the problem may be solved in a reasonable computational time, as for
instance the V-K iteration [BH98].

Remark 3.5.7 (V-K iteration method) It is possible to convert this BMI problem into an
LMI when some parameters are fixed constant.

V-step: Given a fixed controller, and a fixed αi, solve:

Find: Pi, qi, ri

subject to: (3.44), (3.55), (3.56),

ǫ > 0, γ1 > 0, λ1 > 0,

(3.59)

K-step: For Pi, qi and ri fixed at the previous step, solve:

maximise: min
i
αi

subject to: (3.53), (3.55), (3.56),

ǫ > 0, γ1 > 0, λ1 > 0, αi > l0 > 0,

−l1 < Ki < l1, −l2 < mi < l2,

(3.60)

For each iteration of the K-step, the decay rates, αi must be greater than the value computed
in the previous iteration. The loop must be repeated until there is no significant improvement
on the cost or the LMIs become infeasible.
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Remark 3.5.8 (Continuity of control input along system boundaries) The control in-
put can be forced to be continuous along the boundaries using the constraint:

(Ki −Kj)Fij = 0

(Ki −Kj) lij + (mi −mj) = 0
(3.61)

for all neighbour regions Rj of each operating region Ri.

In many practical cases, not all the system states are available for measurement, either
because the variable cannot be measured or because the existing sensors are too costly to be
employed. In this case, output feedback control techniques provide possibilities to circumvent
this drawback. A efficient method for synthesis of output feedback control for PWA system,
introduced by [RH03] is presented below.

3.5.4 Output feedback control for piecewise affine systems

A PWA dynamic output feedback controller can also be designed to control system (3.29) in the
absence of perturbations w(t). For this, the state-space representation of the controller in each
region has the form:

{

ẋc(t) = Acixc + Liy + bci
u = Kixc +mi

(3.62)

The closed loop system can be expressed in the same form as in (3.52), by defining an

augmented state x̃
∆
= [x, xc]

T , hence:

˙̃x = Ãix̃+ b̃i (3.63)

where:

Ãi =

[

Ai BiKi

LiCi Aci

]

and b̃i =

[

ai +Bimi

bci

]

(3.64)

Similarly to the state feedback case, the matrix Ãi must be designed so that (3.63) has a
single equilibrium point, denoted x̃ieq, for each of the operation regions of the PWA system. The
corresponding constraint is:

Ãix̃
i
eq + b̃i = 0 (3.65)

The candidate PWQ Lyapunov function for the augmented system (3.63) has the form:

Vi(x) = x̃T P̃ix̃+ 2q̃Ti x̃+ r̃i. (3.66)

where P̃i = P̃ T
i , P̃i ∈ R

2n×2n, q̃i ∈ R
2n and r̃i ∈ R.

The conditions of positive definiteness and negative first derivative along the system trajec-
tories (3.54) can be rewritten using the S-procedure (lemma 3.3.2), and are expressed as:

λi > 0, γi > 0

[

P̃i − ǫIn + λiẼ
T
i Ẽi q̃i + ǫx̃eq + λiẼ

T
i fi

∗ r̃i − ǫx̃
T
eqx̃eq + λi(f

T
i fi − 1)

]

≻ 0 (3.67)

[

ÃT
i P̃i + P̃i + Ãi − γiẼ

T
i Ẽi + αiP̃i P̃ib̃i + ÃT

i q̃i − γiẼ
T
i fi + αiq̃i

∗ 2b̃Ti q̃i + αir̃i − γ1(f
T
1 f1 − 1)

]

≺ 0 (3.68)
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where Ẽi = [Ei, 0].

The conditions to ensure the continuity of (3.66) across the boundaries become:











F̃ T
ij (P̃i − P̃j)F̃ij = 0

F̃ T
ij (P̃i − P̃j)l̃ij + F̃ T

ij (q̃i − q̃j) = 0

l̃Tij(P̃i − P̃j)l̃ij + 2(q̃i − q̃j)
T l̃ij + r̃i − r̃j = 0

(3.69)

where F̃ij and lij are the parametric description of the boundaries (see Definition (3.4.3)),
adjusted to the augmented system as follows:

F̃ij =

[

Fij 0
0 I

]

and l̃ij =

[

lij
0

]

(3.70)

The constraints (3.57) are adapted for the augmented system, in order to ensure that the
equilibrium point of each region, x̃ieq, is the extrema of the Lyapunov function, when x̃ieq ∈ Ri,
they become:

q̃i ← −P̃ix̃
i
eq

r̃i ← r̃i + x̃ieq
T P̃ix̃

i
eq

(3.71)

for constraints (3.67), (3.68) and (3.69).

Considering a performance criterion as: J = min
i
αi, The goal is to find Aci, Ki Li, mi,

bci, and a PWQ Lyapunov function (3.66) that maximise the performance criterion J . Such
optimisation problem can be written as:

maximise: min
i
αi

subject to: (3.65), (3.67), (3.68), (3.69),

ǫ > 0 γi > 0 λi > 0 αi > l0 > 0

−l1 < Ki < l1 − l2 < mi < l2

(3.72)

where l0 is a scalar bound, l1 and l2 are vector bounds.

Similarly to the state feedback case, when x̃ieq are chosen beforehand, (3.72) becomes a BMI
optimisation procedure for which the V-K method can be employed. If continuity of the control
input is desired, Remark 3.5.8 can also be considered in the output feedback control synthesis.

Remark 3.5.6 must also be taken into account for the output feedback case, in order to ensure
that the closed loop has a single equilibrium point.

Corollary 3.5.1 (PWA output feedback control synthesis, from [RH03]) Assume the Lya-
punov function (3.66) is defined in X ⊆ R

2n. If there is a solution to the design problem (3.72),
then the closed-loop system is locally asymptotically stable inside any subset of the largest level
set of the control Lyapunov function (3.66) that is contained in X . If ǫ > 0 then the convergence
is exponential. If, furthermore X = R

2n then the exponential stability is global.

Proof 3.5.2 (Proof of Corollary 3.5.1) Similar to the proof of Theorem 3.5.3 replacing x by
x̃, xeq by x̃eq and the state space R

n by R
2n.

Remark 3.5.9 (Switching based on state estimate) It is assumed in this approach that
the switching between the controllers is driven only by the system outputs. In order to enable
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switches based on state estimates, a structure of a regulator and an estimator is required. There-
fore the following constraint must be added:

{

Aci = Ai +BiKi − LiCi

bci = Bimi + bi + (Ai − LiCi)x
i
eq

(3.73)

Other algorithms are also presented in [RH03] to solve the BMI optimisation procedure.
Nevertheless the V-K method has shown to be adequate for the design of the ADAS proposed
in this document.

3.6 Conclusion

In this chapter the theoretical tools used in the development of the vehicle lateral control assis-
tance have been presented. Firstly, the continuous-time dynamical systems have been reviewed,
as well as the Lyapunov stability concept and invariant set properties used to analyse such sys-
tems. Heed has been taken of the optimisation problems involving Linear and Bilinear matrix
inequalities, as these are key in the system analysis.

The Piecewise affine system has been introduced as a class of hybrid system which is not
only able to model saturation but also to arbitrarily approximate nonlinearities, being therefore
adequate to model the lateral tyre forces. Another advantage of PWA systems is that they have
a simple form which can be easily implemented and most industrial engineers are familiar with.

It has been shown that the use of piecewise affine systems has been investigated in some
automotive systems in order to approximate nonlinearities. The formal description and theoret-
ical tools for analysis and control synthesis of these systems based on Lyapunov stability have
also been presented in this chapter. The possibility of control synthesis based on state feedback
is useful for the lane keeping application and the output feedback is particularly interesting in
order to avoid the use of high cost sensors.

A PWA vehicle model is introduced in the next chapter.
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In this chapter the vehicle model used in the design of the lane keeping assist systems is
developed. Firstly, a simple single track nonlinear vehicle model is presented alongside the
nonlinear tyre forces acting on the vehicle. In the second section, an analysis of the nonlinear
vehicle model is carried out, showing the effects of vehicle speed and road adherence on the
vehicle stability. The PWA approximation of the nonlinear model is introduced in this chapter.
A model for the road is described in the fourth section and the dynamics of the additional
variables to describing the vehicle position with respect to the centre of the lane are introduced
in the fifth section completing the PWA model used in the design of lane keeping assist systems.
The simulation environment and prototype vehicles used in the evaluation of the assistance
systems are also described in this chapter.

4.1 Vehicle Model

A very extensive variety of vehicle models exists in literature (see [Ack02, Pac04, Raj06b,
GoAE92, MM95, MSC09]). The models differ in terms of the level of abstraction with respect to
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the real system depending how the sprung mass, wheel spin, suspensions, brakes, aerodynamics,
tyres, powertrain and driveline are considered in the model. A single track model (also known as
bicycle model) for lateral dynamics may consist of 2 degrees of freedom, while advanced vehicle
simulators may use models with more than 30 degrees of freedom. The choice of an adequate
model is then related to its underlying assumptions and the intent of use.

A widely used simplified single track vehicle model [Ack02], which is considered to capture
the essential vehicle lateral steering dynamics, is approximated by a PWA system which is used
to design the controllers for driving assistance.

The commercial simulator for vehicle dynamics CarSim [MSC09] is used in the simulations in
order to verify the controller performance with respect to unmodelled effects, such as combined
lateral and longitudinal tyre forces, pitch, roll and driver dynamics.

A more detailed description of these models is provided in the sequel, while the modelling of
tyre forces is discussed in section 4.1.2.

4.1.1 2-DOF nonlinear vehicle model

A simplified single track vehicle model for lateral dynamics, often referred to as ”bicycle model”
is obtained from the following assumptions:

• Absence of lateral load transfer (i.e. The two wheels of each axle are lumped into one
located at its centre).

• Absence of longitudinal load transfer.

• Absence of pitch and roll dynamics.

• Constant longitudinal velocity.

• Chassis or suspension compliance effects are neglected.

Writing the cinematic equations for a vehicle under these assumptions leads to [Ack02]:

{

m(v̇y + rvx) = Fyf cos δf + Fyr

Jṙ = lfFyf cos δf − lrFyr
(4.1)

where r is the vehicle yaw rate, vx and vy are the longitudinal and lateral vehicle speed, δf is
the steering angle, m is the vehicle mass, lf (lr) is the distance from the front (rear) axle to the
centre of gravity (CG), J is the vehicle inertia respect to the vertical axle through the CG, Fyf

and Fyr are the front and rear lateral forces which are discussed in the next section. Fig. 4.1
illustrates these variables and parameters.

fsl

lflr

αf

αr
δf

r

vy

vr

vf

vx

v flfFyfFyr

β

Figure 4.1: Single track vehicle model.
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Figure 4.2: Forces and moments from the road acting on tyres

4.1.2 Tyre forces

The forces and moments from the road acting on each tyre, as illustrated on Fig. 4.2, have an
important influence on the vehicle dynamics.

The longitudinal and lateral forces (Fx and Fy respectively) are generated by the deformation
of the rubber compounds. Experimental results show that the longitudinal force depends on the
slip ratio, defined as:

Definition 4.1.1 (Wheel slip ratio) The longitudinal slip is the difference between the lon-
gitudinal velocity at the axle of the wheel, vx and the equivalent rotational velocity of the tyre,
ωwre. The longitudinal slip ratio is defined as:

σx = ωwre−vx
vx

during braking,

σx = ωwre−vx
ωwre

during acceleration,
(4.2)

Analogously, the lateral force depends on the wheel sideslip angle, defined as:

Definition 4.1.2 (Wheel sideslip angle) The wheel sideslip angle is defined as the difference
between the orientation of the wheel (steering angle) and the orientation of the wheel longitudinal
velocity. The wheel sideslip angle is illustrated by the angle α in Fig. 4.2.

The velocity angle in each wheel can be calculated by the ratio of the lateral velocity to the
longitudinal velocity. The resulting sideslip angles for the front and rear wheels are:

αf = δf − tan−1
(

vy+lf r
vx

)

αr = − tan−1
(

vy−lrr
vx

) (4.3)

Under the assumption that the angles remain small the following approximation is valid:

αf = δf −
vy+lf r

vx

αr = −
vy−lrr

vx

(4.4)

It is also possible to express the front and rear wheels sideslip angles with respect to the
vehicle sideslip angle, denoted by β and depicted in Fig. 4.1. Still under the assumption that
the angles remain small, β replaces vy (since vy = v sin β), which yields;

αf = δf − β −
lfr
v

αr = −β + lrr
v

(4.5)

Having defined the wheel slip ratio and the wheel sideslip angles, the next section shows how
they are related to the tyre forces.
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Pacejka’s tyre model

The Magic Formula tyre model [Pac04] provides a method to calculate the longitudinal and
lateral tyre forces as well as the aligning moment, for a very large domain of validity, including
large values of slip ratio and sideslip angles.

Considering a decoupled case, in which only either lateral or longitudinal force is being
generated on the tyre, the force is given by:

y (κ) = D sin {Carctan [(1− E)Bκ+ Earctan (Bκ)]} , (4.6)

where κ is one of the input variables: slip ratio σ or sideslip angle α. The output y is respectively
the longitudinal force Fx, or lateral force Fy, or aligning moment Mz. Fig. 4.3 illustrates the
shape of the Pacejka model either for lateral or longitudinal tyre forces (only for positive sideslip
angles for sake of clarity). Three distinct zones can be identified. The first region, comprising
modest values of sideslip angle (or slip ratio) correspond to regular driving situation, where the
lateral dynamics are not so demanding. In this region, the relation between the sideslip angle
and the force can be considered linear, and systems such as LDWS and LKAS are designed to
operate in this domain. As the sideslip angle is increased, reaching the sliding behaviour, the tyre
force does not respond linearly and slip starts to occur. ESC systems operate mainly in these
conditions attempting to reduce the sideslip angle. Once the tyre force reaches its extremum,
the forces saturate completely and even a decrease on the tyre forces may be noticed. The same
analysis is valid for the longitudinal motion.

Fy (or Fx)
Lateral (or Longitudinal) tyre force

α (or σ)

ESC

LKAS
LDW

Linear behaviour

Sliding behaviour

Tyre force saturation

Figure 4.3: Pacejka model for tyre forces and region of operation of LKS and ESC

The parameters B (stiffness factor), C (shape factor), D (peak value) and E (curvature
factor) are determined experimentally. It is important to remark on the meaning of these factors
[Raj06b]:
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Remark 4.1.1 The coefficient D, as its nomenclature says, represents the peak value of the
tyre force (or aligning moment).

Remark 4.1.2 The shape factor, C controls the limits of the sine function in (4.6), and thereby
determines the shape of the resulting curve.

C =
2

π
sin−1

(ys
D

)

(4.7)

where ys is the asymptotic value of the output y at large values of κ.

Remark 4.1.3 The cornering (or longitudinal) stiffness of the tyre can be obtained by the prod-
uct BCD, representing the slope of the curve at the origin, α = 0, (or σ = 0). It is usually
adjusted by the stiffness factor B as D and C are set as previously mentioned.

Remark 4.1.4 The curvature factor E is used to control the curvature near the peak of the
curve, as well as the value κ = κm, in which the peak of the curve occurs.

E =
Bκm − tan

(

π
2C

)

Bκm − tan−1 (bκm)
(4.8)

Remark 4.1.5 Ply-steer and conicity effects (possibly rolling resistance also) can be taken into
account with horizontal and vertical offsets, Sh and Sv respectively. In this case, a variable
change is performed,

κ̄ = κ− Sh (4.9)

and the output function becomes:
Y (κ) = y(κ̄) + Sv (4.10)

Figure 4.4(a) illustrates the influence of the coefficients in an example of a lateral tyre force.
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Figure 4.4: (a) Pacejka magic formula parameters and (b) Effects of road adhesion on tyre lateral
force.

The adhesion coefficient and normal force acting on the tyre are embedded inside the pa-
rameters.
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Effects of the adherence

The effect of the road adherence on the lateral tyre forces, either for the front or rear wheels can
be expressed for the Pacejka model (4.6) by the following changes in the parameters [MK02]:

B ← (2− µ)B,

C ← (5−µ)C
4 ,

D ← µD,

E ← E.

(4.11)

Figure 4.4 (b) shows the reduction of the tyre force for different adhesion coefficients.

Combined effect of longitudinal and lateral force

The friction circle (also referred to as friction ellipse, traction circle) can be used to qualitatively
illustrate the limits of horizontal frictional forces interacting between the tyre and the road when
combined lateral and longitudinal forces are considered [Pac04], as shown in Fig. 4.5.

Fx

Fy
Fmax
y

−Fmax
y

Fmax
x

−Fmax
x

Fc

Figure 4.5: Friction ellipse showing the limit of the combined of longitudinal and lateral tyre
forces

The resulting force from the cornering and braking action, Fc, depicted in Fig. 4.5 by the
red arrow, cannot exceed the ellipse which determines the maximum magnitude of the combined
longitudinal and lateral forces.

Although some recent research states that the representation of the combined effects of
longitudinal and lateral forces is not a true ellipse [BB11], the friction circle/ellipse is still useful
to highlight some important considerations in the design of the ADAS.

Considering, for instance, a case of pure cornering at the lateral force extrema. The resulting
force lie on the horizontal axis of Fig. 4.5 and Fc = Fmax

y (or Fc = −Fmax
y ), therefore actions

such as braking or accelerating the wheel will have no effects on the vehicle dynamics, since the
tyre force will saturate. A reduction in the lateral component is required, in order to enable the
action on the longitudinal force. Similarly, if a tyre is at the extrema of longitudinal tyre force,
the torque must released before a steering action is performed.
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4.1.3 Nonlinear model analysis

It is well known from literature (see for example [OHTD98]) that the nonlinear vehicle model
(4.1) presents a limited region of stability, including a stable equilibrium point and two saddle
points. The region of stability also depends on the vehicle steering angle, longitudinal velocity
and road adherence. In order to show how these parameters influence the stability region,
simulations have been carried out with the nonlinear vehicle model (4.1) with tyre forces given
by the Pacejka model according to (4.6) and wheel sideslip angles given by (4.3). The numerical
values of the parameters from the Pacejka tyre model and the vehicle parameters used in the
simulations are described in Table 4.2.

Effects of road adhesion

The effects of the changes in the road adhesion on the vehicle stability can be seen from the
simulations performed with the nonlinear vehicle model (4.1) at constant speed vx = 20 [m/s].
The vehicle model has been simulated from different initial conditions and a constant steering
input for three different road adhesion coefficients. The resulting state trajectories can be seen
in Figure 4.6. The model shows unstable behaviour for trajectories starting from high yaw rate
and sideslip angle, even in ideal adherence conditions (Fig. 4.6-a). As the adhesion conditions
are degraded the stable region is reduced, as it can be observed from Fig. 4.6 (b) and (c),
representing wet and icy asphalt respectively.
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Figure 4.6: Effects on the state trajectory for nonlinear vehicle model at constant steering δf = 0,
considering the different road adhesion (a) µ = 1, dry asphalt, (b) µ = 0.7, wet asphalt, (c)
µ = 0.3, icy asphalt.

Effects of the steering angle

The stability of the nonlinear vehicle model (4.1), as well as its equilibrium point, also depends
on the steering angle. Fig. 4.7 depicts system trajectories for a constant steering angle δf =
0.04 [rad]. The set of initial conditions and longitudinal velocity of v = 20 [m/s] are the same
as above and the different conditions of road adherence are also considered.

It can be noticed that in ideal adherence condition shown in Fig. 4.7-(a) the steering input
does not alter significantly the set of initial condition from which the state trajectories are
stable. Although the same behaviour can be noticed for the trajectories on wet asphalt shown
in Fig. 4.7-(b), the extrema values of sideslip angle of the stable trajectories tend to increase
and reach values that are beyond the vehicle’s physical limits encountered in regular driving
conditions. When comparing the effects of steering on icy asphalt, depicted in Fig. 4.7-(c), the
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Figure 4.7: Effects on the state trajectory for nonlinear vehicle model at constant steering angle
δf = 0.04 [rad], considering the different road adhesion (a) µ = 1, dry asphalt, (b) µ = 0.7, wet
asphalt, (c) µ = 0.3, icy asphalt.

reduction of the stability region for the initial conditions of positive sideslip angle is evident. An
even larger increase on the extrema values of attained sideslip angle for the stable trajectories
can also be seen.

Effects of the longitudinal speed

The vehicle longitudinal speed also influences the stability of the dynamic system and its con-
vergence to the equilibrium point. The simulations performed on the nonlinear vehicle model
(4.1) show that instability occurs as the vehicle longitudinal speed increases. The same initial
condition was considered in the simulations, as the analyses have been carried over for the three
different road conditions. Figures 4.8 and 4.9 show the simulation results for steering angles
δf = 0 [rad] and δf = 0.04 [rad], respectively.
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Figure 4.8: Effects of the vehicle longitudinal speed on nonlinear vehicle model for constant
steering angle δf = 0 in different adhesion conditions.

The state trajectories for the simulations with zero steering angle on dry and wet asphalt,
illustrated respectively in Fig. 4.8-(a) and (b), are not significantly different for increasing speed.
For all longitudinal velocities tested, the state trajectories are stable but larger values of sideslip
angle are attained when the adherence is reduced from µ = 1 to µ = 0.7. Considering icy
asphalt, shown in Fig. 4.8-(c), none of the tested conditions were stable. It has already been
demonstrated that the trajectory from this initial condition is not stable for v = 20 [m/s], from
the analysis depicted in Fig. 4.7-(c), but even the reduction of the longitudinal velocity is not
enough to recover the stability from such initial conditions.
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Figure 4.9: Effects of the vehicle longitudinal speed on nonlinear vehicle model for constant
steering angle δf = 0.04 [rad] in different adhesion conditions.

When a steering angle of δf = 0.04 [rad] is considered in the simulations, it can be noticed
a significant increase on the extrema values of sideslip angle in the stable trajectories for higher
longitudinal velocities. Such effect is noticeable on dry asphalt by the results plotted on Fig. 4.9)-
(a) for the trajectories corresponding to vehicle speed beyond 26 [m/s]. The same effect occurs
at lower speed (20 [m/s]) for reduced road adherence, as shown in the subplot (b). Moreover,
the trajectories become unstable for longitudinal velocities larger than 24 [m/s]. Similarly to
the case without steering angle, none of the trajectories from this initial condition are stable on
icy asphalt, as depicted Fig. 4.9-(c)

Having presented the nonlinear vehicle lateral dynamics and its behaviour through the sim-
ulations, its approximation by a PWA model can be introduced, as shown in the next section.

4.2 Piecewise affine vehicle model

In order to approximate system (4.1) by a piecewise affine system, the lateral tyre forces domain
can be partitioned into polyhedral sets so that for each of the regions an affine system is used
to describe the corresponding linearised dynamics.

Considering that the front and rear tyre forces described by (4.6) are approximated by the
following PWA functions:

{

Fyf (αf ) = efi + dfiαf

Fyr (αr) = eri + driαr

(4.12)

where dfi, dri, efi and eri depend on the front and rear tyre forces and the index (i) corresponding
to the partitioning of the tyre force domain, based on the tyre sideslip angles. An illustration of
the affine functions is depicted in Fig. 4.10 by the continuous lines for the front and rear wheel.

System (4.1) is linearised around uniform rectilinear motion (vx = v = constant, r = 0,
vy = 0, δf = 0) taking into account the PWA functions (4.12) adopted to approximate the
nonlinear tyre forces and the sideslip angles considered as in (4.5). The vehicle dynamics can be
represented by the PWA system:

ẋb = Ab
ix

b +Bb
iu+ abi , (4.13)

and the corresponding dynamics are:

Ab
i =





−2
dfi+dri

mv −1− 2
dfilf−drilr

mv2

2
drilr−dfilf

J −2
dfil

2

f
+dril2r
Jv



 , Bb
i =





2dfi
mv

2dfilf
J



 , abi =





2
efi+eri

mv

2
efilf−erilr

J



 . (4.14)
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Figure 4.10: Lateral force according to Pacejka model (dashed) and corresponding PWA ap-
proximations (solid) and partitions (dash-dot) for the (a) front tyres and (b) rear tyres.

where the control input is the front wheel steering angle u = δf , the vehicle sideslip angle β
(which replaces vy since vy = v sin β) and the yaw rate r are the state variables xb = [β, r]T .

Considering the front sideslip angle as in (4.5), the operating regions of the PWA system
(4.13) depend on the state (β and r) and control input (δf ). Throughout the theoretical tools
presented in Section 3.5 it has been assumed that the switching should depend only on the state,
therefore, the control input should not directly affect the operating mode if one intends to apply
the analysis and control tools. For a steer-by-wire configuration, in which the actuators are
coupled directly to the front wheels, a first-order dynamics for the actuator with large enough
bandwidth can be included in the system, in order to avoid the feed-through from u in the
model. It is also useful to enforce continuity of the control input at the boundaries. Therefore,
the steering angle is included as an additional state to the system as follows:

δ̇f = −τδf + τuc, (4.15)

The resulting PWA model for the vehicle dynamics becomes:

ẋd = Ad
i x

d +Bd
i uc + adi , (4.16)

and the corresponding dynamics are:
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i =











−2
dfi+dri

mv −1− 2
dfilf−drilr

mv2
2dfi
mv

2
drilr−dfilf

J −2
dfil

2

f
+dril

2
r

Jv
2dfilf

J

0 0 −τ











, Bd
i =









0

0

τ









, adi =









2
efi+eri

mv

2
efilf−erilr

J

0









.

(4.17)
where xd = [β, r, δf ]

T and uc becomes the control input of the augmented plant.

Remark 4.2.1 (Linear vehicle model) A linear vehicle model can be obtained from (4.13)
considering that the linearisation is valid for the whole domain of the tyre forces. In this case, the
model has only one operating region, i = 1. The commonly used linear tyre forces approximation
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is obtained by setting ef1 = 0, er1 = 0, df1 = cf and dr1 = cr where cf and cr are related to the
parameters in the Pacejka’s formula as indicated in Remark 4.1.3 as follows:

cf = BfCfDf , cr = BrCrDr. (4.18)

It is important to ensure that the PWA model (4.13) keeps the essential lateral dynamics of a
vehicle expressed by the model (4.1). In the subsequent section, different analyses are presented
in order to assess the compatibility of behaviours.

4.2.1 Analysis of PWA vehicle model

In order to investigate the behaviour of the PWA vehicle model, several simulations have been
carried out considering the same aspects as mentioned in Section 4.1.3, such as different road
adhesion, longitudinal speed and steering angle. Additionally, the effects of the PWA approxi-
mations of the lateral tyre force have also been evaluated.

Firstly, the front and rear lateral tyre forces are approximated by the piecewise affine func-
tions (4.12), as shown in 4.10 (a) and (b), respectively. The approximations for the linear region
are obtained as described in Remark 4.2.1. This region is limited by the values denoted ±ᾱz,
where the index z = (f, r) represents the front or rear tyre, respectively. These values are
computed with respect to the extrema value of the Pacejka model as follows:

αz = (1 + ς)
µDz

cz
, (4.19)

where ς is the gain in percentage of the extrema of the linear region with respect to the extrema
of the Pacejka model.

The affine approximations have been defined by the equation of the linear approximation at
±αz and the extrema points of the Pacejka model. Such single partitioning of the front and rear
tyre force domain leads to M = 9 operating regions, as illustrated in Fig. 4.11. Even though the
partitioning can be refined, the simulations shown below confirm that this simple partitioning
is capable of capturing the essential behaviour of the nonlinear model.

The effects of the road adhesion, steering angle and longitudinal velocity for the PWA vehicle
model are presented in the sequel.

Effects of the road adhesion on the PWA vehicle model

Considering a constant steering input δf = 0 and a constant longitudinal speed v = 20 [m/s],
the PWA vehicle model (4.13) has been simulated at different road adhesion conditions (µ =
1, 0.7, 0.3). The PWA functions that approximate the tyre forces, depicted in 4.10, have been
computed using ς = 5% and the numerical values for the parameters of the vehicle and Pacejka
model are shown in Table 4.3. The set of initial conditions is the same as the one used in
Section 4.1.3.

The effect of the adhesion on the PWA model can be seen in Fig. 4.12 for zero steering angle
and in Fig. 4.13 for steering angle at δf = 0.04 [rad]. The boundaries of the operating regions
are defined by the hyperplanes:

±ᾱf = δf − β −
lf r
v

±ᾱr = −β + lrr
v ,

(4.20)

and their projections on the β−r plane are illustrated by the green dash-dot lines in both figures
for the values of δf = 0 and δf = 0.04 [rad] respectively.
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Figure 4.11: Operating regions of PWA vehicle model corresponding to single partitions of the
domains from the front and rear tyre forces.

It can be seen from Fig. 4.12 that as the adhesion is reduced so is the stable region, similarly
to the results obtained for the nonlinear model depicted in Fig. 4.6. The response of the PWA
vehicle model is very similar to the nonlinear one, for a zero steering angle on the ideal road
adhesion as shown respectively in the subplots Fig. 4.12-(a) and Fig. 4.6-(a). As the road
adhesion is reduced, it can be noticed that the PWA vehicle model shows a larger stability
region than the nonlinear one, presenting stable trajectories especially for changes on the yaw
rate initial condition.

Concerning the influence of steering, the shifting of the stability region observed on the
nonlinear vehicle (see Fig. 4.7) can also be noticed for the PWA vehicle model, as illustrated
in Fig. 4.13. However, the PWA modelling does not reproduce the increase on the extreme
values of sideslip angle on wet asphalt (µ = 0.7). Nevertheless, this effect is noticeable on the
trajectories of the PWA vehicle model when the road adhesion is reduced to µ = 0.3, as shown
in Fig. 4.13-(c).

Effects of longitudinal speed in PWA model

Similarly to the analysis with the nonlinear vehicle model, the PWA vehicle model (4.13) has been
simulated at different longitudinal velocities. The results, considering the PWA approximations
with ς = 5% (see Fig. 4.10), are shown in Fig. 4.14 for zero steering angle and in Fig. 4.15 for a
constant steering angle δf = 0.04 [rad].

When comparing the effect of longitudinal velocity on the PWA vehicle model with the
nonlinear one at zero steering angle (see Fig. 4.14 and Fig. 4.8, respectively), very similar results
are obtained for the dry and wet asphalt conditions. Nevertheless, the unstable behaviour of
the nonlinear vehicle on low adherence (µ = 0.3) is not reproduced by the PWA model, except
for the longitudinal speed beyond 30 [m/s].

Taking the steering angle into account, as shown in Fig. 4.9 for the nonlinear vehicle model,
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Figure 4.12: State trajectories for PWA vehicle model with steering angle δf = 0 and tyre forces
approximated as in Fig. 4.10 on (a) µ = 1, dry asphalt, (b) µ = 0.7, wet asphalt and (c) µ = 0.3,
icy asphalt.
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Figure 4.13: State trajectories for PWA vehicle model with steering angle δf = 0.04 [rad] and
tyre forces approximated as in Fig. 4.10 on (a) µ = 1, dry asphalt, (b) µ = 0.7, wet asphalt and
(c) µ = 0.3, icy asphalt.

and in Fig. 4.15 for the PWA model, it can be seen that larger vehicle speed is required to render
the PWA unstable. Considering the wet asphalt condition, for example, the nonlinear vehicle
presents unstable behaviour for longitudinal velocities beyond 24 [m/s], whereas no unstable
trajectory is obtained for the PWA model in the range of investigated longitudinal velocities.
For icy asphalt, a stable trajectory occurs at 16 [m/s], contrarily to the nonlinear vehicle model.
At higher speed, both models present unstable behaviour.

From the results obtained in these analyses, it can be noticed that the PWA vehicle model
is able to capture the essential effects present on the nonlinear model. The differences of these
models, presented mainly through the comparison of the effects of the longitudinal velocity can
be mitigated by a finer approximation of the PWA functions.

The sign of slopes of the PWA functions used to approximate the tyre forces play an impor-
tant role on the behaviour of the PWA model. Such effects are analysed below.

Effects of PWA functions

The PWA functions that approximate the lateral tyre forces have been modified in order to
assess the influence of the coefficients dfi and dri on the behaviour of the PWA model (4.13).
Fig. 4.16 presents the PWA approximations of the front and rear tyre lateral forces obtained for
ς = −5% (note that in this case the slope of the affine approximations (dfi and dri) are positive).
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Figure 4.14: Effects of the longitudinal speed on PWA vehicle model with steering angle δf = 0
and tyre forces approximated as in Fig. 4.10 in different adhesion conditions (a) µ = 1, dry
asphalt, (b) µ = 0.7, wet asphalt and (c) µ = 0.3, icy asphalt.

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

δ
f
=0.04 [rad], µ=1

Vehicle Sideslip Angle, β [rad]

V
eh

ic
le

 Y
aw

 R
at

e,
 r

 [r
ad

/s
]

 

 

v=16 [m/s]
v=18 [m/s]
v=20 [m/s]
v=22 [m/s]
v=24 [m/s]
v=26 [m/s]
v=28 [m/s]
v=30 [m/s]

(a)

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

δ
f
=0.04 [rad], µ=0.7

Vehicle Sideslip Angle, β [rad]

V
eh

ic
le

 Y
aw

 R
at

e,
 r

 [r
ad

/s
]

 

 

v=16 [m/s]
v=18 [m/s]
v=20 [m/s]
v=22 [m/s]
v=24 [m/s]
v=26 [m/s]
v=28 [m/s]
v=30 [m/s]

(b)

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

δ
f
=0.04 [rad], µ=0.3

Vehicle Sideslip Angle, β [rad]

V
eh

ic
le

 Y
aw

 R
at

e,
 r

 [r
ad

/s
]

 

 

v=16 [m/s]
v=18 [m/s]
v=20 [m/s]
v=22 [m/s]
v=24 [m/s]
v=26 [m/s]
v=28 [m/s]
v=30 [m/s]

(c)

Figure 4.15: Effects of the longitudinal speed on PWA vehicle model with steering angle δf =
0.04 [rad] and tyre forces approximated as in Fig. 4.10 in different adhesion conditions (a) µ = 1,
dry asphalt, (b) µ = 0.7, wet asphalt and (c) µ = 0.3, icy asphalt.

Similarly to the analysis presented above, the behaviour of the PWA vehicle model has been
investigated for changes in the road adhesion and longitudinal speed for constant steering angles
at δf = 0 and δf = 0.04 [rad].

The simulation results for the effects of road adhesion are presented for both steering angles
in Fig. 4.17 and Fig. 4.19 respectively.

Contrarily to the results obtained with ς = +5% (shown in Fig. 4.12 and Fig. 4.13), when
the coefficients dfi and dri are positive for all operating regions, all state trajectories are stable,
regardless of the road adhesion condition. On the other hand, it can be noticed that the state
trajectory from the initial conditions which lead to unstable trajectories for ς = +5% (negative
slopes) is not directly steered to the linear region, and a significant increase on the extreme value
of sideslip angle occurs.

For instance, the trajectory starting at β = −0.1 and r = 0.6 for zero steering angle on
wet asphalt is unstable for the PWA approximation with ς = +5%, as shown in Fig. 4.12-(b).
For the same conditions and PWA approximation with ς = −5%, shown in Fig. 4.17-(b), the
trajectory is stable but the sideslip angle diverges from the equilibrium point, as the gradient
at initial condition is not oriented to the linear region, therefore the sideslip angle reaches it
extremum at β = −0.13 [rad].

Such pronounced a shape of the state trajectories is not present in the trajectories from the
initial conditions corresponding to the trajectories that are stable for ς = +5%. For instance,
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Figure 4.16: Lateral force according to Pacejka model (dashed) and corresponding PWA ap-
proximations (solid) and partitions (dash-dot) for the (a) front tyres and (b) rear tyres.
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Figure 4.17: State trajectories for vehicle model with steering angle δf = 0 [rad] and tyre forces
approximated with ς = −5% on (a) µ = 1, dry asphalt, (b) µ = 0.7, wet asphalt and (c) µ = 0.3,
icy asphalt.

the trajectories starting at β = −0.1 and r = 0.4, for wet asphalt at zero steering angle (see
Fig. 4.12 and Fig. 4.17) present a gradient in the direction of the linear region, being stable for
both PWA approximations.

Fig. 4.19 and Fig. 4.20 depict the effects of the longitudinal speed on the behaviour of the
PWA vehicle model with lateral tyre forces approximated with ς = −5% (positive slopes only
as shown in Fig. 4.16). The first corresponds to constant zero steering angle, while the latter
refers to a constant steering angle δf = 0.04 [rad].

As for the evaluation of road adhesion effects, the PWA model obtained with ς = −5%
is not able to reproduce the unstable behaviour of the nonlinear vehicle model. Although all
trajectories converge to the equilibrium point, the curves present pronounced values of sideslip
angle as the longitudinal velocity increases, as shown in Fig. 4.19-(c) for v = 30 [m/s]. Taking
into account the steering angle, the effect appears in Fig. 4.20-(b) and (c) for the vehicle speed
v ≥ 26 [m/s] and v ≥ 16 [m/s] respectively. Such conditions correspond to the conditions
leading to unstable behaviour for the PWA system obtained with ς = +5% shown in Fig. 4.14
and Fig. 4.15.
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Figure 4.18: State trajectories for PWA vehicle model with steering angle δf = 0.04 [rad] and
tyre forces approximated with ς = −5% on (a) µ = 1, dry asphalt, (b) µ = 0.7, wet asphalt and
(c) µ = 0.3, icy asphalt.
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Figure 4.19: Effects of the longitudinal speed on PWA vehicle model with steering angle δf = 0
and tyre forces approximated with ς = −5% in different adherence conditions (a) µ = 1, dry
asphalt, (b) µ = 0.7, wet asphalt and (c) µ = 0.3, icy asphalt.

Remark 4.2.2 Although the state trajectories in Figures 4.17-4.20 are apparently stable in the
mathematical sense (they all converge to the equilibrium point), the values of vehicle sideslip
angle are extremely high and do not correspond to physical values encountered in regular driving
conditions.

Remark 4.2.3 Despite the stability observed in the simulations, Theorem 3.5.1 fails to obtain
a piecewise quadratic Lyapunov function to prove the stability of (4.13) with the affine functions
defined by ς = −5% (see Fig. 4.16).

It can be noticed that the regions of stability are increased when the vehicle dynamics is
modelled with PWA systems (with either ς > 0% or ς < 0%), which corresponds to a optimistic
representation of the reality. Hence, the performance of the controllers designed for the PWA
models must be carefully analysed in simulations and in practise, in order to avoid unstable
behaviour that is not captured by the PWA model. More details about the model for validation
and prototype vehicle will be presented in the end of this chapter.
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Figure 4.20: Effects of the longitudinal speed on PWA vehicle model with steering angle δf =
0.04 [rad] and tyre forces approximated with ς = −5% in different adherence conditions (a)
µ = 1, dry asphalt, (b) µ = 0.7, wet asphalt and (c) µ = 0.3, icy asphalt.

4.2.2 Assumptions for PWA vehicle model for formal analysis and control

synthesis

The theoretical tools for analysis and control synthesis of PWA systems presented in Section 3.5
are based on quadratic and piecewise quadratic Lyapunov functions. For these reasons, some
simplifications of the PWA vehicle model have been considered in order to ensure the existence
of Lyapunov functions and to be able to use these tools for the design of the lateral assistances.

The two assumptions considered for the PWA vehicle model are:

1. Saturation of the front wheel is considered. Since, in general, the vehicles have an
understeering behaviour, only the vehicle saturation of the front wheel is considered. The
PWA vehicle model (4.13) (or (4.16)) is obtained by taking into account the front tyre
forces approximated by PWA functions, and assuming a simple linear approximation for
the rear tyre forces i.e. dri = cf and eri = 0 (as shown in Remark 4.2.1).

2. Positive slope for PWA approximations of lateral tyre force. Based on Re-
mark 3.5.6 about the choice of equilibrium points of the closed loop PWA subsystems,
in order to synthesise the PWA controllers, only positive values for the slope of the PWA
functions that approximate the front tyre lateral force are considered. A detailed descrip-
tion about this adaptation to the PWA vehicle model is provided in Appendix A.2. Under
this assumption, dfi > 0 ∀i ∈ I = {1, ...,M}. Fig. 4.16 (a) depicts an example of front
tyre lateral force approximation with positive slopes only. This assumption is important,
not only to enable the use of system analysis and control synthesis based on quadratic
Lyapunov functions, ensuring that the closed loop system has only one equilibrium point,
but also to be able to provide PWA controllers in which the switches take place before the
tyre saturation occurs, so that the assistance can anticipate a critical situation.

A drawback of these assumptions is that it is impossible to evaluate the region of stability,
based on the PWA vehicle model, since it becomes globally stable considering the second as-
sumption. The evaluation of the performance and region of stability must be analysed through
simulations on the nonlinear model (with PWA controllers) or on the prototype vehicle.

The same simplifications of the PWA vehicle model could be considered in order to design
assistances for oversteering vehicles. In this case, a linear model should be considered for the
approximation of the lateral forces of front tyres, whereas PWA functions should be used to
model the lateral forces of the rear tyres.
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4.3 Road Geometry

The road curvature is defined by the inverse of the road radius:

ρ
∆
=

1

R
(4.21)

It is modelled as straight, circular and clothoid sections. Clothoids ensure a smooth transition
between different road curvature values (e.g. straight to circular roads), [Raj06c]. A clothoid is
defined to be a spiral whose curvature is a linear function of it arc length. Mathematically it is
defined in terms of the Fresnel integrals and its parametric equations are:





X(t)

Y (t)



 = a
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∫ t
0 cos

(

πu2

2

)

du

∫ t
0 sin

(

πu2

2

)

du






(4.22)

where X(t) and Y (t) are the longitudinal and lateral distances respectively. The constant a
indicates the centre of the spiral, which has coordinates

(

a
2 ,

a
2

)

(supposing that it is in the first
quadrant and starting from the origin at t = 0).

The distance travelled by a vehicle at constant speed increases linearly with time, therefore,
for a chlothoidal road profile, the curvature is considered as increasing linearly with respect to
time. Fig. 4.21 (a) shows a road built from straight, clothoidal and a circular sectors. The
corresponding road curvature for a vehicle travelling at constant speed of c = 20m/s is plotted
at Fig. 4.21 (b).
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Figure 4.21: (a) Road profile of straight (dash-dot line), clothoidal (dashed line) and circular
(solid line) sectors. (b) Corresponding road curvature for a vehicle travelling at constant speed
v = 20 [m/s].

4.4 Additional dynamics for lane keeping

For lane keeping purposes, the model (4.13) (or (4.16)) has to be expanded with the dynamics
of the relative yaw angle and the lateral displacement with respect to the lane centreline. These
measurements are provided by a video sensor. Let ψL = ψ − ψt be the yaw angle error which
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is the angle between the vehicle orientation and the tangent to the road. The road reference
curvature ρref is defined by (ψ̇t = vρref ), and the following equality can be derived:

ψ̇L = r − vρref . (4.23)

Denoting ls, the look-ahead distance, the equation giving the evolution of the measurement
of the lateral offset yL from the centerline at sensor location is obtained by

ẏL = v(β + ψL) + lsr. (4.24)

The vehicle model which takes into account the positioning of the vehicle can be described
by:

ẋp = Ap
i x

p +Bp
i u+Bp

ρρref + api (4.25)

where xp = [β, r, ψL, yL]
T and
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Fig. 4.22 illustrates the additional variables describing the vehicle positioning for lane keep-
ing.

Figure 4.22: Dynamics and positioning for a single track vehicle model.
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Remark 4.4.1 Similarly to (4.16), the steering angle can also be included in the state vector
(see (4.15)) in order to have the partitions described in terms of state variables only. In this
case the system becomes PWA of the form:

ẋv = Av
i x

v +Bv
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ρρref + avi (4.28)

where xv = [β, r, ψL, yL, δf ]
T and
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4.5 Electrically assisted steering column

The prototype vehicle, on which the developed assistances will be tested, has been equipped with
a DC motor that provides the torque on the steering column (described in detail in Section 4.6.2).
For this reason, it becomes interesting to consider the steering column dynamics in the PWA
vehicle model used to design the lane keeping assistances, so that the torque on the steering
column can be used as control input for the practical implementation.

The steering column can be modelled as a second order linear system [ME08] as follows:

[

δ̇p

δ̈p

]

=

(

0 1

0 −Bs

Is

)[

δp

δ̇p

]

+

(

0 0

1
Is
− 1

Is

)[

τp

τalg

]

(4.31)

where δp is the angle on the steering wheel, and the inputs are the torque on the steering
wheel τp and the self-alignment torque τalg from the wheels at the steering wheel level. The
parameters Bs and Is stand for the damping coefficient and inertial moment of the steering
column, respectively.

The self-alignment torque, at the front wheels level, can be modelled as the product between
the length of the tyre contact η and the front tyre lateral force Fyf . Considering the PWA
approximation for the front tyre lateral forces (4.12) and the front wheel sideslip angle as in
(4.3), the self-alignment torque at steering wheel level becomes:

τalg = η
2Fyf

Rs
= 2

η

Rs

(

dfi

(

δf − β −
lfr

v

)

+ efi

)

, (4.32)
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where Rs is the gear ratio from the steering wheel to the front wheels, given by:

Rs =
δp
δf

(4.33)

Rewriting the second equation from (4.31) in terms of δf and considering the self-alignment
torque τalg as described in (4.32) yields:
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(4.34)

The PWA vehicle model (4.25) can then be extended to take into account the dynamics of
the electrically powered steering column, which becomes:

ẋ = Aix+Biu+Bρρref + ai (4.35)

where x = [β, r, ψL, yL, δf , δ̇f ]
T and u = τp
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This model is particularly advantageous when the partitions of the PWA system are described
in term of front wheel sideslip angle, since they can be rewritten in terms of state-space variables.

Table 4.1 summarises the models used for the design of the assistances.

Table 4.1: Summary of PWA vehicle models used for assistance design

Control Input

Assistance type δf δ̇f τa

Vehicle Dynamics (4.13) (4.16)

Vehicle Dynamics and Positioning (4.25) (4.28) (4.35)

Although the models described for the design of the lateral assistances are able to capture
the essentials of the vehicle lateral dynamics, several effects and dynamics have been neglected.
For this reason, it is important to evaluate the assistance performance either on the real vehicle
or using a more complete vehicle model in simulations. In the next section the simulation
environment and the prototype vehicle used to validate the lateral assistances are presented.
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4.6 Simulation environment and practical implementation

In order to evaluate the performance of the controllers, simulations and experiments on a proto-
type vehicle have been carried out. In this section the CarSim simulation environment is detailed
as well as the equipment installed on the prototype vehicle.

4.6.1 CarSim simulation environment

CarSim vehicle model [Mac81] uses detailed nonlinear tyre models according to combined slip
theory and takes into account the major kinematics and compliance effects of the suspensions
(nonlinear spring models) and steering systems. It also considers the roll and pitch dynamics
which were neglected at the control design stage. Fig. 4.23 shows the user interface of the
simulator. The standard CarSim D-Class vehicle has a nonlinear second order speed depending
rack and pinion ratio steering system; a realistic actuator with a bandwidth of 10Hz is considered
for the active steering.

Figure 4.23: User Interface of CarSim simulator

Table 4.2 presents the numerical values of the parameters from the standard CarSim D-Class
vehicle model and the Pacejka parameters obtained from the same vehicle model with 225/65R17
front and rear tyres.

4.6.2 Practical Implementation on prototype vehicle CARLLA

The experimental vehicle used in the practical implementation (Fig. 4.25) is a Peugeot-307 SW,
named CARLLA32, has been equipped and instrumented at LIVIC to test the driving assistance
systems. The equipment used for lateral assistance includes proprioceptive and exteroceptive
sensors, actuators and computing units. Each of these, is detailed below, and the system archi-
tecture can be seen in Fig. 4.24.

32Contrôleur d’Assistance Routière Longitudinale et Latérale
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Table 4.2: Vehicle parameters for standard CarSim D-Class vehicle model:

Pacejka parameters
Vehicle parameters Front tyres Rear tyres

m 1862 [kg] Byf 11.4592 Byr 11.4592

J 2488 [kg m2] Cyf 1.4 Cyr 1.4

cf 1.0633e+5 [N/rad] Dyf 6628 Dyr 4556

cr 7.3104e+4 [N/rad] Eyf -0.5 Eyr -0.7

lf 1.18 [m]

lr 1.77 [m]

Proprioceptive Sensors

• Odometer: The odometer provides a periodic pulse, the width of which is inversely
proportional to the vehicle longitudinal speed. Therefore, the measurement of the pulse
width is sent to the computing unit in order to retrieve the vehicle longitudinal speed, by
the inversion of this signal.

• Inertial central: A Crossbow VG400 three-axis inertial central is linked to the PC
through the RS232 to provide along the three axes the measurements of acceleration (lon-
gitudinal, lateral and vertical) and rotational speeds (roll, pitch and yaw). The inertial
central is shown in Fig. 4.26 (a).

• Optical sensor CORREVIT: A CORREVIT optical sensor type 2-axis S-400, shown in
Fig. 4.26 (b), provides measurements of the longitudinal and lateral speeds of the vehicle,
as well as an estimation of the vehicle sideslip angle, through an internal Kalman filter.
The sensors is based on an optical system to treat the scrolling of the road surface. A
translation of the measurements from the sensor location to the vehicle centre of gravity
is required.

• Angular optical sensor: An angular optical sensor type CHM 510-13BT-002, produced
by BEI IDEACOD is mounted on the steering column at the level of the steering wheel
gear. The measured angles are encoded in 13 bits, which corresponds to an angle variation
of 0.1266◦. The wheel steering angle can also be retrieved from this measurement, due to
the mechanical coupling between the steering wheel and the wheels. The steering angle
sensor is illustrated in Fig. 4.26 (c).

• Driver torque sensor: The driver torque on the steering wheel is obtained by a torque
sensor SCAIME type ZF, which is mounted on the connection of the steering wheel and
steering column. The measurements are in the range {−31.5, +31.5} [Nm] encoded with
12 bits, such that each bit corresponds to a torque variation of 0.0154Nm. This sensor
can be seen in the schema representing the steering system in Fig. 4.28.

• Wheel torque sensor: The torque transmitted to the wheels is measured with a sensor
SCAIME type DR2513, placed on the steering column under the pinion of the electric
motor. the measurements range from {−50, +50} [Nm], encoded with 12 bits such that
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Figure 4.24: Archtecture of electric steering column

each bit correspond to a torque variation of 0.0244Nm. The wheel torque sensor in the
steering system is shown in Fig. 4.28.

Exteroceptive Sensors

• Video camera: a CCD camera model CNB WK-ZS260IR is mounted at the rear view
mirror for frontal vision, as shown in Fig. 4.27. It works either in day light or at night, and
delivers an 8-bit grey-scaled image with resolution of 752(H) x 582(V) pixels at a frequency
of 25 frames per second.

The images are treated with the algorithms described in [LDLC06] which are capable of

Figure 4.25: Aerial View from Satory-Versailles test track. Photo from: TGLR, Atelier Gérard
Leroux, 13, rue Pierre Clavillier, 78800 Houilles, France and experimental vehicle.
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(a) (b) (c)

Figure 4.26: Proprioceptive sensors used to equip the prototype vehicle CARLLA (a) Inertial
central, (b) CORREVIT, (c) Optical encoder for steering angle.

detecting the lane marks. Moreover it computes the vehicle lateral offset at look-ahead
distance and relative yaw angle, both with respect to the centre of the lane. The road
curvature is also computed by the algorithm.

• RTK GPS: a RTK33 GPS34 model Thalès SAGITTA 02 has been used to log the vehicle
position and yaw angle. A precise cartography of the test track is available which makes
it possible to evaluate the vehicle trajectory.

Figure 4.27: CCD video camera for frontal view

Actuators

The original hydraulic steering column of the Peugeot 307 has been replaced by an electric
DC motor driven by a PIC micro-controller. Two possibilities of usage are possible with the
electric assisted steering column [Dup07]. It may work in a regular mode in which the micro
controller ensures a regular electric steering assistance while driving. It can also be used in the
experimental mode, in which the micro-controller receives reference signals of torque from the
computing unit and ensures the low level control to track the reference signals. The validity of
the reference signals are checked for safety reasons. The DC motor can be seen in the schema
for the steering system in Fig. 4.28.

The reference signal may also be provided in terms of steering angle, in this case, a PID
controller is used to track the reference.

33Real Time Kinetic
34Global Positioning System
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Figure 4.28: Steering system

Computing units

2 PCs are installed in the boot of CARLLA (shown in Fig. 4.29), one is dedicated for the image
treatment algorithms, while the other is used for the control algorithms. Each of the PCs is
equipped with 2 AMD Opteron 2.2 GHz processors and 1Gb RAM memory. They serve as
Human-Machine Interface through the software RTMaps, developed by Intempora. RTMaps
allows the acquisition of data from different channels (serial port, bus Can, video, etc) and also
the creation of logs. The algorithms of image processing and control are coded in C++ and
integrated to RTMaps through Microsoft Visual Studio.

Parameters of prototype vehicle CARLLA

The numerical values of the vehicle parameters used are presented in Table 4.3,

4.6.3 Testing Track

The practical experiments took place on a test track located in Satory-Versailles, 20Km west
of Paris, France. The track is 3.5km long, consisting of typical road profiles as straight lines
and bends of various radii. The GPS coordinates of the centre of the test track are depicted in
Fig. 4.30 (a) and the corresponding curvature for the track is shown in (b). The straight sectors
are depicted in blue, the clothoidal in red and the circular in green. It is important to note that
it is possible to attain saturation of the lateral tyre forces in some curves.

Fig. 4.25 depicts an aerial view of the test track.
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Figure 4.29: Computing units for image processing and control algorithms

Table 4.3: Vehicle parameters for the Prototype vehicle CARLLA:

Pacejka parameters
Vehicle parameters Front tyres Rear tyres

m 1600 [kg] Byf 8.3278 Byr 8.3278

J 2454 [kg m2] Cyf 1.1 Cyr 1.1

cf 39995 [N/rad] Dyf 4366 Dyr 3820

cr 34993 [N/rad] Eyf -1.661 Eyr -1.661

lf 1.22 [m]

lr 1.44 [m]

Bs 14 [m]

Is 0.05 [kgm2]

η 0.13 [m]

Rs 15

4.7 Conclusion

In this chapter, the nonlinear vehicle model for lateral dynamics has been presented. It cap-
tures the essential lateral dynamics which includes the translational and yaw motion, assuming
constant longitudinal speed and that the two wheels of each axle are lumped into one located
at its centre. Roll and pitch dynamics, load transfers and chassis or suspension compliance
effects have been neglected. The Pacejka model for tyre lateral forces has also been presented
and simulations of the nonlinear vehicle model have been carried out in order to investigate the
effects of road adhesion and longitudinal speed on the stability of the model.

The approximation of the tyre lateral forces by piecewise affine functions has been demon-
strated and the PWA vehicle model for lateral dynamics has been developed. Simulations have
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Figure 4.30: (a) GPS coordinates (Lambert projection) of Satory test track and (b) Correspond-
ing road curvature.

shown that the PWA vehicle model can reproduce the behaviour of the nonlinear system. More-
over, the effect of road adhesion, steering angle, and longitudinal velocity for different PWA
approximations has been discussed.

Two important assumptions have been made in order to use the PWA vehicle model for the
design of driving steering assistance systems based on (piecewise) quadratic Lyapunov functions.
Firstly, only saturation of the front tyre forces has been considered, as most passenger cars have
understeering behaviour. Secondly, the slopes of the piecewise affine functions that approximate
the Pacejka tyre model are positive. Despite these simplifications, the PWA vehicle model still
covers the whole domain of lateral tyre force, being therefore adequate for the development of
the Perceptive-ESC .

The road geometry has been presented and modelled for a vehicle travelling at constant
speed. Additional variables to take into account the vehicle positioning and electric powered
steering column have also been introduced.

Finally, the simulation environment and prototype vehicle, which take into account the
neglected dynamics and effects of the PWA single track vehicle model, have also been described.
They are used to validate the lateral assistance systems, described in the next part.
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Chapter 5

Active steering control for handling

improvement
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In this chapter, the design of active steering systems based on PWA controllers is investigated.
A simple control structure, consisting of a single proportional-integral (PI) controller, has been
extended to a PWL PI controller, in which the switches are driven by the measurement of the
yaw rate, and the switching boundaries are specified by a parametrisation of the vehicle dynamics
with respect to this variable. At a second stage, the structure is enhanced with a PWL feedback
loop in order to improve the vehicle stability, and the switches are driven by estimation of the
front wheel sideslip angle.

For both proposed PWL controllers, the stability is proved by piecewise quadratic Lyapunov
functions. The performance of the PWL controllers is evaluated by simulations on a CarSim
vehicle model and comparisons with respect to corresponding linear controllers are carried out.

The main objective of this chapter is the investigation of the potential advantages of active
steering systems based on PWA controllers. Moreover it is intended to verify that the vehicle
stability can be improved by taking into account the nonlinear behaviour of the tyre lateral
forces in the control synthesis.

5.1 Piecewise linear control for reference yaw rate tracking

As mentioned in Section 2.2.1, an active steering system is designed to reject disturbances
and enlarge the vehicle stability region, while the driver is responsible to provide the required
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steering angle to follow the track. Such systems are usually included in steer-by-wire vehicles,
and a reference model is used to convert the driver steering angle on the steering wheel into a
yaw rate reference.

Many possibilities to design the reference model can be found in the literature. In [OBNY+11],
a first order transfer function with the same steady state gain as the conventional car is used.
The gain is derived from the single track linear model. In [MSC07] a nonlinear first order model
is considered in which the lateral acceleration is also taken into account. In this work, as the
objective is the evaluation of the PWL controllers, a more simple reference model, consisting
only of the steady state gain is used. The yaw rate reference signal is computed from the driver
input, based on the steering wheel angle, δp, as follows:

rd = Kδ(v)δp (5.1)

in which Kδ is computed as:

Kδ(v) = lim
s→0

Clin(v) [sI −Alin(v)]
−1Blin(v), (5.2)

where Clin = [0 1], and the index lin represents the linear approximation of the tyre lateral
forces (see Remark 4.2.1) for vehicle model (4.13). Most drivers are only familiar with the linear
operating region of the tyre forces, hence the choice of this dynamics as a reference model makes
sense.

Several control strategies for active steering systems can be found in the literature (as de-
scribed in Section 2.2.1). In the patent [B+03], a PI (proportional-integral) controller has been
used to ensure the tracking of constant yaw rate reference signal (ṙd = 0) in the design of an
active steering system in which the integral term is used to reject perturbations on the lateral
and yaw dynamics.

The linear PI controller on the basis of yaw rate error can be described as:

δfPI = −KP (r − rd)−KI

∫ t
0 (r − rd) dζ

δfPI = −KP α̇0 −KIα0

(5.3)

where α0 is thus an additional state introduced by the dynamic controller (5.3) in the closed
loop system.

Due to its simplicity, this controller has been chosen as a basis to be extended to a PWL
structure.

In order to improve the vehicle handling without neglecting the nonlinear behaviour of the
lateral tyre forces, two extensions of this active steering controller are proposed by considering
the affine approximations of the lateral tyre forces in the design of piecewise linear proportional-
Integral (PIi) controllers.

Remark 5.1.1 (Anti windup) It is important to note, mainly for the practical implementa-
tion of the PWL PI controllers, that the control input is computed only for the active operating
region of the state-space. Therefore, when a switch from one operating region to another takes
place, the current value of the error variable, α0, is carried over and the only gains of the
corresponding region are changed to conpute the control input. Such configuration avoids the
accumulation of integration term for regions that are not active.

The first control strategy, named Controller-1, involves the design of the PI gains for the
affine regions of the PWA vehicle model. Moreover, a parametrisation of the vehicle dynamics
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in terms of the yaw rate is carried over to have the switches driven only by the yaw rate. Such
switching condition avoids the use of the high cost sensors for measurement of vehicle sideslip
angle and estimators of wheel sideslip angles.

For second active steering assistance, referred to as Controller-2, a state feedback loop is
included in order to enhance the vehicle dynamic stability. Both control strategies are discussed
in the subsequent sections.

5.1.1 PWL PI with Parametrised vehicle dynamics - Controller-1

Controller-1 is based on a parametrisation of vehicle dynamics with respect to the yaw rate,
which is a variable that can be measured without additional cost on the currently commercialised
passenger cars. The switching conditions are redefined through an analysis of the steady state
behaviour of the nonlinear vehicle model. The vehicle dynamics parametrisation in terms of yaw
rate is shown below.

Parametrisation of vehicle dynamics in term of yaw rate

By solving the equation for the nonlinear vehicle model (4.1) equal to zero at constant speed
and different constant inputs (steering angle, δf ), the steady state values of the vehicle lateral
speed, vssy and yaw rate, rss are obtained. The values obtained are marked with × in Fig. 5.1.
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Figure 5.1: Steady state nonlinear vehicle yaw rate for different steering angles; the computed
regions are emphasized by the gray box (v = 30 [m/s]).

For each triple {δf , v
ss
y , r

ss}, using equations (4.3), the front and the rear tyre sideslip
angles at steady-state can be computed, which are denoted αss

f (δf ) and αss
r (δf ), respectively.

Consequently, the front and rear tyre forces corresponding to the steady-state condition, can
also be calculated by (4.6).

In Fig. 5.2, the Pacejka tyre model is plotted for the front tyre (solid line). The × marks on
the diagram represent the lateral tyre force as a function of the computed front wheel sideslip
angle from the steady-state analysis. For the sake of clarity, only the front tyre is plotted but
the same is done for the rear tyre.
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Figure 5.2: Front tyre force described by the Pacejka magic formula and corresponding PWA
approximation.

Considering the PWA approximation of the lateral tyre forces, with the hyperplanes αf =
ᾱf(ij) and αr = ᾱr(ij) delimiting the neighbouring operating regions Ri and Rj , it is possible to
find, with arbitrary precision, values of wheel sideslip angle at steady state that correspond to
each ᾱf(ij) and ᾱr(ij), i.e:

|αss
f (δf )− ᾱf(ij)| < ǫ

|αss
r (δf )− ᾱr(ij)| < ǫ

(5.4)

where ǫ > 0 is a scalar, determining the desired precision.

Since αss
f and αss

r are unique for each triple{δf , v
ss
y , r

ss}, the obtained values can be linked
to the state-space variables, and consequently, be used to redefine the partitions αf = ᾱf(ij) and
αr = ᾱr(ij) in terms of state-space variables.

A parametrisation in terms of yaw rate is chosen, because it can be measured in currently
commercialised vehicles. By doing so, the partitions on the tyre sideslip angle determine the
hyperplanes on the yaw rate.

Fig. 5.2 shows an example for the front wheel of a simple partitioning at αf = ±ᾱf . The
corresponding values of yaw rate in steady state are depicted in Fig. 5.1 by the values r = ±r̄.

Having redefined the switching boundaries in terms of yaw rate, the PWL PI controller is
introduced below.

Structure of Controller-1

The redefinition of the partitions in terms of yaw rate enables the implementation of a simpler
controller structure involving a PWL proportional-integral controller (PIi), as an extension of
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(5.3). A scheme of the proposed control system is shown in Fig. 5.3. It also illustrates the
switch before the gains on the block diagram, corresponding to the configuration mentioned on
Remarak 5.1.1.

rrd PI2

PI1,3

−

+

δf
V ehicle

i
Mode

Selector

Figure 5.3: Schema from Controller-1.

The control input to ensure the tracking of constant yaw rate reference signal (ṙd = 0) is
defined as:

δf = −KPi(r − rd)−KIi

∫ t
0 (r − rd) dζ

δf = −KPi(r − rd)−KIiα0. i ∈ I
(5.5)

where I = {1, ...,M} is the set of indexes of all operating regions of the PWA vehicle model
(4.13).

Substituting (5.5) in (4.13) leads to the augmented vehicle state-space description in which
the internal model of the constant reference is enclosed in the PWA system:

ẋa = Aaixa +Baiua + aai (5.6)

in which:

Aai =











−
dfi+dri

vm
lrdri−dfilf−v2m−KPidfiv

v2m

−KIidfi
vm

lrdri−dfilf
J −

lf
2dfi+lr2dri+KPilfdfiv

vJ
−KIilfdfi

J

0 1 0











(5.7)

and

Bai =









KPidfi
vm

KPilfdfi
J

−1









, aai =









efi+eri
vm

efilf−erilr
J

0









, (5.8)

where xa = [ β, r, α0 ] and ua = rd.

The following algorithm describes the design steps of Controller-1

Algorithm 5.1.1 :

1. PWA approximation of tyre forces The PWA affine functions that approximate the
nonlinear tyre model are defined such that they take into account the nonlinear behaviour
of the tyre lateral forces. The boundaries defining the validity of each approximation are
also defined.
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2. Steady-State analysis At this stage, the steady-state response of nonlinear vehicle model
(4.1) is computed at constant longitudinal velocity for different steering angles. The yaw
rate and wheel sideslip angles at steady-state corresponding to each steering angle must be
computed.

3. Parametrisation in terms of yaw rate The boundaries for each PWA approximation,
defined in Step-1, are compared to the computed values of wheel sideslip angle at steady
state, considering a certain precision, and then linked to the corresponding value of yaw
rate at steady-state. If conditions (5.4) are not satisfied, Step-2 must be repeated with a
finer refinement of steering angles as input.

4. PWA modelling Considering the PWA approximations, defined in Step-1 and the bound-
aries in terms of yaw rate, the PWA vehicle model can be described and the PI gains for
each subsystem have to be designed such that the closed loop system is stable and exhibits
required performance. At the end of this stage, the closed loop system (5.5) can be obtained.

5. PWQ Lyapunov stability A piecewise quadratic Lyapunov function for the closed loop
system can be searched using Theorem 3.5.1. If the LMI problem is infeasible, one can
return to Step-4 to compute new PI gains for each subsystem, or return to Step-1 to
simplify the approximations. The assumptions from Section 4.2.2 should be considered in
order to use Theorem 3.5.1 to prove the stability of the PWA closed loop system.

Controller-1 has been synthesised based on this algorithm, as described below.

Synthesis of Controller-1

The assumptions described in Section 4.2.2 have been considered in the design of this lateral
assistance. Therefore, it is considered in the PWA model (4.13) for all operating regions that
only the front wheel lateral tyre forces saturate, i.e. dri = cr and eri = 0, and that the PWA
approximations contain only positive slopes for i.e. dfi > 0,.

The vehicle longitudinal speed has been considered constant at v = 30 [m/s] and the nu-
merical values of the parameters describing the vehicle and Pacejka model of tyre forces are
presented in Table 4.2.

The PWA functions (4.12) (for the front tyre) have been chosen such that they are able to
take into account the linear and the nonlinear behaviour of the tyre force. They are depicted
with dashed lines in Fig. 5.2. The values of wheel sideslip ±ᾱf , establishing the boundaries
of the operating regions, determine the two corresponding hyperplanes on the yaw rate, at
threshold values r = ±r̄, as shown in Fig. 5.1, creating subsets that cover the whole state-space.
According to (3.30), the boundaries of each operating region of the parametrised PWA systems
are described by:

HT
1 =

[

0 1 0
]

, g1 = −0.27,

HT
2 =

[

0 −1 0
0 1 0

]

, g2 =

[

0.27
0.27

]

,

HT
3 =

[

0 −1 0
]

, g3 = −0.27,

(5.9)

Even though the approximation of the tyre force (and corresponding yaw rate) could be
refined, it is shown in the simulations (Section 5.3) that the performance can be improved by
using this simple partitioning, I = {1, 2, 3}.

The controller gains are shown in Table 5.1.
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5.1. Piecewise linear control for reference yaw rate tracking

Table 5.1: Gains for yaw rate tracking based on yaw rate only - Controller-1

Gains
Regions KPi KIi

i = 1, 3 1 0.2

i = 2 1.5 5

The stability proof of Controller-1 is presented in Section 5.2.1.
This control structure presents some advantages with respect to the linear controller 5.3, as

shown in the simulation results in Section 5.3. Nevertheless, the parametrisation of the vehicle
dynamics in terms of steady-state yaw rate implies that the assistance may not be satisfactory
in some critical situations, such as skidding at low yaw rate. Such undesired effects can be
mitigated by taking the vehicle sideslip angle into account in a feedback loop, which can also
enhance the transient regime. Such an improvement is presented in the next section.

5.1.2 Piecewise linear state feedback for yaw rate tracking - Controller-2

Having proposed a first PWL linear controller for active steering, the structure can be improved
by considering the vehicle sideslip angle, not only to define the switching boundaries, but also
in the design of a state feedback loop to enhance the vehicle stability.

The proposed control strategy involves the design of two control loops as shown in Fig. 5.4,
for which Remark 5.1.1 also holds. The control law can be written as follows:

δf = − [Kβi Kri]x
b + δfPI i ∈ I (5.10)

where xb = [β, r]T is the vector of state variables.
The first control loop is a piecewise linear state feedback, which is designed using the pole

placement techniques, in order to improve the vehicle dynamics. It requires the measurement
of the vehicle sideslip angle β which can be measured with the CORREVIT optical sensor (see
Section 4.6.2), as done in [MENML09], or estimated (see [SCM07] and [DBL+08]).

The second control loop, δfPI , is the PWL PI controller to track the yaw rate reference, as
follows:

δfPI = −KPi(r − rd)−KIi

∫ t
0 (r − rd) dζ

δfPI = −KPiα̇0 −KIiα0 , for i ∈ I
(5.11)

Substituting (5.10) in (4.13) leads to the augmented vehicle state-space description in which
the internal model of the constant reference is enclosed to the PWA system:

ẋa = Aaixa +Baiua + aai , (5.12)

where xa = [β, r, α0] and ua = rd.
As already mentioned, this control strategy requires the measurement of the vehicle sideslip

angle for the PWL state feedback loop. However, this variable is not measurable by the current
on-board sensors, therefore estimation algorithms or optical sensors would be required which are
still very costly to be deployed by the automotive industry in commercialised vehicles. Despite
this drawback, which might also seem incompatible with the objective of developing low-cost
assistances, the investigation of such control structure is justified for being an intermediate
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Figure 5.4: Schema from Controller-2.

stage in the design of the Perceptive-ESC . The main goal at this point is the evaluation of
the potential advantages of PWA controllers to enhance the vehicle dynamics, as well as the
comprehension of its limitations. For this reason, it has been decided not to devote further work
to the development of observers for the proposed active steering systems, but to consider them
in the design of the Perceptive-ESC assistance.

Since the control structure involves the measurement of the vehicle sideslip angle, β and
yaw rate, r, the switching boundaries can be expressed directly in term of the wheel sideslip
angles, which can be computed using (4.3), (4.4) or other estimation algorithm. Describing the
switching boundaries in terms of state variables is particularly interesting to use the techniques
for analysis of PWA system described in Section 3.5.2, therefore (4.4) is chosen to estimate the
wheel sideslip angles, as described in the following discussion about the control synthesis.

The following algorithm provides the steps to the design of Controller-2.

Algorithm 5.1.2 :

1. PWA approximation of tyre forces The PWA affine functions that approximate the
nonlinear tyre model are defined such that they take into account the nonlinear behaviour
of the tyre lateral forces. The boundaries defining the validity of each approximation are
also chosen.

2. PWA modelling Considering the PWA approximations, defined in Step-1, the PWA
vehicle model can be described. At this stage, the PI gains and state feedback gains must also
be designed for each subsystem such that the closed-loop exhibits acceptable performance.
Replacing the expression for the control input in the PWA vehicle model yields the closed
loop system (5.12).

3. PWQ Lyapunov stability A piecewise quadratic Lyapunov function for the closed loop
system can be searched using Theorem 3.5.1. For that the boundaries of the PWA closed
loop system must be expressed in term of the state variables, a detailed description of this
procedure is provided in Section 5.2.2. If the LMI problem is infeasible, Step-2 must be
repeated to compute new PI gains for each subsystem or state feedback, or return to Step-1
to simplify the approximations. The assumptions from Section 4.2.2 should be considered
in order to use Theorem 3.5.1 to prove the stability of the PWA closed loop system.
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5.2. Stability Analysis

This control strategy could also be described as a PWL dynamical state feedback, and more
sophisticated procedures for the control synthesis could be used in order to avoid the possibly
cumbersome search of adequate gains. Nevertheless, the structure with the PIi gains has been
privileged due to the heuristic knowledge gained from the design of the more simple structure
of Controller-1.

In the sequel, the design of synthesis of Controller-2, following the previously presented
algorithm is described.

Synthesis of Controller-2

Similarly to the synthesis of Controller-1, the assumptions from Section 4.2.2 have been kept for
the design of this steering assistance The PWA affine approximation for the front tyre force is
shown in Fig. 5.2. Consequently, the switching between the controllers is driven by the estimate
of the front wheel sideslip angle, as shown in Fig. 5.4. This variable is computed as in (4.5).

Even though a finer partitioning of the tyre force domain could be employed, the simulation
results, presented in Section 5.3, show that using only 3 regions (M = 3) the resulting PWL
controller can already enhance the vehicle handling.

Similarly to Controller-1, the numerical values of the vehicle parameters of (4.13) are pre-
sented in Table 4.2. The vehicle longitudinal speed is considered constant at v = 30 [m/s].

The gains have been chosen so that the closed loop system is stable in each of the operating
regions. The numerical values for the gains are described in Table 5.2

Table 5.2: Gains for yaw rate tracking based on front sideslip angle - Controller-2

Gains
Regions Kβi Kri KPi KIi

i = 1, 3 0.001 0.001 0.3 0.1

i = 2 1.9 0.6 1.5 2

The gains of Controller-1 and Controller-2, proposed respectively in Sections 5.1.1 and
5.1.2, were designed such that each subsystem is stable, however it does not imply that the
whole closed loop systems (5.12) and (5.6) are also stable. The next section presents the proof
of stability of the PWA closed loop systems.

5.2 Stability Analysis

The stability proof of the proposed control schemas is based on the search of a continuous
piecewise quadratic Lyapunov function, as described in Theorem 3.5.1. For both controllers the
LMIs are solved using the toolbox for PWL systems [HJ99]. The application of this theorem for
the PWA closed loop systems (5.6) and (5.12) is presented in the following.

5.2.1 Stability analysis for switching based on yaw rate

The PWA model of the vehicle under action of Controller-1 (equation (5.6)) already has its
partitions described in terms of state variables (parametrisation in terms of yaw rate). Therefore,
Theorem 3.5.1 can be directly used to verify the overall system stability.
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Using the vehicle parameters as shown in Table 4.2, the gains described in Table 5.1 and the
boundaries of the parametrised PWA systems described by equations (5.9), a piecewise quadratic
Lyapunov function has been computed and its projection for α0 = 0 is shown in Fig 5.5.
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Figure 5.5: Piecewise quadratic Lyapunov function for the PWA system (5.6), representing the
vehicle equipped with Controller-1.

5.2.2 Stability analysis for switching based on front tyre sideslip angle

In order to use Theorem 3.5.1 in the vehicle model under Controller-2 (5.12), it is required to
reformulate the overall dynamics such that the partitions of the PWA systems are described
in terms of state-space variables. For that, a coordinate change is performed such that a new
state-space vector is composed of the front and rear tyre sidelip angles αf , αr and the variable
α0.

Evoking (4.5), a transformation matrix can be defined:

T =





−1 −
lf
v 0

−1 lr
v 0

0 0 1



 , (5.13)

such that:

x̄ =





αf

αr

α0



 = Txa +





δf
0
0



 (5.14)

Replacing the expression for δf from (5.10) into equation (5.14) leads to

x̄ =





αf

αr

α0



 = Sxa +





KPi

0
0



 rd, (5.15)
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where:

S =









−Kβ − 1 −
lf
v −Kr −KPi −KIi

−1 lr
v 0

0 0 1









(5.16)

The derivative of expression (5.15) results in:

˙̄x = Sẋa +





KPi

0
0



 ṙd (5.17)

Since it was assumed that ṙd = 0, and considering

xa = S−1



x̄−





KPi

0
0



 rd



 , (5.18)

system (5.12) can be rewritten in the new coordinates as:

˙̄x = Āix̄+ B̄ird + āi, (5.19)

where:

Āi = SAaiS
−1 (5.20)

B̄i = −SAaiS
−1





KPi

0
0



+ SBai (5.21)

ā1 = Saai (5.22)

According to (3.30), the operating regions of (5.19), described in terms of front wheel sideslip
angle, can be simply describe by:

Ri = {x̄ | H
T
i x̄− gi < 0}, (5.23)

where for each region:
HT

1 =
[

1 0 0
]

, g1 = −0.09,

HT
2 =

[

−1 0 0
1 0 0

]

, g2 =

[

0.09
0.09

]

,

HT
3 =

[

−1 0 0
]

, g3 = −0.09,

(5.24)

Considering the vehicle parameters as shown in Table 4.2, the gains provided in Table 5.2
and applying Theorem 3.5.1, a piecewise quadratic Lyapunov function has been found for the
system (5.19). Fig. 5.6 depicts a projection of the PWQ Lyapunov function computed for α0 = 0
and input rd = 0.

The stability of both active steering systems could be proved using piecewise quadratic
Lyapunov functions, however it is important to verify the performance of the controlled vehicle
and its behaviour with respect to unmodelled dynamics. Such analysis are presented in the
following section.
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Figure 5.6: Piecewise quadratic Lyapunov function computed for the PWA system (5.12) rep-
resenting the vehicle equipped with Controller-2.

5.3 Simulation results

Several simulations in the CarSim environment have been performed in order to:

• validate the proposed control systems with respect to additional dynamics and nonlinear
combined lateral and longitudinal tyre force effects which were neglected at the control
design stage,

• evaluate the improvements of each of the proposed PWL controllers (Controller-1 and
Controller-2 ), by comparison with the standard PI controller (as in [B+03]) designed in
the linear region only.

Each of the proposed controllers have been tested separately and the simulations were per-
formed on the same vehicle in three different configurations:

• the uncontrolled vehicle (unc);

• a vehicle equipped with the designed controllers in the linear region, equation ((5.5) and
(5.10)) with i = 2, (lin. contr) only;

• a vehicle equipped with the proposed PWL control strategies, equation ((5.5) and (5.10))
with i = 1, 2, 3, (PWL contr).
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5.3. Simulation results

The scenarios of the simulations consisted of two kinds. Firstly, disturbances on the lateral
and yaw dynamics are applied to the vehicle in order to verify the ability of the controlled system
to reject perturbations. The second scenario consists of a sudden change in direction. In both
cases, the manoeuvres are conducted such that the tyre forces reach the nonlinear regions in
order to show the improvements provided by the piecewise linear control strategies. Table 5.3
relates the configuration of each simulation with the figures depicting the obtained results.

Table 5.3: Summary of simulation results for active steering systems:

Controller-1 Controller-2

Scenarios unc lin contr. PWL contr. unc lin contr. PWL contr.

Disturbances Fig. 5.8 to Fig. 5.11 Fig. 5.12 to Fig. 5.15

Direction change Fig. 5.16 to Fig. 5.17 Fig. 5.18 to Fig. 5.19

The standard CarSim D-Class vehicle, described in Section 4.6.1 has been used to analyse the
responses of both the uncontrolled and the controlled vehicles. The simulations are performed
at a vehicle speed of v = 33 m/s.

The ratio between the steering wheel and the yaw rate reference, Kδ, which depends on the
vehicle speed, Kδ(v), is chosen to be the same as in the uncontrolled vehicle (5.2). To take into
account the nonlinearities of the Carsim vehicle, used in the simulation section, the gain Kδ(v)
is obtained from the uncontrolled vehicle measurements by storing the steady state yaw rate
values in a look-up table for different steering angles and vehicle velocities (Kδ(v, δp)).

5.3.1 Response to Sudden Disturbances

To analyse the improved performance of the active steering system, the vehicles are subjected
to sudden disturbances on both the lateral and the yaw dynamics. Two sets of disturbances are
applied to the vehicle, as depicted in Fig. 5.7 (a) and (b). The left subplots of both pictures
show that the driver intends to ride straight forward. The right subplots show the disturbances
as external lateral force and yaw moment. The disturbances on Fig. 5.7 (b) have greater mag-
nitudes.

Response of Controller-1 subjected to sudden disturbances

The response for each vehicle configuration equipped with Controller-1 is shown in Fig. 5.8,
which depicts the vehicle sideslip angle and yaw rate on the top and bottom subplots respectively.
The controlled vehicle sideslip and yaw rate are improved by both the performed control actions
(shown in the third subplot of Fig. 5.9) in comparison to the uncontrolled vehicle. It is also
important to note that in this case the disturbances are relatively small such that the vehicle
does not reach the region in which −r̄ < r < r̄, as shown in the first and second subplots of
Fig. 5.9, the proposed PWL control action is equal to the action performed by the controller
designed for the linear region, which can be seen in the third subplot of Fig. 5.9.

However, when the disturbances are sufficiently large, as indicated in Fig. 5.7 (b), the vehicle
yaw rate reaches values beyond the defined thresholds ±r̄, as shown in the second subplot of
Fig. 5.10. Consequently, the operation region of the vehicle PWL contr switches from the linear
region R2 to the affine regions R1 and R3, as shown in the second subplot of Fig. 5.11. Due
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Figure 5.7: sudden disturbance on the uncontrolled (unc) and both controlled ((lin. contr),
(PWL contr)) cars. (a) small disturbance, (b) large disturbance
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Figure 5.8: Response to a small sudden disturbance on the uncontrolled (unc) and both con-
trolled ((lin. contr), (PWL contr)) cars (Controller-1 ).

to the switching, the resulting control input from Controller-1 differs from the vehicle equipped
with the linear control only (lin. contr), as indicated in the bottom subplot of Fig. 5.11. The
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Figure 5.9: Operating regions and control input as response to a small sudden disturbance on
the uncontrolled (unc) and both controlled ((lin. contr), (PWL contr)) cars (Controller-1 ).

corresponding vehicle dynamics is plotted in Fig. 5.10 showing smaller values of vehicle sideslip
angle and yaw rate and therefore, a improved performance of the PWL controller.

It can be noted that the PWL controller based on the parametrisation of yaw rate, has
improved performance with respect to the linear PI controller. The first subplot of Fig. 5.11
indicates that the wheel sideslip angle of PWL contr reaches values smaller than the lin contr,
indicating that the PWL controller avoids the saturation of tyre forces.

Response of Controller-2 subjected to sudden disturbances

The same disturbances were applied to vehicle equipped with Controller-2. Similarly to the
results present for Controller-1, when the disturbances are small (Fig. 5.7 (a)) the control of the
vehicle lin contr and PWL contr are identical, as the front wheel sideslip angle is in the interval
−ᾱf < αf < ᾱf . The vehicle sideslip angle and yaw rate are shown in Fig. 5.12 and the control
input and front wheel sideslip angle are shown in Fig. 5.13.

Submitting the vehicles equipped with Controller-2 to the disturbances Fig. 5.7 (b), the dis-
tinct control action of the PWL contr with respect to the lin contr can be noticed, as illustrated
in the bottom subplot of Fig. 5.11. The values of front wheel sideslip angle outside the interval
−ᾱf < αf < ᾱf , depicted in the first subplot cause the switching between controller as it can
be seen in the second subplot of the same figure.

The vehicle sideslip angle and yaw rate corresponding to this manoeuvre are depicted in
Fig. 5.11.

Similarly to the results obtained for Controller-1, it can be noticed that the PWL control
strategy is more adequate in avoiding the saturation of the tyre force, due to the smaller values
of front wheel sideslip angle obtained during the manoeuvre.

The enhanced performance of both PWL controllers is also tested for a sudden direction
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Figure 5.10: Response to a sudden disturbance on the uncontrolled (unc) and both controlled
((lin. contr), (PWL contr)) cars (Controller-1 ).

change. The results are described below.

5.3.2 Response to Sudden Direction changes

Several sudden direction changes are simulated to show the tracking of the desired yaw rate, the
faster response of the controlled vehicles and their improved performance. In order to verify the
enhanced performance of the PWL controllers, the same driver input is applied and compared
to the unc and lin contr vehicles.

Response of Controller-1 subjected to sudden direction changes

A sudden direction change performed by the driver action on the steering wheel (δp), as shown
in the first subplot of Fig. 5.16. The manoeuvre is very demanding, as it can be seen by the
lateral acceleration shown in the second subplot of Fig. 5.16. In this case, only the PWL
control approach performs satisfactorily, as shown in the third and fourth subplots of Fig. 5.16
depicting the vehicle sideslip and the yaw rate respectively. The PWL control action shown
in the third subplot of Fig. 5.17 switches, according to the chosen partitions, maximising the
lateral acceleration (second subplot of Fig. 5.16) while reducing the yaw rate error.
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Figure 5.11: Operating regions and control input as response to sudden disturbance on the
uncontrolled (unc) and both controlled ((lin. contr), (PWL contr)) cars (Controller-1 ).

Response of Controller-2 subjected to sudden direction changes

The same direction change is applied in the vehicle equipped with, Controller-2, which is com-
pared to the performance of the linear controller only and uncontrolled vehicles. Fig. 5.18
displays the driver input and the corresponding yaw rate reference signal. Also in this situation
only the PWL controller is able to respond satisfactorily to the driver input.

Fig. 5.19 shows in its first subplot the tyre sideslip angle. It can be seen that the values
reached for vehicle PWL Contr are much smaller than the other two vehicles, indicating that
the PWL strategy is able to avoid tyre saturation in demanding manoeuvres. The switching
between the operating regions, driven by the front wheel sideslip angle, is shown in the second
subplot of Fig. 5.19. The third subplot illustrates the control input.

It is interesting to compare the response of both vehicles equipped with the PWL controllers,
since they are submitted to the same sudden direction change. It can be seen that the response
vehicle equipped with Controller-1 presents more oscillations during the manoeuvre for the
vehicle sideslip angle as well as the yaw rate, as depicted in the top and bottom left subplots of
Fig. 5.16. Analysing the response of the vehicle equipped with Controller-2, it can be seen that
the response of the vehicle sideslip angle (top left subplot of Fig. 5.18) is slightly faster than
for Controller-1, and less oscillation is produced in steady state. Similarly for the yaw rate, as
shown in the top left subplot of Fig. 5.18. Such results confirm the enhancement provided by
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Figure 5.12: Response to a small sudden disturbance on the uncontrolled (unc) and both con-
trolled ((lin. contr), (PWL contr)) cars (Controller-2 ).
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Figure 5.13: Operating regions and control input as response to small sudden disturbance on
the uncontrolled (unc) and both controlled ((lin. contr), (PWL contr)) cars (Controller-2 ).

the additional state feedback loop, as well as the switching based on the front wheel sideslip
angle.
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Figure 5.14: Response to sudden disturbance on the uncontrolled (unc) and both controlled
((lin. contr), (PWL contr)) cars (Controller-2 ).
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Figure 5.15: Operating regions and control input as response to sudden disturbance on the
uncontrolled (unc) and both controlled ((lin. contr), (PWL contr)) cars (Controller-2 ).

5.4 Conclusions

In this chapter two control strategies based on the PWA vehicle model have been presented.
Both control laws belong to the class of PWL controllers, as they do not contain affine terms.
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Figure 5.16: Response to a sudden direction change on the uncontrolled (unc) and both the
controlled ((lin. contr), (PWL contr)) vehicles (Controller-1.)
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Figure 5.17: Wheel sideslip angle, operating region and control input for a sudden direction
change on the uncontrolled (unc) and both the controlled ((lin. contr), (PWL contr)) vehicles
(Controller-1 ).

They have been designed as an extension of a simple PI controller on the yaw rate error.

For the first control strategy, the PI has been simply extended to a PWL PI. The switching
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Figure 5.18: Response to the driver input on steering wheel causing a sudden direction change
on the uncontrolled (unc) and both controlled ((lin. contr), (PWL contr)) cars (Controller-2 ).

boundaries of the controller have been obtained from a parametrisation of the vehicle dynamics
in steady-steate in terms of yaw rate, which is easily measurable.

For the second control strategy a PWL state feedback loop has been included to improve the
vehicle dynamics and the switches between the PWL controllers are driven by estimates of the
front wheel sideslip angle. Despite requiring the measurement of the vehicle sideslip angle, the
development of Controller-2 has been important to the investigation of the advantages of PWL
controller to stabilise the vehicle dynamics.

Piecewise quadratic Lyapunov functions have been used to prove the stability of both sys-
tems. The S-procedure is applied to restrict the Lyapunov conditions to each operating region
and equality constraints are employed to force continuity along the boundaries. The search of a
piecewise quadratic Lyapunov function is then casted as an LMI feasibility problem.

Despite the simple structure of these assistances, the advantages of using the PWL controllers
with respect to simple linear controllers in very demanding manoeuvres have been presented
through the simulations in different scenarios.

Moreover, it has been shown that satisfactory performance of Controller-1 may be limited
due to oscillations caused by the switches based on the parametrisation of the vehicle dynamics
in term of yaw rate. The switches based on the front wheel sideslip angle, as for Controller-2,
have proven to be more adequate, consequently the vehicle sideslip angle may not be neglected in
the design of PWL controllers to enhance the vehicle dynamics which suggests that the control
structures must take into account observers to estimate this variable, and avoid the high cost of
optical sensors, such as CORREVIT.

These two main achievements accomplish the objective of this stage regarding the develop-
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Figure 5.19: Wheel sideslip angle, operating region and control input for a sudden direc-
tion change on the uncontrolled (unc) and both controlled ((lin. contr), (PWL contr)) cars
(Controller-2 ).

ment of the Perceptive-ESC .
The proposed steering assistances are directly linked with the driver awareness as he/she

is responsible for providing an adequate reference value, hence inadequate to avoid unintended
lane departure. In the next chapter, exteroceptive signals are taken into account in the design
of a lane departure avoidance systems.
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This chapter presents two control strategies for lane keeping. They take into account the
road geometry in order to reject the road curvature considered as a disturbance.

The controller that introduces the chapter is an extension of a control synthesis technique
developed at LIVIC [MELMN09]. The control synthesis is based on the minimisation of invariant
sets from a quadratic Lyapunov function, to outer approximate a polytope describing the normal
driving conditions. The extension, named Controller-3, consists of the addition of an internal
model for the disturbances so that the vehicle converges to a zero lateral offset condition in
steady-state. Moreover, constraints for pole clustering are added to the BMI problem to ensure
good damping performance and also asymptotic stability.

The development of the second controller presented in this chapter is aimed at the evaluation
of the PWL controller for lane keeping. For this purpose, a simple structure is chosen which
consists of a PWL Proportional-double-Integral-derivative (PIIDi) based on the lateral offset.
In order to keep a simple structure, based on the results obtained for Controller-1, the switching
is driven only by the yaw rate, considering the parametrisation of the yaw rate from the steady-
state analysis. Similarly to the algorithms proposed in the previous chapter, the stability proof
is performed on the closed loop system once the gains are defined.

The first section describes the effect of the internal model on the vehicle model for a state
feedback and PIIDi controllers. The structure and synthesis of Controller-3 and Controller-4
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are described in detail in the second and third sections respectively. The results obtained from
practical implementation and simulations on CarSim environment are presented in Section 6.4
while the conclusions wrap-up the chapter.

6.1 Internal model

An adequate strategy for the design of control laws, considering parameter uncertainties or
perturbations consists in integrating the perturbations, in the controller by means of an internal
model, which represents the disturbances as a family of known functions [FW76].

Road building standards define, as presented in section 4.3, that the clothoids are to be used
to interconnect straight roads to constant curvature roads [Raj06d] (chapter-2) and, at constant
speed, this implies that the road curvature increases linearly with respect to curviligne abscissa
and thus to time:

ρ =
1

F 2
s (6.1)

where F is a fixed scale parameter and s is the length measured along the clothoid which
increases linearly at constant vehicle speed. Using the lateral offset yL as input, the internal
model is described by the the state variables ϕ = [ϕ1, ϕ2]

T , as follows:

{

ϕ̇1 = yL,
ϕ̇2 = ϕ1,

(6.2)

Considering a PWA vehicle model (4.25), which includes the variables describing the posi-
tioning of the vehicle, the internal model can be added to the state, which yields:

xim
∆
= [β, r, ψL, yL, ϕ1, ϕ2]

T , (6.3)

and the augmented system becomes:

ẋim = Aim
i xim +Bim

ui u+Bim
ρ ρref (6.4)

where u = δf and the system matrices become:

Aim
i =



















−2
dfi+dri

mv −1− 2
dfilf−drilr

mv2
0 0 0 0

2
drilr−dfilf

J −2
dfil

2

f
+dril2r
Jv 0 0 0 0

0 1 0 0 0 0
v ls v 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1



















,

Bim
ui =





























2dfi
mv

2dfilf
J

0

0

0

0





























, Bim
ρ =





























0

0

−v

0

0

0


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













, aimi =



























2
efi+eri

mv

2
efilf−erilr

J

0

0

0

0
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

.

(6.5)
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Applying in system (6.4) a state feedback of the form:

u = Kxim, (6.6)

with K = [k1, k2, k3, k4, k5, k6], the closed loop system becomes:

ẋim = (Aim
i +Bim

ui K)xim +Bim
ρ ρref + aimi . (6.7)

Denoting by aij , bij and cij the elements of the ith row and jth column of the matrices Aim
i , Bim

ui

and aimi respectively, in order to ease the notation, the equilibrium point of (6.7) is:

xeq =



























−a12b21−b11a22
b21a11−b11a21

vρref + b11c21−b21c11
b21a11−b11a21

vρref
(

a12b21−b11a22
b21a11−b11a21

v − ls

)

ρref −
b11c21−b21c11
b21a11−b11a21

0
xeq5

0



























(6.8)

in which

xeq5 = −ρref (vb21k3a12 − b21k3lsa11 + va11b21k2 − vb21k1a12 − vb11k3a22 + b11k3lsa21
+vb11k1a22 − va21a12 + va11a22 − va21b11k2)/(k5v(−b21a11 + b11a21))v
−((b21k3 − b21k1 − a21)c1 + (a11 + b11k1 − b11k3)c2)/(k5(b21a11 − b11a21))

From (6.8) it can be observed that in steady-state the yaw rate is equal to vρref and the
lateral offset is equal to zero. Therefore, by choosing adequately the state feedback gains, it
is possible to stabilise (6.7) and steer the vehicle to a zero lateral offset condition even in the
presence of the curvature perturbation.

Although using a full state feedback may be advantageous to improve the vehicle dynamics
and enlarge stability margins, the disturbances can also be rejected by use of proportional and
integral gains on the variable to be regulated. For the constant road curvature in circular
sections, an integral term (denoted I1i) is needed to reject this disturbance. In a clothoid, ρref
is considered as increasing linearly with respect to time (as a ramp function), thus an additional
integral term (denoted I2i) is required to obtain zero lateral-offset. Considering the control PWL
PII input:

δf = −PiyL − I1i
∫ t
0 yL dν − I2i

t
∫

0

ν
∫

0

yLdηdν

δf = −PiyL − IIiϕ1 − I2iϕ2, for i ∈ I.

(6.9)

The equilibrium point of the PWA vehicle model (6.4) for control input (6.9) is:

xeq =


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
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












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b21a11−b11a21

vρref + b11c21−b21c11
b21a11−b11a21

vρref
(

a12b21−b11a22
b21a11−b11a21

v − ls

)

ρref −
b11c21−b21c11
b21a11−b11a21

0
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0










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











(6.10)
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where:

xeq5 =
a11a22 − a12a21

I1i(a11b21 − a21b11)
vρref +

a11c21 − a21c11
I1i(a11b21 − a21b11)

It can be noted that the PIIi controller also rejects the disturbances and only the inter-
nal model variable ϕ1 in steady-state differs from the equilibrium point obtained for the state
feedback controller.

Having described the effect of the internal model, the structures and synthesis of Controller-3
and Controller-4 are discussed in the next sections.

6.2 Linear state feedback with internal model, Controller-3

Taking into account the internal model described in Section 4.3, the controller synthesis devel-
oped in LIVIC [MELMN09] has been extended in order to ensure zero lateral offset in steady-
state and also to include constraints for pole clustering.

A linear vehicle model of system (6.4) (see Remark 4.2.1) has been used to design the
assistance. The road curvature is considered to be bounded by |ρref | < ρmax

ref , therefore system
is rewritten as:

ẋ = Ax+Buu+Bww (6.11)

where the superscripts im have been intentionally not written in order to ease the notation and
w is considered an exogenous input w =

ρref
ρmax
ref

and Bw = ρmax
ref B

im
ρ

Since it is intended to apply a control law that enables the vehicle to perform curves, ρref 6= 0,
the equilibrium point is no longer fixed at the origin (as in the case of straight lines). Therefore, to
make use of the Lyapunov theory of stability, it is necessary to ensure that the state trajectories
converge to an invariant set containing all the equilibrium points.

As presented in [MELMN09], by means of BMI optimisation procedure, it is possible to find
simultaneously a state feedback gain and a quadratic Lyapunov function, which guarantee the
invariant set properties even in the presence of disturbances.

This algorithm for control synthesis is extended in this work by the additional dynamics
from the internal model which ensure zero lateral offset in steady-state behaviour. Moreover a
constraint is included for poles clustering, in order to enhance the damping characteristic of the
closed-loop response as shown below.

An ellipsoidal invariant set of the form:

ε(P )
∆
= {x ∈ R

n : xTPx ≤ 1}, with P = P T and P ≻ 0, (6.12)

can be obtained from a quadratic Lyapunov function:

V (x) = xTPx, with P ≻ 0 and V̇ (x) < 0. (6.13)

The invariant set must contain all trajectories starting from a subset which represents the
states at the activation of the assistance system. This subset of initial conditions is a polytope
L(TN ) defined as:

x ∈ L(TN )
∆
= {x ∈ R

6 : |TNx| ≤ 1}, (6.14)
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where TN ∈ R
6x6 is a diagonal matrix with the following elements:

TN ∆
=



























(βN )−1 0 0 0 0 0

0 (rN )−1 0 0 0 0

0 0 (ψN
L )−1 0 0 0

0 0 0 (yNL )−1 0 0

0 0 0 0 (ϕN
0 )−1 0

0 0 0 0 0 (ϕN
1 )−1



























(6.15)

where the values βN and rN can be set as the equilibrium point of (6.7) for ρref = ρmax
ref

and the remaining parameters are chosen based on safety conditions such as maximum vehicle
positioning on the road.

Minimising the ellipsoid that contains the polytope (6.14) at the same time as satisfying the
conditions V̇ < 0, V (x) ≥ 1, wTw ≤ 1 can be expressed in terms of a bilinear matrix inequality
optimisation problem, by using the S-procedure [BGFB94] as follows:

Minimise: tr(Q), det(Q) or λmax(Q)
Subject to: γ ≻ 0,

Q ≻ 0,
(

QAT + Y TBT
u +AQ+BuY + γQ Bw

BT
w −γ

)

� 0,

(

1 zTj
zj Q

)

� 0, j = 1, ..., g/2,

(6.16)

where γ is a real constant, Q = P−1, Y = KP−1, and zj represents each of the g = 64 vertices
of the polytope (6.14).

Bounds on the control input can also be included in the optimisation problem. This con-
straint is important not only to limit the control input with respect to the actuator physical
limitations but also to keep the vehicle dynamics within the linear behaviour, avoiding excessive
lateral accelerations and saturation of the lateral tyre forces. The constraint can be expressed
as:

(

1 1
δmax
f

Y
1

δmax
f

Y T Q

)

� 0, (6.17)

where δmax
f is the maximum steering input used in the control design phase.

In order to enhance the damping characteristic of the closed loop response, constraints can be
included to specify regions where the poles have to be located. A constraint for pole clustering
defining a conic sector of angle θ centred at the origin [CG96], as shown in Fig. 6.1 can be
described as:















sin θ

[

AQ+QAT

+BwY + Y TBT
w

]

cos θ

[

AQ−QAT

+BwY − Y
TBT

w

]

cos θ

[

−AQ+QAT

−BwY + Y TBT
w

]

sin θ

[

AQ+QAT

+BwY + Y TBT
w

]















≺ 0 (6.18)
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Re(L)

Im(L)

θ

θ

Figure 6.1: Conic region for pole clustering within angle θ

If the optimisation problem composed of (6.16), (6.17) and (6.18) is feasible, the resulting
controller is able to reject the disturbances of road curvature and it ensures that all the state
trajectories are contained in the invariant set ε(P ). Moreover, the pole clustering condition
(6.18) ensures that all eigenvalues have negative real parts, therefore the closed loop linear
system (6.7) is asymptotically stable even in the presence of disturbances.

6.2.1 Controller synthesis

The software PENBMI [KS03] was used to solve the BMI problem (6.16), including constraints
(6.17) and (6.18). The maximum road curvature was considered ρmax

ref = 0.005m−1. The poly-

topic region TN was defined with the following values:

TN = [0.013, 0.174, 0.017, 0.2, 0.005, 0.005] . (6.19)

The numerical values of the vehicle parameters used in the design are presented in Table 4.3,
and the vehicle longitudinal speed has been considered constant at v = 15 [m/s].

The bound for control input was defined as |δmax
f | = 5◦ and the angle for poles clustering was

chosen θ = 30◦. The computed gain from the optimisation problem (6.16) is ensured to stabilise
asymptotically the system for bounded disturbances |ρref | ≤ ρmax

ref , since constraint (6.18) is
satisfied and consequently all real parts of the eigenvalues of the closed loop system (6.7) are
negative, as shown bellow.

λ =

















−6.7218 + 1.3347i
−6.7218 − 1.3347i

−2.1680
−1.5181
−0.4520
−0.2470

















, (6.20)

The corresponding gain is given by:

K = [−0.1813, −0.0955, −0.9418, −0.0781, −0.0045, −0.0341] (6.21)
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This control law has been implemented and tested on a prototype vehicle to verify the per-
formance of the proposed lane keeping assistance system. Moreover, simulations in the CarSim
environment have been carried out in order to explore the use of such a controller in lane change
and/or obstacle avoidance systems. These results are presented in Sections 6.4.1 and 6.4.2
respectively.

Possibilities of exploring the use of PWA models to handle the tyre saturation, are presented
in the next sections.

6.3 PWL PIID on lateral offset - Controller-4

Based on the results obtained for Controller-1, an extension has been proposed for a lane keeping
system. For this, vehicle model (4.25) is considered and the switching conditions are based only
on the yaw rate, according to the steady-state analysis which was developed for Controller-1.
Despite the improvements in the vehicle dynamics shown by Controller-2 due to the inclusion
of the state feedback and the switching driven by the wheel sideslip angle, the most simple
structure has been privileged at this first stage, with the goal restricted to the evaluation of the
potential advantages of the PWL controller with respect to the corresponding linear controller
for lane keeping purposes.

Taking into account the considerations about the road geometry and correspondent internal
model to reject road curvatures, shown in 6.1, a simple control strategy involving a piecewise
linear proportional double integrator and derivative (PIIDi) on the lateral offset is used in order
to design this preliminary Perceptive-ESC . The control strategy is described below.

6.3.1 Control strategy for PWL PIID on lateral offset

It has been shown in Section 6.1, that the use of a proportional-double-integral controller may be
adequate to reject disturbances such as the road curvature, to ensure zero lateral offset condition
in steady-state. Therefore, the internal model (6.2), and an additional derivative term (denoted
Di) are included in the state vector of the PWA vehicle model (4.25). The dynamics due to the
integral and derivative terms are:

ϕ̇1 = yL,
ϕ̇2 = ϕ1,
ϕ̇3 = − 1

τϕ3 + yL,
(6.22)

where τ is the filter time constant. Defining:

yLd = − 1
τ2
ϕ3 +

1
τ yL, (6.23)

the regulator becomes:

δf = −PiyL − I1i
∫ t
0 yL dν − I2i

t
∫

0

ν
∫

0

yLdηdν −DiyLd

δf = −PiyL − IIiϕ1 − I2iϕ2 −DiyLd, for i = 1, 2, 3.

(6.24)

Replacing the expression (6.24) for the control input (u = δf ) in the vehicle model (4.25)
and including the dynamics (6.22) the PWA closed loop system becomes:

ẋ = Aix+Bρρref + ai (6.25)

119



Chapter 6. Internal model based control for lane keeping assistance

where x = [β, r, ψL, yL, ϕ1, ϕ2, ϕ3]
T and

Ai =










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

,

(6.26)

where b1i =
2dfi
mv and b2i =

2dfilf
J .

Fig. 6.2 shows the schema for the PWL control structure. The Remark 5.1.1 is also valid for
this configuration.

rV ehicle
Mode

Selector

δf

i

yL

PIID2

PIID1,3

Figure 6.2: Schema from Controller-4.

The controller synthesis for this lane keeping assistance is described below.

120



6.3. PWL PIID on lateral offset - Controller-4

Synthesis of Controller-4

Algorithm 5.1.1 has been employed in the design of Controller-4, since it also involves the
parametrisation of the vehicle dynamics in terms of yaw rate and a proof of stability based
on piecewise quadratic Lyapunov function. The LMIs to proof stability were solved using the
toolbox for PWL systems [HJ99]

For each subsystem, the Simulink Response Optimisation toolbox was used to tune the
design parameters through numerical optimisation; the design requirements are expressed in
terms of rise time, settling time and overshoot. The gains from each PIIDi are obtained from
a Sequential Quadratic Programming method as described in [GMW81].

The same PWA approximation of the Pacejka tyre force used for Controller-1, (see Fig. 5.2)
has been employed for the design of Controller-4, consequently the boundaries of the PWA vehi-
cle model have been defined for the same values of yaw rate, r = ±r̄, (see Fig. 5.1). Considering
a vehicle speed of v = 30 [m/s], and CarSim vehicle parameters as shown in Table 4.2, the
obtained gains are:

Table 6.1: Gains for lane keeping based on yaw rate only - Controller-4

Gains

Regions Pi I1i I2i Di

i = 1, 3 0.4363 0.3879 0.1842 0.0271

i = 2 0.7272 0.6787 0.2812 0.0368

They are computed such that each subsystem is stable, however the stability of the whole
system considering the switches between each subsystem is presented below.

6.3.2 Stability proof and invariant set analysis for Controller-4

The PWA model of the vehicle under action of Controller-4 (6.25) has already its partitions
described in term of state variables (parametrisation in terms of yaw rate), Theorem 3.5.1 can
be directly used to verify the overall system stability. The boundaries of the parametrised PWA
systems described by:

HT
1 =

[

0 1 0 0 0 0 0
]

, g1 = −0.27,

HT
2 =

[

0 −1 0 0 0 0 0
0 1 0 0 0 0 0

]

, g2 =

[

0.27
0.27

]

,

HT
3 =

[

0 −1 0 0 0 0 0
]

, g3 = −0.27,

(6.27)

Considering the gains according to Table 6.1, the LMIs of Theorem 3.5.1 applied for system
(6.25) are feasible, therefore the system is stable admitting a piecewise quadratic Lyapunov
function of the form (3.43).

Although the system is stable, it is important to investigate the invariant sets corresponding
to the piecewise quadratic function to ensure that the vehicle stays in the lane. The two parallel
lines in Fig. 6.3 represent the projection on the ψL− yL plane of a fixed strip of width 2d in the

centre of the lane (B.3). The set defined by ǫ =
3
⋃

i=1
ǫi where ǫi =

{

x ∈ R7/xTPix ≤ c
}

, where c
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Figure 6.3: Hyperlanes describing the set T (for a = 1.5m and 2d = 4.4m) and the ellipsoidal
invariant sets corresponding to P1 and P2

is a constant, is invariant for (6.25). Therefore every trajectory that starts in ǫ remains in the set
for t→∞. The maximum invariant set obtained from the Lyapunov function is computed such
that the front wheel positions do not exit the lane ǫ ⊂ T . The ellipsoids in Fig. 6.3 correspond
to the projection of ǫi on the ψL-yL plane.

The advantages of Controller-4 in comparison to the same control strategy designed for the
linear region only can be seen in section 6.4.3, after the presentation of the results from practical
implementation and simulations of the assistance systems Controller-3.

6.4 Results

In this section the simulation and practical implementation results of the proposed controller
for lane departure avoidance systems are presented.

Controller-3 has been implemented on the prototype vehicle CARLLA and tested as a lane
departure avoidance system considering the activation strategy described in Appendix-B. The
results are presented in Section 6.4.1.

Simulations in CarSim environment, presented in Section 6.4.2, have also been carried out
in order to assess the use of Controller-3 in lane change manoeuvres, according to the standard
ISO-3888-1.

Controller-4 has been evaluated in CarSim environment and compared to the response of the
corresponding controller for the linear region only, in order to investigate the advantages of the
PWL control structure. The scenarios consisted of disturbance rejection, and sudden direction
changes. The results are shown in Section 6.4.3.

Table 6.2 summarises the simulations and practical experimentation carried out with each
controller.
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6.4. Results

Table 6.2: Summary of practical implementation and simulation results for internal model based
LKAS:

Controller CarSim Environment CARLLA Purpose

Controller-3
Fig. 6.4 - Fig. 6.9 Lane departure avoidance

Fig. 6.10 - Fig. 6.11 Obstacle avoidance

Controller-4 Fig. 6.12 - Fig. 6.17 Autonomous vehicle

6.4.1 Practical Implementation of Controller-3

An activation strategy for the lane departure avoidance system using Controller-3 is described
in Appendix-B. It takes into account the driver awareness and risk of lane departure based on
the position of the front wheels. The practical tests have been carried out with the prototype
vehicle CARLLA (described in Section 4.6.2).

The experiment scenario consists of departure from the lane, supposing that the driver is not
attentive. Fig. 6.4 shows the positioning of the vehicle on the lane. The first subplot shows the
relative yaw angle while in the second it is shown the position of the front wheels with respect
to the lane, which is shown by the dashed-dot line. The activation occurs at 51s approximately
when the right wheel crosses the fixed centred strip of ±d, depicted by the dashed line. The
front wheels remain in the lane during the whole control action. The driver recovers attention
at 63s, and the controller is deactivated.
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Figure 6.4: Relative yaw angle, ψL and position of the front wheels with respect to lane for
practical implementation of Controller-3.

The dynamics of the vehicle during the intervention of the lane keeping system can be seen
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in Fig. 6.5. The vehicle sideslip angle, yaw rate and longitudinal speed are depicted. The
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Figure 6.5: Vehicle sideslip angle, yaw rate and longitudinal speed during control action of
Controller-3 to avoid lane departure.

required control input is shown in the top subplot of Fig 6.6. In the bottom subplot, the road
curvature for the corresponding part of the track, can be seen. Even though the values of the
road curvature are larger than the bound chosen in the design phase (ρmax

ref = 0.005 m−1), the
controller performs satisfactorily keeping the vehicle within the lane limits.

Another manoeuvre is performed in order to show the lane keeping controller performance.
As it can be seen by the road curvature of the test track depicted in Fig. 6.9, this scenario
corresponds to an inattentive driver on a curve to the right side, which is also sharper than the
considered bound ρmax

ref in the design stage.
The activation, shown in the bottom subplot of Fig. 6.7, takes place due to the positioning

of the right front wheel, which reaches the centred strip on the interior side of the curve. Even
though the correction induces a longer excursion of the vehicle near the exterior side of the lane,
the performance is satisfactory, as the front wheels do not exit the lane. The relative yaw angle
is plotted on the top subplot of Fig. 6.7.

The dynamics of vehicle during the control action are illustrated on Fig. 6.8. The subplot
shows the vehicle sideslip angle, yaw rate and longitudinal speed, respectively. Finally, the
required control input is shown in the top subplot of Fig. 6.9.

Due to the satisfactory performance of the lane keeping system, obstacle avoidance manoeu-
vres (doule lane change) with the same controller have been performed in the CarSim simulation
environment on a vehicle model similar to the experimental vehicle. The results are shown in
the next section.

6.4.2 Simulation results of Controller-3 as obstacle avoidance assistance

In order to test Controller-3 as an obstacle avoidance assistance (double lane change), it has
been supposed that a system, as in [VGMG09], is available to provide a reference trajectory
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Figure 6.6: Control input for lane departure avoidance manoeuvre of Controller-3 and road
curvature.

which is capable of avoiding an obstacle. The objective is to investigate the performance of
Controller-3 to follow the reference trajectory. For this, a double lane change manoeuvre,
following the standard ISO-3888-1, at a vehicle speed of 25 [m/s] has been carried out in the
CARSIM environment. The test is defined by a pre-determined placement of cones on the road
and the manoeuvre is performed on a dry surface. The reference trajectory is shown in the top
subplot of Fig. 6.10. The corresponding vehicle sideslip angle and the yaw rate are shown in the
middle and bottom subplots of Fig. 6.10.

In Fig. 6.11 the lateral offset, yl, and the proposed control action are shown. The controller
achieves the path following with a reduced path following error in the lateral direction (0.4 [m]
as can be observed in the first subplot of Fig. 6.10). The second subplot depicts the control
input required for such manoeuvre.

6.4.3 Simulation results of Controller-4

Several simulation tests in the CarSim environment have been performed in order to evaluate
the improvements of the proposed Piecewise Linear PIIDi control (Controller-4 ) strategy by
comparison with the same controller designed in the linear region only (i = 2).

The same vehicle in two different configurations was used in the simulations. The first con-
sisted of the vehicle equipped with the designed controller in the linear region only, equation
(6.24) with i = 2, named lin.-ctrl ; The second configuration consisted of the vehicle equipped
with the proposed PWL control strategy, equation (6.24) with i = 1, 2, 3, named PWL-ctrl.
Two different scenarios are presented in the following: response to sudden disturbances as ex-
ternal lateral force and yaw moment, and response to sudden direction changes (in dry and wet
pavement). Both vehicles were tested at a longitudinal speed of v = 30 [m/s].
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Figure 6.7: Vehicle relative yaw angle , ψL and position of the front wheels with respect to lane
during lane departure avoidance manoeuvre in curve of Controller-3.

Sudden Disturbances

To analyse the improved performance, the vehicle is subject to a sudden disturbance on both the
lateral and the yaw dynamics as shown in the upper-left subplot of Fig. 6.12. The disturbances,
and the required manoeuvre for correction are strong enough to make the vehicle lateral dynamics
enter the nonlinear region, as it can be seen in the bottom-left subplot of Fig. 6.13, showing
the active regions of the PWL-ctrl vehicle. It is important to note that the control input of the
PWL controller is reduced when the vehicle yaw rate exits the linear region (i = 1), as shown
in the bottom-right subplot of Fig. 6.13. Consequently, the tyre sideslip angles, depicted on the
upper-right subplot of Fig. 6.13, do not increase as much as for the vehicle lin.-ctrl. The upper-
right subplots of Fig. 6.12 and Fig. 6.13 show the vehicle trajectories and the lateral-offset,
respectively. The reduction by about 50% of the overshot in lateral-offset for the PWL-ctrl
confirms its improved performance for lane keeping purposes.

Sudden Change in Direction

Several manoeuvres are performed to analyse the response of the lane keeping controller with
respect to change in directions. The results presented consist of a demanding lane change
manoeuvre, as the vehicles reach a lateral acceleration of 8.9 [m/s2], in two different road
adhesion conditions, while no external disturbances are applied.

Considering firstly good adhesion conditions, characterised by the road adhesion coefficient
(µ = 1), the enhanced performance of the proposed control strategy for lake keeping is clear
when compared to the response of lin.-ctrl, for the manoeuvre shown in the upper-left subplot
of Fig. 6.14. Analysing Fig 6.15, it can be seen that by the switch of PWL-ctrl between the
regions i = 1, 2, in the bottom-left subplot, the control action depicted on the bottom-right,
is reduced when the vehicle yaw rate reaches the partition limits. Consequently, the vehicle

126



6.5. Conclusion

61 62 63 64 65 66 67
−0.05

0

0.05

β 
[r

ad
]

time [s]

61 62 63 64 65 66 67
−0.5

0

0.5

ya
w

 r
at

e 
[r

ad
/s

]

time [s]

61 62 63 64 65 66 67
0

5

10

15

20

25

Lo
g.

 S
pe

ed
 [m

/s
]

time [s]

Figure 6.8: Vehicle sideslip angle, yaw rate and longitudinal speed during lane departure avoid-
ance manoeuvre in curve for Controller-3.

remains in a controllable condition, avoiding the tyre forces saturation which can be seen by
the smaller values of front wheel sideslip angle in the upper-right subplot. Moreover the lateral-
offset is steered to zero faster than for the lin.-ctrl vehicle. The vehicle lateral dynamics (vehicle
sideslip angle and yaw rate) are shown in the bottom subplots of Fig. 6.14. In order to
evaluate the robustness with respect to different road adhesion coefficients, the same manoeuvre
is performed for a deteriorated road adhesion (µ = 0.7), corresponding to wet pavement. The
results are shown in Fig. 6.16 and 6.17. Even though the lateral-offset reaches more significant
values, as the manoeuvre is very demanding, it can be seen that, also in this case, the proposed
PWL controller performance is improved with respect to the lin.-ctrl, which is at its stability
limit.

6.5 Conclusion

In this chapter, the synthesis of two controllers for lane keeping purposes have been presented.
Both controllers incorporate an internal model in order to reject the disturbances, such as the
road curvature, considered an exogenous input.

The first proposed assistance, named Controller-3, has been developed using a linear vehicle
model, whereas for the second, named Controller-4, a simple PWL control structure has been
chosen in order to develop a preliminary Perceptive-ESC from which the advantages of the PWL
modelling can be verified.

The control synthesis employed for the design of the assistance Controller-3 is based on the
minimisation of quadratic invariant set to outer approximate a polytope representing the regular
driving conditions and to ensure the boundedness of the state trajectories. This technique for
the design of lane keeping assistance had already been developed at LIVIC [MELMN09]. The
novelty of Controller-3 lies in the inclusion of the internal model in the state vector in order
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Figure 6.9: Control input of Controller-3 in lane departure avoidance manoeuvre and road
curvature.

to ensure zero lateral offset in steady-state. Another extension consists of the inclusion of
pole clustering constraints not only to enhance the damping conditions but also to guarantee
asymptotic stabilisation.

Practical implementation on the prototype vehicle CARLLA confirms the asymptotic stabil-
isation, and invariant set properties from the Lyapunov functions, even on roads with sharper
curves than the design parameters. Therefore, it can be concluded that Controller-3 performs
satisfactorily as a lane departure avoidance system.

The influence of the dynamical controller has also been tested on more demanding ma-
noeuvres. The tests carried out on CarSim environment have showed that Controller-3 can
potentially be used as collision avoidance assistance as well, since it has performed the standard
manoeuvre ISO-3888-1 satisfactorily.

Motivated by the previous results obtained for the PWL controllers of the proposed steering
assistance systems, a similar structure has been chosen for the development of Controller-4,
consisting of a PWL PIID on the lateral offset.

It has been shown that the use of PWA controllers can satisfactorily handle demanding situa-
tions with respect to the lateral dynamics. Simulations in CarSim environment with Controller-4,
consisting of disturbance rejection and of sudden direction changes, have confirmed the poten-
tial of PWL controller to enhance the vehicle manoeuvrability with respect to the single linear
controller, even with the switching based simply on yaw rate.

Based on these results, the choice of using a simple structure for a preliminary version of
the Perceptive-ESC has proven to be adequate, accomplishing the goal of demonstrating the
advantages of the PWL controller and its potential for lane keeping purposes.

The main drawback of this synthesis lies in the fact that tuning the gains may be an arduous
task since the stability proof of the whole system can only be performed afterwards. This
disadvantage motivates the search of PWA affine controllers in which the synthesis provides the
gains and ensures the stability simultaneously.
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Figure 6.10: Path of standard CarSim Moose test and vehicle under Controller-3 following
manoeuvre performed at a vehicle speed v = 25 [m/s].

In the next chapter, these aspects are taken into account in the design of a lane departure
avoidance systems.
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Figure 6.11: Lateral offset and control input of vehicle equipped with Controller-3 performing
the standard CarSim Moose test at a vehicle speed v = 25 [m/s].
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Figure 6.12: Response to a sudden disturbance on vehicles lin.-ctrl (dashed line) and PWL-ctrl
(continuous line) with Controller-4 at v = 30 [m/s].
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Figure 6.13: Response to a sudden disturbance on vehicles lin.-ctrl (dashed line) and PWL-ctrl
(continuous line) with Controller-4 at v = 30 [m/s].
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Figure 6.14: Response to a lane change on vehicles lin.-ctrl (dashed line) and PWL-ctrl (con-
tinuous line) with Controller-4 at v = 30 [m/s] on dry road.
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Figure 6.15: Response to a lane change on vehicles lin.-ctrl (dashed line) and PWL-ctrl (con-
tinuous line) with Controller-4 at v = 30 [m/s] on dry road.
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Figure 6.16: Response to a lane change on vehicles lin.-ctrl (dashed line) and PWL-ctrl (con-
tinuous line) with Controller-4 at v = 30 [m/s] on wet road.
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Figure 6.17: Response to a lane change on vehicles lin.-ctrl (dashed line) and PWL-ctrl (con-
tinuous line) with Controller-4 at v = 30 [m/s] on wet road.
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This chapter presents the development of lane departure avoidance assistances that use PWA
controllers to cope with the lateral tyre force nonlinear behaviour. The syntheses employed to
compute the PWA controllers allow the gains to be set while the stability is ensured by the
quadratic Lyapunov function through optimisation procedures involving LMI and BMI.

The first section presents a PWL state feedback control, named (Controller-5 ), based on
quadratic Lyapunov. The control synthesis is cast as an LMI optimisation and the influence
of the PWA approximations from the Pacejka tyre force on the feasibility of the LMIs is also
analysed.

As an attempt to circumvent the conservativeness of the synthesis based on a single quadratic
Lyapunov function, the synthesis of a PWA state feedback controller (Controller-6 ) considering
a piecewise quadratic Lyapunov function is described in Section 7.2.

In order to provide a Perceptive-ESC which can be produced only with the sensors avail-
able on currently commercialised passenger cars, this controller is extended to a lane departure
avoidance assistance in which the measurement of the vehicle sideslip angle is avoided. This as-
sistance, named Controller-7 and presented in Section 7.4, is based on the PWA output feedback
control synthesis.
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The results from simulation and/or practical implementation of the controllers for lane de-
parture avoidance are presented in Section 7.5, followed by the conclusions that wrap-up this
chapter.

7.1 PWL state feedback based on quadratic Lyapunov function

- Controller-5

For the development of the following lane departure avoidance systems, the control syntheses
employed for the PWA vehicle model ensure the stability while the gains are designed. These
approaches are particularly interesting when the number of parameters to be tuned and operating
regions increase.

Controller-5 has been designed considering the switching of the PWA vehicle model (4.28)
based on the tyre sideslip angle, as in (4.5). Since these partitions are slab, they can be exactly
approximated by degenerated ellipsoids (see Definition 3.4.2), and Theorem 3.5.2 can be used
for the synthesis of a PWL state feedback based on a quadratic Lyapunov function, as shown
below.

7.1.1 Control synthesis - Controller-5

Several PWA approximations, according to (4.12), of the tyre forces have been used in the
control synthesis using Theorem 3.5.2. Following the assumption described in Section 4.2.2, the
understeering behaviour of most passenger cars is privileged, hence saturation of the tyre forces
has been considered only for the front tyre and a linear model has been used to describe the
rear tyre forces (dri = cf and eri = 0). Concerning the tyre force approximation for the front
tyres, the same slope was considered for the linear region (dflin = cf and eflin = 0) in all PWA
vehicle models that were analysed, whereas two distinct investigations have been carried out for
the affine approximations. Firstly, the domain of the front tyre lateral force was divided into
three regions only, and secondly, several regions at different intervals of front tyre sideslip angle
have been considered.

The numerical values of the vehicle parameters are provided in 4.3 and the vehicle speed is
considered constant at v = 15 [m/s], since the controller was intended to be implemented on the
prototype vehicle CARLLA and evaluated on the test track in Satory (Versailles-France). The
LMIs were solved using LMI Lab [Mat11].

PWA approximation with single partitioning

The partitioning of the tyre forces for the PWL state feedback control problem is illustrated
in Fig. 7.1. As it can be seen, only three PWA functions have been considered resulting in a
PWA model with 3 operating regions I = 1, 2, 3. The thresholds that limit the linear region are
named ±ᾱf and a second point ±αend

f , marked as × in Fig. 7.1, is used to determine the PWA
approximation for operating regions R1 and R3.

The ellipsoidal cell description for each region can be obtained as indicated in the example
3.4.1. It follows:

E1 = [−1,−
lf
v , 0, 0, 1]

2
−ᾱf−d , f1 = −

−ᾱf+d
−ᾱf−d ,

E2 = [−1,−
lf
v , 0, 0, 1]

1
ᾱf
, f2 = −

ᾱf−ᾱf

ᾱf+ᾱf
= 0,

E3 = [−1,−
lf
v , 0, 0, 1]

2
d̄−ᾱf

, f3 = −
d̄+ᾱf

d̄−ᾱf
,

(7.1)
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Figure 7.1: Single PWA approximation of front tyre lateral force.

where d and d̄ can be arbitrarily set, such that d < −ᾱf and d̄ > ᾱf .

Table 7.1 summarises the results obtained for the PWL state feedback control synthesis
based on a single Lyapunov function for different values of ᾱf and αend

f . Due to the symmetry
of PWA functions used to approximate the lateral tyre force, only the values for positive sideslip
angle are shown.

It can be seen from Table 7.1 that the problem becomes unfeasible when the difference
between the slopes of the PWA functions (cf − d3) is larger than approximately 20000N/m. In
order to obtain a gradual slope difference from one region to another, the PWA approximation
has been refined and its influence on the feasibility of the LMIs has been investigated in the
sequel.

PWA approximation with multiple partitioning

The partitioning of the tyre force domain has been refined, as illustrated in Fig. 7.2, such that
the linear region is limited between the values of ±ᾱf , and the affine regions are defined by the
increment αstep

f until the value αend
f , as illustrated in Fig. 7.2, resulting in the set of operating

regions I = 1, ...,M .

The LMI conditions of Theorem 3.5.2 to find a PWL state feedback for the vehicle model (4.28)
have been tested for several coefficients determining the PWA approximations. The linear re-
gions have been defined by the values ᾱf ∈ P, where P = {0.01, 0.02, ..., 0.15} [rad]. To
define the affine approximations of the Pacejka model for lateral tyre force, increments of
0.01 [rad] for αstep

f in the range {0.01, 0.15} [rad] have been considered, i.e. αstep
f ∈ S, where

S = {0.01, 0.02, ..., 0.15} [rad]. The values αend
f , delimiting the boundary between the operating

regions RM−1 and RM are obtained from the expression αend
f = ᾱf + kαstep

f , for k ∈ {1, 2, 3, ...}

and αend
f ≤ 0.3, for each ᾱf ∈ P and αstep

f ∈ S.

Similarly to the results obtained for a single partitioning, whenever the difference between
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Table 7.1: Feasibility of Quadratic Stabilisation for simple partition

ᾱf αend
f d3 e3 cf − d3

Attempt [rad] [rad] [N/m] [N ] [N/m] Result

1 0.05 0.06 32489.92 375.26 7505.17 Feasible
2 0.05 0.07 32610.18 369.25 7384.91 Feasible
3 0.05 0.08 31469.7 426.27 8525.39 Feasible
4 0.05 0.09 29941.16 502.7 10053.93 Feasible
5 0.05 0.1 28259.18 586.8 11735.91 Feasible
6 0.05 0.11 26541.24 672.69 13453.85 Feasible
7 0.05 0.12 24858.31 756.84 15136.78 Feasible
8 0.05 0.13 23253.42 837.08 16741.67 Feasible
9 0.05 0.14 21750.32 912.24 18244.77 Feasible
10 0.05 0.15 20359.51 981.78 19635.58 Feasible
11 0.05 0.16 19082.74 1045.62 20912.35 no
12 0.05 0.17 17916.36 1103.94 22078.74 no
... 0.05

...
...

...
... no

25 0.05 0.3 9416.02 1528.95 30579.07 no
26 0.06 0.07 25225.27 886.19 14769.82 Feasible
27 0.06 0.08 27207 767.29 12788.09 Feasible
28 0.06 0.09 26589.85 804.31 13405.24 Feasible
29 0.06 0.1 25325.21 880.19 14669.88 Feasible
30 0.06 0.11 23850.47 968.68 16144.62 Feasible
31 0.06 0.12 22335.52 1059.57 17659.58 Feasible
32 0.06 0.13 20861.75 1148 19133.34 Feasible
33 0.06 0.14 19469.73 1231.52 20525.36 no
... 0.06

...
...

...
... no

51 0.07 0.09 19887.23 1407.55 20107.86 no
52 0.07 0.1 20435.25 1369.19 19559.85 Feasible
53 0.07 0.11 19814.31 1412.65 20180.78 no
...

...
...

...
...

... no
220 0.15 0.3 -10970.02 7644.77 50965.11 no

the slopes of the linear and the affine region i = M cf − dfM is larger than approximately
20000N/m the LMIs are not feasible, even if the differences of slopes of two subsequent regions
are smaller than this value.

It can be noticed from these results, and those presented in Appendix C, that the chosen
refinement of the partition does not improve the feasibility of LMIs from Theorem 3.5.2.

Some simulations (presented in section 7.5.1) have been carried out to evaluate the im-
provements on the performance from the computed PWL state feedback with respect to the
gains designed for the linear region only. Nevertheless, it can be seen that the approximations
for which the LMIs are feasible, are very close to the linear behaviour of the tyre forces, and
therefore not adequate to represent the saturation of the tyre forces. For this reason, a control
synthesis based on piecewise quadratic Lyapunov functions has been investigated as an attempt
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Figure 7.2: Multiple PWA approximation of front tyre lateral force.

to circumvent the conservativeness of Theorem 3.5.2, as presented in the next section.

7.2 PWA state feedback controller - Controller-6

As presented in Section 3.5.3, it is possible to design a PWA state feedback control uc = Kix+mi

for a PWA system with a previously chosen equilibrium point for its closed loop system and
each of the subsystems by solving the BMI problem (3.58). This control synthesis is employed
to design a lane departure avoidance controller as shown below.

7.2.1 PWA state feedback control for lane departure avoidance

Lane departure avoidance systems have as main objective to steer the vehicle to the centre of
the lane. Considering roads with reduced curvatures, when riding in the centre of the lane the
vehicle state variables (model (4.35)) belong to a small set including the origin. Therefore, the
action of steering the vehicle to the centre of the lane may be interpreted as designing a controller
such that trajectories of the closed loop system converge to the equilibrium point located at the
origin.

The PWA vehicle model (4.35) has been used for the design of this assistance. Taking
into account the assumptions described in Section 4.2.2, the PWA vehicle model from (4.35)
is obtained considering the understeering behaviour. In consequence, only the front tyre forces
are approximated by PWA functions according to (4.12) and a single linear approximation is
assumed for the rear tyre, as follows:

{

fsf (αf ) = efi + dfiαf , for αi
f ≤ αf ≤ ᾱ

i
f ,

fsr (αr) = crαr, ∀ αr,
(7.2)

where the values αi
f and ᾱi

f represent respectively the lower and upper boundary of the operating
region Ri in terms of front wheel sideslip angle.
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The choice of using (4.35) as a PWA vehicle model is motivated mainly by two reasons.
Firstly, by including the model of the steering column in the state-space vector, the partitioning
of the operating regions can be written in terms of state-space variables (see equations (4.4)),
hence, it avoids feed-through from the control input to the nonlinearity. Secondly, this model of
the actuator is more realistic than the first order dynamics employed in (4.28).

The operating regions are slab and can be described by degenerated ellipsoids (see Defini-
tion 3.4.2), as follows:

ET
i = [−1, −

lf
v , 0, 0, 1, 0]

2
ᾱi
f
−αi

f

, fi = −
ᾱi
f
+αi

f

ᾱi
f
−αi

f

, (7.3)

where lower and upper bounds must be chosen respectively for R1 and RM , taking into account
the physical limitations of the wheel sideslip angle.

Considering the hyperplane between Ri and Rj , αf − α
ij
f = 0, or in terms of state-space

variables, [−1, −
lf
v , 0, 0, 1, 0]x − αij

f = 0, then the matrices expressing the parametric
description of this boundary (see Definition 3.4.3) are given by:

Fi,j =

















lf
v 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

















,

li,j =

[

−
αij
f

2+l2
f
/v2
, −

αij
f
lf

v(2+l2
f
/v2)

, 0, 0,
αij
f

2+l2
f
/v2
, 0

]

.

(7.4)

Disturbances and exogenous inputs, such as the road curvature, are not taken into account
in the PWA control synthesis.

Having defined the PWA model, the PWA state feedback controller for the lane departure
avoidance assistance can be computed, using the following algorithm, based on the BMI opti-
misation problem 3.58.

Algorithm 7.2.1 :

1. PWA approximation of tyre forces The PWA affine functions, that approximate the
nonlinear tyre model, are defined such that they take into account the nonlinear behaviour
of the tyre lateral forces. The boundaries defining the validity of each approximation are
also defined. The assumptions from Section 4.2.2 should be considered in order to obtain
a solution for the BMI optimisation problem 3.58.

2. Definition of the closed-loop equilibrium points. The equilibrium point of the closed
loop system (xeq) must be defined a priori. The origin is chosen for the lane departure
avoidance assistance system. The equilibrium points of all other affine dynamics (xieq)
must be chosen such that they do not belong to the respective operating regions (see Re-
mark 3.5.6).

3. Initial controller design In order to use the V-K method (see Remark 3.5.7) to solve
3.58, design, for each operating region of the PWA vehicle model an initial state feedback
controller Kk=0

i and mk=0
i where k indicates the iteration of the V-K method. The affine

term on the control input mk=0
i may be used to force the equilibrium points of the affine

regions to the desired locations.
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4. V-Step Using the gains and decay rate obtained in the previous step i.e. Kk
i ← Kk−1

i ,
mk

i ← mk−1
i and αk

i ← αk−1
i , apply the V-step to find a piecewise quadratic Lyapunov

function. If the LMIs (3.59) are not feasible at the first iteration, retake the algorithm
from Step-2. From the second iteration onwards, if LMIs (3.59) are not feasible, stop the
iterations and the controller is given by the result obtained at the last feasible iteration, i.e.
Ki ← Kk−1

i and mi ← mk−1
i .

5. K-Step Apply the K-Step (LMIs (3.60)) using the values obtained from the previous step
for the piecewise quadratic Lyapunov function. If LMIs (3.60) are feasible, return to Step-4
(V-Step). If LMIs (3.60) are not feasible, stop the iterations and the controller is given
by the result obtained at the last feasible iteration, i.e. Ki ← Kk−1

i and mi ← mk−1
i . If

no significant improvement on the cost is obtained, stop the algorithm and the controller
is given by Ki ← Kk

i and mi ← mk
i .

It is important to be reminded, that the replacements (3.57) must be taken into account in
Step-4 of the Algorithm 7.2.1 for the operating region corresponding to the linear approximation
of the tyre forces, since the closed loop equilibrium point xeq = 0 belongs to this region. Besides,
continuity of the control input along the switching boundaries may be enforced in Step-5 of the
Algorithm 7.2.1 using the equality constraints (3.61).

Details of the synthesis of the PWA state feedback for the lane departure avoidance assistance
Controller-6 are provided below.

7.2.2 PWA state feedback control synthesis

The numerical values of parameters describing the vehicle and Pacejka tyre force models are
shown in Table 4.3. A longitudinal speed of v = 21 [m/s] has been considered. Since it was
intended to implement Controller-6 on the prototype vehicle CARLLA, such speed is adequate
to evaluate the controller on sections of the test track with road curvature ρref > 0.01 [m−1].

The PWA functions used to approximate the Pacejka tyre model have been defined, as
illustrated in Fig. 7.1, with threshold values |ᾱf | = 0.07 [rad] and |αend

f | = 0.2 [rad], resulting
in the following partitioning:



















fsf (αf ) = ef1 + df1αf , for αf < −ᾱf ,

fsf (αf ) = cfαf , for − ᾱf ≤ αf ≤ ᾱf ,

fsf (αf ) = ef3 + df3αf , for αf > ᾱf ,

{

fsr (αr) = crαr ∀αr,

(7.5)

The numerical values of the piecewise affine approximations for the tyre lateral forces, con-
sidering such threshold values are indicated in Table 7.2.

Remark 7.2.1 (Choice of boundaries for the linear region) Although the bounds for the
linear region are relatively small, these values do not represent a limitation of the method. Similar
syntheses have also been successfully achieved with bounds at higher levels, as |ᾱf | = 0.1 [rad],
for instance. The use of lower values for the boundaries has been necessary in order to evaluate
the behaviour of the PWA controller in safe conditions during the practical implementation.
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Table 7.2: Numerical values of PWA approximations of tyre lateral forces for Controller-6

Region dfi efi dri eri

R1 11162 −2018.3 3.4993 0

R2 3.9995 0 3.4993 0

R3 11162 2018.3 3.4993 0

Consequently the ellipsoidal cell description (7.3) of the operating regions becomes:

ET
1 = [−1, −

lf
v , 0, 0, 1, 0]

2
−ᾱf−d , f1 = −

−ᾱf+d
−ᾱf−d ,

ET
2 = [−1, −

lf
v , 0, 0, 1, 0]

1
ᾱf
, f2 = −

ᾱf−ᾱf

ᾱf+ᾱf
= 0,

ET
3 = [−1, −

lf
v , 0, 0, 1, 0]

2
d̄−ᾱf

, f3 = −
d̄+ᾱf

d̄−ᾱf
,

(7.6)

where the numerical values for the bounds are: d̄ = −d = 0.3.
Although the partitioning could be refined, the results obtained in practical implementation,

presented in Section 7.5.2, show that the controller computed using this simple partitioning is
able to handle the nonlinear behaviour of the tyre forces satisfactorily.

Due to the symmetry of the lateral tyre force with respect to the origin, and consequently
also the dynamics of the PWA vehicle model, only regions R1 and R2 are considered in the
control synthesis. The gains obtained for region R1 can be applied in region R3, e.g. K1 = K3

and m1 = −m3. This procedure reduces the number of LMIs to be solved.
The control synthesis proposed in [MELMN09] (previously developed at LIVIC) has been

used for the design of the initial controller Kk=0
i in order to initialise the V-K method. The

following two advantages motivated the use of the controller developed in [MELMN09] in the
design of the Perceptive-ESC . Firstly, since the disturbances, such as the road curvature, are
not explicitly taken into account in algorithm 7.2.1, the method proposed in [MELMN09] is able
to compute invariant sets for the lateral assistance given that the road curvatures are bounded.
Secondly, the gains obtained from [MELMN09] have already been validated for the prototype
vehicle CARLLA in the linear domain of tyre lateral forces and in the presence of non zero road
curvature. Therefore, for the linear region, R2:

Kk=0
2 = [−351.9, −68.37, −728.44, −56.69, −620.60, −1.81] , m2 = 0 (7.7)

For the first iteration, the same controller has been chosen for region R1, therefore K
k=0
1 =

Kk=0
2 . Due to the chosen partitioning and PWA approximation of the tyre forces, the equilibrium

point of the closed loop dynamics in R1 is already outside this region, i.e x1eq /∈ R1, therefore

mk=0
1 = mk=0

2 = 0 can be set for the first iteration.
In order to enforce that the equilibrium point of the closed loop system must be the extrema

of the piecewise quadratic Lyapunov function candidate, the replacements (3.57) are applied
taking into account that equilibrium point of the closed loop system belongs to the linear region
(xeq = 0 ∈ R2). In consequence, the terms q2 and r2 from the piecewise quadratic Lyapunov
function (3.43) become:

q2 = 06×1, r2 = 0, (7.8)
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7.3. PWA output feedback controller - Controller-7

for all iterations (V-Step), which ensures V (0) = 0.

It is known from [MELMN09], that the performance of the state feedback gain Kk=0
2 is sat-

isfactory, therefore the following constraint is included in the K-step to avoid that the behaviour
of the vehicle in the linear region is much altered during the optimisation process, limiting the
variation of K2 in the range K ± 5%. The additional constraint is:

0.95|K0
2 | < |K

k
2 | < 1.05|K0

2 | (7.9)

Moreover, the constraints (3.61) are added to the K-step in order to guarantee the continuity
of the control input. The bounds on the controller gain and affine terms have been set as
l1 = l2 = 103 and the constant ǫ = 10−6.

The V-K method using this initial controller has been carried out using CVX [GB11], and
after 19 iterations the increase on the decay rate was smaller than a fixed threshold sc = 0.001,
(i.e. αk

i −α
k−1
i < sc), therefore it was considered that no significant improvement was obtained

from the optimisation procedure. The resulting gains are as follows:

K1 = [−334.3651, −71.7693, −764.8334, −53.8590, −651.2582, −1.7312] , m1 = 3.1111

K2 = [−378.8095, −74.3513, −764.8334, −53.8590, −606.8138, −1.7312] , m2 = 0

K3 = K1, m3 = −m1

(7.10)

The decay rate of the piecewise quadratic Lyapunov function after the 19th iteration is, for
each operation region:

α1 = α3 = 0.8383, α2 = 1.3301 (7.11)

The main drawback of this control structure is the need to measure the vehicle sideslip
angle, which cannot be done with the sensor on the currently commercialised vehicles. For these
reasons a solution based on observers is investigated in the subsequent section.

7.3 PWA output feedback controller - Controller-7

This section presents the design of a Perceptive-ESC , named Controller-7 which is based only
on variables that can be measured with the sensors on currently commercialised cars.

As described in Section 3.5.4, a PWA output feedback controller based on piecewise quadratic
Lyapunov functions can be designed for PWA systems. This section presents the application of
these theoretical tools for the design of lane departure avoidance systems.

7.4 PWA output feedback controller for lane departure avoid-

ance

In order to use the piecewise quadratic Lyapunov based control technique for the design of
Controller-7, the assumptions described in Section 4.2.2 have been applied to the PWA vehi-
cle model (4.35). Moreover, it is assumed that the vehicle sideslip angle is not available for
measurement, therefore the outputs from the system are defined by the vector y as:

{

ẋ = Aix+Biu+ ai
y = Cix

(7.12)
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where x = [β, r, ψL, yL, δf , δ̇f ]
T and u = τa + τd,

Ci =













0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1













∀i ∈ I, (7.13)

and Ai, Bui and ai are as described in (4.36), with dfi > 0, dri = cr and eri = 0 for all i ∈ I.
Recalling (3.62), the controller takes the form:

{

ẋc(t) = Acixc + Liy + bci
u = Kixc +mi

(7.14)

and the closed loop system can be written as:

˙̃x = Ãix̃+ b̃i (7.15)

where:

Ãi =

[

Ai BiKi

LiCi Aci

]

and b̃i =

[

ai +Bimi

bci

]

(7.16)

The ellipsoidal cell descriptions (7.3) must be adjusted to the piecewise affine output feedback
closed loop system (7.15). Hence,

Ẽi = [Ei, 0] (7.17)

.
Similarly, the parametric cell boundaries (7.4) become:

F̃ij =

[

Fij 0
0 I

]

and l̃ij =

[

lij
0

]

(7.18)

As the switches of the controller can be driven only by the system outputs, the controller
has to be designed with the structure of a regulator and an estimator (see remark: 3.5.9), so
that the switch can be based on the front wheel sideslip angle, computed from the estimate of
the vehicle sideslip angle and the measurements of yaw rate and steering angle as in (4.4). For
this, the constraint (3.73) is included in the BMI inequalities (3.72)

Similarly to Controller-6, the origin is considered as the equilibrium point of the PWA closed
loop system, and the following algorithm can be employed to synthesise the controller.

Algorithm 7.4.1 :

1. PWA approximation of tyre forces Taking into account the assumptions from Sec-
tion 4.2.2, define the PWA functions to approximate the tyre nonlinear lateral forces, as
well as the region of validity for each approximation.

2. Definition of the closed-loop equilibrium points. The equilibrium point of the closed
loop system (x̃eq) must be defined a priori. The origin is chosen for the lane departure
avoidance assistance system. The equilibrium points of all other affine dynamics (x̃ieq)
must be chosen such that they do not belong to the respective operating regions (see Re-
mark 3.5.6).
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3. Initial controller design An initial controller (Ak=0
ci , Lk=0

i , bk=0
ci , Kk=0

i and mk=0
i ) has

to be defined for each region in order to use the V-K method (see Remark 3.5.7). It is
intended to switch based on the estimate of front wheel sideslip angle, which is rewritten
in terms of state variables (β, r and δf ), however the sideslip angle is not available for
measurement. Therefore a observer regulator structure is required.

Considering an initial state feedback controller with gain Kk=0
i , such that the eigenvalues

of the closed loop system dynamics (Ai + BuiK
k=0
i ) are located at λi. The gains for the

observer can be obtained by pole placement, such that they are located at σλi, for σ ∈ R

and 5 ≤ σ ≤ 10. The values of mi are chosen so that the closed loop equilibrium point for
each region is at the desired location.

The matrices Ak
ci, and b

k
ci, are obtained from (3.73), as follows:

{

Ak
ci = Ai +BiK

k
i − L

k
iCi

bkci = Bim
k
i + bi + (Ai − L

k
iCi)x

i
eq

(7.19)

4. V-Step Using the gains and decay rate obtained in the previous step i.e. Kk
i ← Kk−1

i ,
mk

i ← mk−1
i , Lk

i ← Lk−1
i , and αk

i ← αk−1
i , write the closed loop equations (7.15) using

(7.19). Perform the replacements (3.71) for the region corresponding to the linear dynamics
in order to ensure that the equilibrium point of the closed loop system x̃eq is the extrema
of the piecewise quadratic Lyapunov function. Solve the feasibility problem considering the
LMIs (3.67), (3.68), (3.69), ǫ > 0, γi > 0 and λi > 0.

If the LMIs are not feasible at the first iteration, retake the algorithm from Step-2. From the
second iteration onwards, if LMIs are not feasible, stop the iterations and the controller is
given by the result obtained at the last feasible iteration, i.e. Ki ← Kk−1

i and mi ← mk−1
i ,

Li ← Lk−1
i , and Aci ← Ak−1

ci , and bci ← bk−1
ci .

5. K-Step fixing the piecewise quadratic Lyapunov function obtained at the previous Step,
solve

maximise: min
i
αi

subjected to: (3.65), (3.67), (3.68), (7.19)

ǫ > 0 γi > 0 λi > 0 αi > l0 > 0

−l1 < Ki < l1 − l2 < mi < l2

(7.20)

If LMIs (7.20) are feasible, return to Step-4 (V-Step). If LMIs (7.20) are not feasible, stop
the iterations and the controller is given by the result obtained at the last feasible iteration,
i.e. Ki ← Kk−1

i and mi ← mk−1
i . If no significant improvement on the cost is obtained,

stop the algorithm and the controller is given by Ki ← Kk
i and mi ← mk

i , Li ← Lk−1
i ,

Aci ← Ak−1
ci and bci ← bk−1

ci .

Based on 7.4.1, the synthesis of the Perceptive-ESC using only sensors available on the
currently commercialised vehicles is presented below.

7.4.1 PWA output feedback control synthesis

Similarly to Controller-6, the numerical values from the prototype vehicle CARLLA, described
in Table 4.3 have been used, considering a longitudinal speed of v = 21 [m/s] as well as the
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PWA functions to approximate the Pacejka tyre model defined in Table 7.2, with threshold
values |ᾱf | = 0.07 [rad] and |αend

f | = 0.2 [rad]. Remark 7.2.1 is equally considered in this
control synthesis.

Still based on the development of Controller-6, the initial controller for the operating region
corresponding to linear dynamics was obtained from [MELMN09], and the same controller was
extended to the affine regions, hence:

Kk=0
i = [−351.9, −68.37, −728.44, −56.69, −620.60, −1.81] and mi = 0 for i = 1, 2, 3.

(7.21)
The observer was computed according to Step− 3 of Algorithm 7.4.1 with σ = 7.6. and the

same gains have been considered for all regions, i.e. Lk=0
1 = Lk=0

2 .
The constraints to enforce continuity of the control input (3.61) as well as the bounds on the

controller K2 according to (7.9) have been included in the K-step.
After 3 iterations, the LMIs solved with CVX [GB11] became unfeasible, the computed

controller at the 3rd iterations:

K1 = [−415.0616, −81.1789, −806.3640, −50.5724, −591.5498, −1.6332] , m1 = 6.8571

K2 = [−317.1029, −75.4880, −806.3640, −50.5724, −689.5085, −1.6332] , m2 = 0

K3 = K1, m3 = −m1,
(7.22)

and the resulting gains for the observer are:

L1 = L3 = 104

















0.3076 0.9144 0.5649 −1.1432 1.0388
−0.1782 −0.5599 −0.4354 0.8375 −0.8309
0.1662 0.5005 0.3144 −0.6335 0.5798
0.9786 2.9595 1.8830 −3.8019 3.4587
−0.4465 −1.3493 −0.8514 1.7212 −1.5662
1.1999 3.9064 3.6210 −6.8277 7.2030

















,

L2 = 103

















0.9589 2.5050 0.1537 −0.8708 0.0297
−0.2040 −0.6620 −0.0936 0.2362 −0.1872
0.4824 1.3151 0.0860 −0.4493 0.0377
2.6273 7.1835 0.5271 −2.7802 0.0949
−1.2489 −3.4238 −0.2314 1.2670 −0.0453
0.6049 2.7614 0.7531 −1.8031 3.9319

















.

(7.23)

7.5 Results

In this section, the simulation and practical implementation results of the proposed Lyapunov-
based controllers for lane departure avoidance systems (Controller-5 to Controller-7 ) are pre-
sented. The main goal is to validate the controllers with respect to nonlinear combined lateral
and longitudinal tyre forces and additional dynamics, such as combined lateral and longitudinal
tyre forces, pitch, roll and driver dynamics, which were neglected at the control design stage.

The activation strategy employed for the lane departure avoidance assistance systems is
described in detail in Appendix B. It incorporates an assessment of the driver awareness through
the measurement of his/her input torque on the steering wheel, as well as the risk of lane
departure computed by the position of the front wheels with respect to the lane.
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The PWL state feedback Controller-5 has not been implemented on the prototype vehicle
CARLLA. It has been evaluated through simulations carried out with the PWA vehicle model
(4.28). These results are presented in Section 7.5.1.

Both Controller-6 and Controller-7 have been implemented in CARLLA and throughout
the practical experiments the driver was considered inattentive at different segments of the road
and at different driving at longitudinal speeds. Forcing the instability of the vehicle to test the
assistances may become very critical in terms of safety. For this reason, the prototype vehicle
CARLLA has been equipped with composite rings (Skid-concept [Bou11]) that are mounted on
the front tyres, in order to reproduce a degraded road adhesion condition. A picture of the ring
mounted on the front wheel of CARLLA is shown in Fig. 7.3. The use of this rings ease the
occurrence of instability which occur at relatively low speeds, due to the degraded road adhesion.
Therefore they enable the evaluation of these assistances without jeopardising the safety of the
vehicle and passengers.

Figure 7.3: Skidconcept ring mounted on front wheel.

The results presented for Controller-6 and Controller-7 correspond to a lane departure
avoidance manoeuvre performed at approximately v = 15 [m/s] on the S-curve located approxi-
mately at the coordinates (XGPS = 5.817, YGPS = 1.207)×105 [m] from Fig. 4.30. More details
about the experiment scenarios and the results obtained for each assistance are presented in
Sections 7.5.2 and 7.5.3 respectively.

Table 7.3 summarises the presentation of the results from simulations and practical experi-
mentation carried out with each controller.

Results from Controller-5 are discussed below.

7.5.1 Simulation results for Controller-5

Simulations on a PWA vehicle model (4.28) have been carried out with the Piecewise linear state
feedback, Controller-5, as well as a linear state feedback designed for the linear region only, for
comparison purposes.
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Table 7.3: Summary of evaluation of the controller performance

Controller Simulation CARLLA Purpose

Controller-5 Fig. 7.4 - Fig. 7.8 Lane departure avoidance

Controller-6 Fig. 7.9 - Fig. 7.15 Lane departure avoidance

Controller-7 Fig. 7.16 - Fig. 7.22 Lane departure avoidance

The controller tested corresponds to the results of Theorem 3.5.2 for the piecewise approxi-
mation of front tyre lateral forces shown in Attempt 52 of Table 7.1, since it is the partitioning
closest to the saturation of the lateral tyre force among the feasible solutions.

K1 = K3 = [−118.9353, −8.5598, −128.7984, −3.4168, 33.0271]

K2 = Klin = [−586.6699, −40.5169, −571.4703, −15.1552, −28.4450]
(7.24)

The activation strategy used in the simulation is described in Appendix B. The scenario
consists of a vehicle moving straight at v = 15 [m/s] and exiting the lane with a relative yaw
angle ψL = 0.07 [rad].

The results are depicted in Fig. 7.4 to Fig. 7.8. The vehicle sideslip angle and yaw rate,
representing the vehicle dynamics, are shown in Fig. 7.4, while the vehicle positioning is shown
in Fig. 7.5 by the relative yaw angle and lateral offset at look-ahead distance. Although the
response of the vehicle controlled with Controller-5, denoted PWL in the figures, is very similar
to the vehicle equipped with the controller for the linear region only (denoted lin), it can be
noticed that the control input and, in consequence, the steering angle are significantly different,
as shown in Fig. 7.6.

The front and rear sideslip angles corresponding to the lane departure avoidance manoeuvre
are plotted in Fig. 7.7. It can be seen that for both vehicles the value of the front sideslip angle
is larger than the threshold value established for the operating region corresponding to the linear
behaviour of the front tyres lateral force (i.e. |αf | > ᾱf ). Therefore the switching of PWL state
feedback takes place for the vehicle equipped with Controller-5, which is able to reduce the front
tyre sideslip angle.

The front and rear tyre lateral forces are depicted in Fig. 7.8. It can be noticed that despite
the control action for both vehicles, the front tyre forces are saturated.

The results imply that the use of a single quadratic Lyapunov function is not adequate for
the synthesis of PWL controllers for lane departure avoidance systems. The use of the piecewise
affine approximation that better takes into account the nonlinear behaviour of the tyre forces,
results in a controller that is very reactive, as it can be seen in Fig. 7.4 to Fig. 7.8. The positioning
of the vehicle with respect to the lane is quickly restored, as the assistance is activated, and
excursion of the lane is avoided as presented in Fig. 7.5. On the other hand, the vehicle dynamics
are too excited reaching relatively high values of sideslip angle (β = ±0.02 [rad]) and yaw rate
(r = −0.4 [rad/s]) for a manoeuvre on a straight line. Consequently the lateral tyre forces
saturate for both vehicles lin and PWL.

The vehicle dynamics response under the action of the controller could be enhanced by
including constraints for pole clustering or to bound the control input, for instance. However,
the conservativeness of the control synthesis based on a single quadratic Lyapunov function
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Figure 7.4: Dynamics of vehicles lin (dashed line) and PWL (continuous line) with Controller-5
at v = 15 [m/s].
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Figure 7.5: Positioning of vehicles lin (dashed line) and PWL (continuous line) with Controller-5
at v = 15 [m/s].

results in very restrained feasible sets, so that there is not much room for additional constraints
while keeping the LMIs feasible.

Controller-6, based on piecewise quadratic Lyapunov function provides an adequate possi-
bility to overcome this shortcoming, as shown from the results discussed below.
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Figure 7.6: Steering angle and control input of vehicles lin (dashed line) and PWL (continuous
line) with Controller-5 at v = 15 [m/s].
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Figure 7.7: Front and rear tyre sideslip angle of vehicles lin (dashed line) and PWL (continuous
line) with Controller-5 at v = 15 [m/s].

7.5.2 Results from practical implementation of Controller-6

The controller synthesised in Section 7.2.2 for the lane keeping assistance system Controller-
6 has been implemented in the prototype vehicle CARLLA, which has been equipped with
the composite rings (Skid-concept [Bou11]) around the front tyres to reproduce degraded road
conditions.

The results from the lane departure avoidance manoeuvre are illustrated in Fig. 7.9 to
Fig. 7.15.
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Figure 7.8: Front and rear lateral tyre forces of vehicles lin (dashed line) and PWL (continuous
line) with Controller-5 at v = 15 [m/s].
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Figure 7.9: Position of front wheels with respect to lane markings for Controller-6 with skip-
concept rings.

The road profile can be seen in the bottom subplot of Fig. 7.15 which depicts the road
curvature estimated by the lane detection algorithm. It consists of an S-turn with the first curve
to the left hand side.

The vehicle is located at the centre of the lane as it approaches the curve, and tends to
continue forward, since there is no action of the driver on the steering wheel, as depicted in
Fig. 7.14. The activation takes place as the front right wheel crosses the centre strip with width
2d = 2.2 [m] (see activation strategy in Appendix B), shortly after t = 15 [s] and it is indicated
by the red symbol ”∗” on the figures.
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Figure 7.10: Vehicle Sideslip Angle and yaw rate for Controller-6 with skip-concept rings.
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Figure 7.11: Vehicle positining from video sensor: Lateral offset and relative yaw angle for
Controller-6 with skip-concept rings.

The position of the front wheels with respect to the lane is reconstructed from the extero-
ceptive signals representing the positioning of the vehicle and illustrated in Fig. 7.11, with the
lateral offset at look ahead distance and the relative yaw angle on the top and bottom subplots
respectively (see Appendix B for details).

The control input, corresponding to the activation of the assistance is shown in Fig. 7.14.
The state variables representing the dynamics of the car are shown in Fig. 7.10 describing the
measurements of sideslip angle and yaw rate.

These two variables, the front wheel steering angle, shown in Fig. 7.12 and the vehicle
longitudinal speed shown in Fig. 7.13, are used to compute an estimate of the wheel sideslip
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Figure 7.12: Steering angle and steering angle derivative for Controller-6 with skip-concept
rings.
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Figure 7.13: Vehicle longitudinal speed and lateral acceleration for Controller-6 with skip-
concept rings.

angle, according to (4.5). The resulting front wheel sideslip angle is illustrated in Fig. 7.15. The
switching between the PWA state feedback controllers is driven by this variable. The thresholds
limiting the linear region of operation are depicted by the green dash-dot line. The switching
takes place, as shown in the bottom plot of Fig. 7.14 from R2 to R3 shortly after the assistance
is activated.

It can be noticed that the control input (top plot of Fig. 7.14) is reduced when the switching
takes place, as an attempt to drive the state variables to the linear operating region of the tyre
lateral force, under the action of K3 and m3. Consequently the reduction on the steering action,
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Figure 7.14: Control Input and corresponding operation regions for Controller-6 with skip-
concept rings.
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Figure 7.15: Estimated front wheel sideslip angle and measured road curvature for Controller-6
with skip-concept rings.

shown in Fig. 7.12, shortly before t = 16 [s] induces a reduction of the front wheel sideslip angle.

Since the vehicle is still negotiating the left-hand side curve, the control input is forced
to increase again to keep the vehicle in the lane in spite of the brief excursion from the lane
exhibited in Fig. 7.9 around t = 17 [s].

The manoeuvre is successfully performed and the vehicle is repositioned at the centre of the
lane while it negotiates the right hand side turn until the driver retakes the control, as indicated
by the red symbol ”o” in the presented plots.

Having presented the results from practical implementation of the PWA feedback controller,
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the results of the PWA output feedback synthesised for Controller-7 are discussed in the sequel.

7.5.3 Results from practical implementation of Controller-7

The PWA ouuput feedback controller obtained in Section 7.4.1 for the Perceptive-ESC (Controller-
7 ) has been implemented on the prototype vehicle CARLLA with the composite rings (skid-
concept) mounted on the front wheel tyres. It has been evaluated as a lane departure assistance
system, with activation described in Appendix B.

The results shown in Fig. 7.16 to Fig. 7.22 correspond to the lane departure avoidance
manoeuvre on the same S-curve as the previous presented results
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Figure 7.16: Position of front wheels with respect to lane markings for Controller-7 with skid-
concept rings.

The activation takes place at about t = 12 [s] as the vehicle tends to drift out of the right
lane without action of the driver (|τd| < τon in Fig. 7.21). Fig. 7.16 shows the activation as the
front right wheel crosses the centred strip on the lane of width 2d = 2.2 [m], depicted by the
blue dotted lines.

The switching of the PWA output control structure of Controller-7 is based on the estimate
of the front wheel sideslip angle. As the vehicle sideslip angle is assumed to be unavailable for
measurement, its estimate is used in the computation of the front wheel sideslip angle, using
also the measurements of yaw are, steering angle and longitudinal velocity, as follows:

αf(est) = δf − β(est) −
lfr

v
(7.25)

The estimated vehicle sideslip angle (β(est)) is plotted in the top of Fig. 7.17. Its measurement,
provided by the CORREVIT optical sensor (βmeas), is also depicted only to enable a comparison
and evaluation of the synthesised observer. The vehicle yaw rate (r) is shown in the same figure,
while the steering angle (δf ) is provided in the top plot of Fig. 7.19 and longitudinal velocity v
is shown in Fig. 7.20.
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Figure 7.17: Vehicle Sideslip Angle and yaw rate for Controller-7 with skid-concept rings.
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Figure 7.18: Vehicle positining from video sensor: Lateral offset and relative yaw angle for
Controller-7 with skid-concept rings.

The computed wheel sideslip angle (αf(est)) based on the estimation of the vehicle sideslip
angle is shown by the blue solid line in Fig. 7.22. For comparison purposes, the computed front
wheel sideslip angle computed using the measurement of the vehicle sideslip angle is also shown
in the same figure, represented by the dashed line.

It can be seen that the observer obtained from the control synthesis tends to overestimate the
vehicle sideslip angle, which induces also an overestimation effect on the computed front wheel
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Figure 7.19: Steering angle and steering angle derivative for Controller-7 with skid-concept
rings.
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Figure 7.20: Vehicle longitudinal speed and lateral acceleration for Controller-7 with skid-
concept rings.

sideslip angle. Designing a better observer for the state vector turned out to be challenging,
considering the proposed method. Since there are no constraints on the observer, the poles of its
dynamics tend to become faster at each iteration of the K-Step, as an attempt to maximise the
decay rate of the piecewise quadratic Lyapunov function. Thus it potentiates the errors between
the vehicle and its model. Fixing the gains for the observer at the K-Step does not seem to
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Figure 7.21: Control Input and corresponding operation regions for Controller-7 with skid-
concept rings.
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Figure 7.22: Estimated front wheel sideslip angle and measured road curvature for Controller-7
with skid-concept rings.

overcome the problem as the LMIs become infeasible, probably due to the lack of flexibility for
the decision variables.

Despite the errors on the estimated variables, no significant changes in the performance of
the PWA output feedback controller with respect to Controller-6 can be noticed.
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It is interesting to note the reduction on the steering action after the first switch from R2

to R3 at approximately t = 12 [s] as shown in the bottom plot of Fig. 7.21. On the top plot of
the same figure, it can be seen that the reduction of the control input τa due to the action of
K3 and m3, is able to reduce the vehicle sideslip angle, as an attempt to avoid the saturation
of the lateral tyre force that can be seen in Fig. 7.22. The controller even switches back to R2,
but since it is still negotiating the curve, a more pronounced input torque is required to avoid
the lane departure.

Similarly to the results presented for Controller-6, an excursion of the lane occurs briefly in
the time interval 13 < t < 14 [s].

While negotiating the following curve to the right hand side (for t > 17 [s]), some switches
can also be noticed. In this case, it is mainly due to the overestimation of the front wheel sideslip
angle as can be seen in Fig. 7.22. Nevertheless, the action of the overall controller is able to
negotiate the S-turn and steer the vehicle back to the centre of the lane, when the driver retakes
control of the vehicle, deactivating the assistance.

7.6 Conclusion

In this chapter, control techniques for the design of a lane keeping assistance systems have been
developed. The analysis and synthesis are based on quadratic and piecewise quadratic Lyapunov
functions.

An approach based on a single quadratic Lyapunov function has been employed for the
design of Controller-5. Despite the advantage of the PWL state feedback compared to the linear
state feedback, as shown in the simulation results, the design procedure of Controller-5 could be
further improved by the inclusion of an objective function instead of solving an LMI feasibility
problem. Moreover, other constraints could be added to the LMIs, in order to obtain a controller
that better fits the design requirements, and avoid the high gains which render the system too
reactive. Nevertheless, the limitations regarding the PWA approximation of the nonlinear model
for lateral tyre force could not be circumvented, since the synthesis based on a single quadratic
Lyapunov function that must be valid for all subsystems is very conservative. Techniques based
on piecewise quadratic Lyapunov function have therefore been sought.

It has been demonstrated that the use of a PWA controller provides more flexibility to
obtain a piecewise quadratic Lyapunov function for the closed loop system. The use of the
V-K method to obtain a suboptimal solution for the BMI has been particularly advantageous
due to the availability of a state feedback controller for linear model. Consequently, the main
challenges have become the adequate modelling and the optimisation of the controllers for the
affine operating regions. The PWA state feedback controller designed for Controller-6 has
been deployed as lane departure assistance system and evaluated in practical implementation.
The results have shown satisfactory performance and adequate action to avoid the tyre forces
saturation on degraded road adhesion.

Nevertheless, the reduction on the steering action may deteriorate the vehicle trajectory and,
depending on the road profile, this control action may not be sufficient to keep the vehicle in
the lane which implies that a combined control action may required to generate the adequate
yaw moment.

The vision algorithm has shown some limitations that prohibited the evaluation of the con-
troller for more demanding manoeuvres. Being designed for the detection of a single lane, it
was not able to restore and treat the images adequately when sudden direction changes or lane
excursions took place.
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As currently commercialised vehicles are not equipped with sideslip angle sensors (CORRE-
VIT), and their costs render it impracticable to be introduced in production, a solution avoiding
the used of such sensors has been implemented. Controller-7 uses an estimator-regulator struc-
ture to estimate the vehicle sideslip angle, and the PWA output feedback controller can be
designed, based on a piecewise quadratic Lyapunov function.

The lack of bounds for the observer gains combined with the objective function of maximising
the Lyapunov decay rate has caused the poles of the observer dynamics to become very fast,
which is not desirable when discretisation is needed for practical implementation.

The results from the practical implementation are equivalent to those of Controller-6, from
which it can be concluded that the observer-based control synthesis is adequate for the design
of a driving assistance system that takes into account the nonlinear tyre forces and is based only
on sensors currently in use.
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Conclusions and Perspectives
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Chapter 8

Conclusions and perspectives

8.1 Conclusions

In this thesis, the development and practical validation of a Perceptive-ESC is presented. It is a
driver assistance system to avoid unintended lane departure even in situations of strong lateral
solicitation. Besides, the proposed assistance is based on measurements provided only by sensors
that are available in currently commercialised vehicles.

During the preceding three parts of this thesis, the motivation, mathematical tools and
preliminary systems have been thoroughly described in order to achieve the Perceptive-ESC .

In the first part, the motivations have been described and the thesis objectives have been
set. A methodology has also been described, consisting of several stages in which the complexity
of the proposed assistances has been progressively augmented and for which the benefits could
be evaluated at each step.

By analysing the trends of road ITS projects, it has been shown that efforts have been concen-
trated to provide solutions that require relatively low investment and that can be implemented
in a short time. Moreover, recent projects tend to focus on highly automated systems that do
not replace the driver completely, but share the driving task, helping the driver in critical and
tedious situations. These two tendencies have propelled the research towards a solution based
only on sensors currently in use and on a strategy to share the control with the driver.

During the bibliographic study, attention has also been given to the already existing ADAS
for vehicle lateral control and the research activities on this topic. It has been noticed that the
most efficient systems to handle vehicle instability are based on proprioceptive signals, such as
ESC. On the other hand, systems based on exteroceptive signals, such as LDWS and LKAS, are
generally designed to operate in relatively low lateral acceleration, and are not adequate when
demanding manoeuvres are required. A lack of assistance systems that are able to perceive the
environment and simultaneously handle vehicle instability has been identified as an open field
of research, which confirms the novelty of this application and theoretical approach adopted in
this work.

The mathematical tools and description of the vehicle model used in the design of the lateral
control assistances have been presented in the second part. The careful study of PWA systems
has enabled the comprehension not only of their behaviour but also their limitations. The
analysis and control synthesis are based on Lyapunov quadratic stability, for which LMI and
BMI are essential tools.

The first part of the thesis has also covered the analysis of the vehicle lateral dynamics and
its modelling through PWA systems. It has been shown that PWA systems can adequately
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reproduce the vehicle nonlinear dynamics, but in order to use the Lyapunov based control
synthesis, two assumptions have been made. Firstly, only the tyre force saturation of the front
wheels are taken into account in the PWAmodel, and secondly only PWA functions with positive
slopes are considered to approximate the tyres lateral force. It has been shown that these
simplifications render PWA vehicle models less accurate in reproducing the instabilities of the
vehicle nonlinear lateral dynamics. On the other hand, they allow the risk of instability to be
detected and enable the controller to act in advance in order to avoid the tyre force saturation,
being thus satisfactorily for the design of driving assistance systems.

The third part presents the evolution of the controllers designed for the driver assistance
systems. The simplest control structures have been privileged in the early stages of the de-
velopment and complexity has been gradually increased. Such design methodology has proved
adequate for the achievement of the Perceptive-ESC , as it enabled, at each stage, the evaluation
and thorough comprehension of the advantages of the PWA controllers.

For the first two driving assistance systems only the vehicle dynamics have been considered.
The proposed active steering systems consist of PWL Proportional-Integral controllers on the
basis of the yaw rate error. For the first, the switching of the PWL controllers is driven by
the yaw rate, and the boundaries have been obtained from a parametrisation of the vehicle
dynamics in terms of the same variable. The second active steering system is extended with a
PWL state feedback loop in order to enhance the vehicle dynamics with the switching based
on an estimation of the vehicle sideslip angle. The stability of both systems has been proved
by piecewise quadratic Lyapunov functions. Simulations have proved that the PWL controller
is advantageous in demanding manoeuvres when compared to the same corresponding linear
controller. Moreover, it has been noticed that the vehicle sideslip dynamics should not be
neglected in the design of the controller and definition of the switching conditions in order to
obtain satisfactory responses from the controlled system.

The exteroceptive signals have been taken into account in two stages. The first technique
explored is based on the inclusion of internal models to reject the disturbances such as the road
curvatures. An extension of a driver assistance system developed at LIVIC has been proposed
and the advantages of considering the internal model in the design of the controller has been
confirmed in the practical experiments and even as an obstacle avoidance system through the
ISO-3888-1 (double lane change manouevre) in simulations in CarSim environment.

In order to take into account the nonlinear behaviour of the lateral tyre forces, a PWL
controller has been designed for lane keeping purposes. It incorporates the internal model in
a PIID structure on the basis of lateral offset. Similarly to the active steering systems, the
stability has been proved by a piecewise quadratic Lyapunov. The purpose of analysing the
advantages of the PWL controller for lane keeping has been achieved with this simple control
strategy, confirming the feasibility of lane departure avoidance systems for emergency situations
based on this class of hybrid system.

At a second stage in the development of lane departure avoidance systems, the efforts have
been focused on the Lyapunov based control syntheses that provide the gains and ensure stability
simultaneously.

The conservativeness of using a single quadratic Lyapunov function has become evident in
the development of the PWL state feedback controller for lane departure avoidance. On the
other hand, it has been shown that this drawback can be circumvented by the use of piecewise
quadratic Lyapunov function for the syntheses of PWA state and output feedback controllers.
For the output feedback structure, only the sensors currently in use have been considered, which
avoids the measurement of sideslip angle. The results obtained from the practical implementation
of the PWA state feedback have demonstrated its potential to handle the vehicle instabilities
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and its satisfactorily performance in lane departure avoidance manoeuvres, even in degraded
road adhesion. It can also be noticed that the trajectory of the vehicle may deteriorate due to
the reduction of the steering action to recover vehicle stability, which implies that the single
control action on the steering wheel may not be sufficient to keep the vehicle on track. A
positive aspect of this limitation lies in the fact that the reduction of the tyre lateral force may
enable the longitudinal component to increase and generate the adequate yaw moment, either by
independent wheel braking or differential torque, if a combined control action is implemented.

The practical experiments of the PWA output feedback have shown that it avoids the lane
departure satisfactorily, but the trade-off between the quality of the trajectory and keeping the
wheel sideslip low is equally present. Such results confirm that the observer-based control struc-
ture which is able to estimate the vehicle sideslip angle, can be implemented without additional
costs, since it is based on sensors already available in currently commercialised passenger cars.
Table 8.1 summarises the assistances proposed.

Table 8.1: Summary of proposed assistances

Assistance Control Strategy Validation

Controller-1 Yaw control PWL PI CarSim

Controller-2 Yaw control PWL PI and state feedback CarSim

Controller-3 LKAS / LCA Linear state feedback CARLLA/CarSim

Controller-4 LKAS PWL PIID CarSim

Controller-5 LKAS PWL state feedback Nonlinear Model (4.28)

Controller-6 LKAS PWA state feedback CARLLA

Controller-7 LKAS PWA output feedback CARLLA

The main contributions of this thesis can be thus summarised as:

• Proposition and analysis of a PWA vehicle model for lateral dynamics

• Proposition of active steering systems that take into account the nonlinear behaviour of
the tyre forces.

• Proposition of a lane departure avoidance systems that take into account the nonlinear
behaviour of the tyre forces in order to be able to handle vehicle instability in emergency
situations.

• Development of a lane departure avoidance system, based only on sensors currently in use,
which is able to deal with strong lateral solicitations.

8.2 Perspectives

During the development of the thesis some hints about the future research on this field have
been given. Among them, attention could be focused on the following topics:
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• Use of loop shaping techniques to optimise and ensure the robustness of the active steering
PI controllers.

• The inclusion of bounds for the observer in the PWA output feedback control synthesis
and use of more sophisticated observers for wheel sideslip angle to drive the switching of
the PWA controllers.

• Combined control action of steering angle with either differential braking or torque distri-
bution.

• Strategies of activation and share of the driving tasks.

Despite the contributions of this thesis, the research in this field can still be further explored,
and some important aspects should be investigated in more depth, such as ways to render the
assistance more intuitive for drivers, as well as its acceptance.

The development of vision algorithms adapted for harsh direction changes, as in critical
situations, may also be an interesting aspect to render these assistances feasible and commercially
practicable. Moreover, the current development of electric vehicles with 4-wheel drive also
presents an interesting opportunity to combine the actions on steering angle distributed wheel
torque.
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Appendix A

Polytopic cells and equilibrium

points

A.1 Quadratic form for polytopic cell description

Considering a matrix Λi ∈ R
pi×pi , defined as:

Λi
∆
=







λ00 · · · λ0pi
...

. . .
...

λpi0 · · · λpipi






> 0 (A.1)

Since the elements of Λi are all non-negative, it can be affirmed, using the polytopic cell descrip-
tion (3.30), that the state belongs to a given operating region, i.e. x ∈ Ri, only if:

−λi0j
(

htijx− gij
)

> 0, λi0j > 0, j = 1, ..., pi (A.2)

and therefore only if

−λijk
(

htijx− gij
) (

htikx− gik
)

> 0, λijk > 0, ∀j = 1, ..., pi and k = 1, ..., pi (A.3)

Consequently, x ∈ Ri if

[

x

1

]T [
H̄T

i ΛiH̄i −H̄T
i Λiḡi

−(H̄T
i Λiḡi)

T ḡTi Λiḡi

] [

x

1

]

> 0, (A.4)

where H̄i = [0 hi1 hi1 ... hipi ]
T and ḡi = [1 gi1 gi1 ... gipi ]

T . Inequality (A.4) corresponds to a
quadratic form so that the S-procedure can be applied.
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A.2 Piecewise affine approximations and equilibrium points

The equilibrium point of the closed-loop system (4.28) under the PWA state feedback uc =
Kix+mi and ρref = 0 is given by:

xieq =




















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0

− eri
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−
dfik5eri−dfik3eri+k1dfieri−drik5efi+midfidri−dfieri+driefi

dridfik4

dfieri−driefi
dridfi

























(A.5)

Considering that the sideslip angles are given as in (4.5), then the sideslip angle for a given
region in steady state is:

αi
eq f = −

efi
dfi

(A.6)

For the tyre forces approximation applied for this problem, as shown in (7.5), the affine terms
efi can be written with respect to the partitioning as:

ef1 + df1(−ᾱf ) = cf (−ᾱf )→ ef1 = −ᾱf (cf − df1) (A.7)

ef3 + df3(ᾱf ) = cf (ᾱf )→ ef3 = ᾱf (cf − df3) (A.8)

Therefore (A.6) can be rewritten as:

α1
eq f = −

−ᾱf (cf−df1)
df1

α3
eq f = −

ᾱf (cf−df3)
df3

(A.9)

The equilibrium point of the whole system is located at the origin, xeq ∈ R2. In order to ensure
global asymptotic stability, it is required that x1eq /∈ R1 and x3eq /∈ R3, equivalently α

1
eq > −ᾱf

and α3
eq < ᾱf .

Replacing the results of (A.9), the requirements become:

−
−ᾱf (cf − df1)

df1
> −ᾱf , −

ᾱf (cf − df3)

df3
< ᾱf (A.10)

Dividing them by −ᾱf and ᾱf respectively,

(−cf + df1)

df1
< 1,

−cf + df3
df3

< 1 (A.11)

Since cf > 0, it can be seem that these requirements are not satisfied if df1,3 < 0, therefore the
tyre force approximation by the piecewise affine functions must have positive slopes.
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Steering assistance activation law

Human interactions play an important role in the driving assistance systems, therefore an ade-
quate activation strategy is required. In order to avoid an intrusive assistance that may not be
well accepted by drivers, it is important to consider the driver awareness, as well as the risk of
lane departure or collision accidents.

In the framework of advanced driving assistance systems (ADAS), many possibilities are
shown in the literature concerning the activation strategies of lane keeping systems. The system
proposed by [EPG05] perceives the intention of the driver based on the vehicle dynamics and
tracks the environment (road geometry, obstacles/vehicles on current and adjacent lanes) to
compute the risk of the manoeuvre using the time to lane crossing (TLC) to predict a lane
departure. In order to reduce the conflicts between the driver and the system assistance a
time-varying parameter is defined by [FA03] so that the control action increases when the driver
steering wheel torque decreases; [LSMN02] make use of a weight (between zero and one) which
multiplies the proposed LQ steering control in order to reduce the interference with the driver.
In the ADAS proposed by [CMR09] and [RG06] an automatic lane keeping is combined with the
driver’s steering with no need of switching strategies between the driver and the lane keeping
control; [RG06] uses the potential field control structure for a vehicle with steer-by-wire. A
feedforward and a feedback controller are designed by [IG04] to support the driver in order to
reduce his/her workload without reducing the situation awareness and motivation of the driver.
The lane keeping system proposed by[MENML09] uses a switching strategy during diminished
driving capability or driver inattentiveness to help the controller to fully replace the driver until
he/she recovers the attention.

Such activation strategy seems to be the most adequate as according to ergonomic and
psychology studies [HYB09] the driver usually does not have time to think and plan in emergency
situations. There is only time to react in order to re-establish a safe state, therefore sharing
the control with the driver is not really an advantage and in these cases it is better that the
controller takes completely the responsibility during the control duration. Therefore the next
sections address the activation strategies based on the attentiveness of the driver and the risk
of either lane departure during lane keeping or collision avoidance manoeuvres.

B.1 Driver awareness assessment

Assessments of driver’s awareness can be found for instance in the works of [TT10] and [TC07].
Other sophisticated strategies could be used to monitor the driver awareness in the design of
the driver assistance systems. However, they are beyond the scope of this work, since it focuses
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Figure B.1: Relative yaw angle, ψL and position of the front wheels with respect to lane.

mainly the control synthesis and its performance.
For this reason, it was chosen to use an already existing strategy at LIVIC to assess the

driver’s awareness. It is simply based on the driver’s input torque on the steering wheel, which
is denominated τd. If |τd| < τon the driver is considered inattentive. The driver has priority and
controls the vehicle whenever his awareness is recovered, which corresponds to |τd| > τoff .

B.2 Risk of lane departure

A survey of methods to estimate the risk of lane departure is presented in [MT06]. Due to
the simplicity of implementation, the risk of lane departure, based on the position of the front
wheels, presented in [MELMN09] has been chosen for this work. It is adequate either for straight
road segments as well as for curvy ones.

The risk of lane departure is estimated by the position of the front wheels with respect to a
fixed strip of width 2d in the centre of the lane, as shown in Fig. B.1.

The positions of the left (right) front wheels, yl,(r), can be described by the following
[MELMN09]:

yl = yL + (lf − ls)ψL + a
2 ,

yr = yL + (lf − ls)ψL −
a
2 ,

(B.1)

where a represents the vehicle width. Enforcing the front wheels to remain inside the centred
lane strip ±d, yields:

−
2d− a

2
≤ yL + (lf − ls)ψL ≤

2d− a

2
(B.2)

This set, corresponding to the region between two parallel hyperplanes, can be written with
respect to the variables expressing the positioning of the vehicle, z = [ψL, YL]

T , as:

T
∆
= {z ∈ R2 : |Fz| ≤ 1} (B.3)
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yr = yL + (lf − ls)ψL −
a
2

yl = yL + (lf − ls)ψL + a
2

ǫS

ψL

yL

Figure B.2: Safe zone

where F =
[

2(lf−ls)
2d−a , 2

2d−a

]

.

Therefore it can be assumed that there exists risk of lane departure if |Fz| > 1.

B.2.1 Normal driving zone

Similarly to the work [MENML09], the driving situation in which the vehicle follows the lane
properly (excepting lane change, overtaking, etc) at relatively low lateral acceleration is denoted
as ”Normal driving”.

Such conditions can be mathematically described by sets which are named ”Safe Driving
Zones”. Considering that the control syntheses are based on quadratic or piecewise quadratic
Lyapunov functions, ellipsoidal invariant sets can be obtained from the Lyapunov function as:

ǫS = {x|xTPlinx < c} (B.4)

where Plin represents the piecewise quadratic Lyapunov function corresponding to the operating
region of the linear approximation of the tyre forces, and c is a constant such that the ellipsoid
ǫS is the largest contained in the set T (B.3), as shown in Fig. B.2

B.3 Activation of lane departure avoidance assistance

In order to take into account the driver awareness and the risk of lane departure, the activation
and deactivation, illustrated in Fig. B.3 of the lane departure avoidance assistance system follows:

• Activate if (τ < τon) & (|Fz| ≥ 1)

• Deactivate if (τ ≥ τoff ) & (x ∈ ǫS),

where & and | are the logical expression AND and OR respectively.
The numerical values of torque used to assess the driver awareness for the activation of the

assistances are shown in Table B.1.
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on
off

(τ < τon) & (|Fz| ≥ 1)

(τ ≥ τoff ) & (x ∈ ǫS)

Figure B.3: Schema representing the activation strategy of the lateral assistance.

Table B.1: Assessment of driver awareness

τon 2 [Nm]

τoff 5 [Nm]

B.4 Activation for obstacle avoidance assistance or autonomous

driving

An important feature that should be added to advanced driver assistance systems is the ability
to perceive and avoid obstacles.

Some work has been devoted to this subject, for example, in [VGMG09] obstacle detection
and risk analysis based on the surrounding environment is performed to plan an ideal vehicle
trajectory.

Such a system can also be incorporated in the activation strategy of the driver assistance
system, in which the controller should follow the planned trajectory when the driver is considered
inattentive in order to avoid obstacles.

Similarly to the lane keeping case, the driver is not able to retake control of the vehicle until
it returns to a safe condition (x ∈ ǫS).
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Feasibility of Controller-5 for

multiple partitioning

The LMIs from Theorem 3.5.2 were not feasible for values of ᾱf ≥ 0.08, therefore these results
are not presented in this document.

Table C.1: Feasibility of Quadratic Stabilisation ᾱf = 0.01

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.02 39988.64 - 39988.64 0.06 6.45 Feasible
2 0.01 0.03 39988.64 39794.39 39794.39 3.95 200.7 Feasible
3 0.01 0.04 39988.64 39794.39 39164.45 22.85 830.64 Feasible
4 0.01 0.05 39988.64 39794.39 37840.22 75.82 2154.88 Feasible
5 0.01 0.06 39988.64 39794.39 35682.59 183.7 4312.5 no
...

...
...

...
...

...
...

... no
6 0.02 0.03 39891.52 - 39891.52 1.04 103.58 Feasible
7 0.02 0.05 39891.52 38502.33 38502.33 42.71 1492.76 Feasible
8 0.02 0.07 39891.52 38502.33 34206.52 257.5 5788.57 Feasible
9 0.02 0.09 39891.52 38502.33 27272.14 742.91 12722.95 no
...

...
...

...
...

...
...

... no
10 0.03 0.04 39649.16 - 39649.16 3.46 345.93 Feasible
11 0.03 0.07 39649.16 35417.75 35417.75 172.72 4577.34 Feasible
12 0.03 0.1 39649.16 35417.75 25358.52 876.86 14636.57 Feasible
13 0.03 0.13 39649.16 35417.75 14910.48 1921.67 25084.61 no
...

...
...

...
...

...
...

... no
14 0.04 0.05 39196.92 - 39196.92 7.98 798.17 Feasible
15 0.04 0.09 39196.92 30739.33 30739.33 430.86 9255.76 Feasible
16 0.04 0.13 39196.92 30739.33 16565.68 1706.49 23429.41 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

17 0.05 0.06 38494.06 - 38494.06 15.01 1501.03 Feasible
18 0.05 0.11 38494.06 25351.5 25351.5 803.56 14643.59 Feasible
19 0.05 0.16 38494.06 25351.5 10132.54 2477.65 29862.56 no
...

...
...

...
...

...
...

... no
20 0.06 0.07 37533.46 - 37533.46 24.62 2461.64 Feasible
21 0.06 0.13 37533.46 20134.5 20134.5 1242.54 19860.59 Feasible
22 0.06 0.19 37533.46 20134.5 6064.08 3071.7 33931.01 no
...

...
...

...
...

...
...

... no
23 0.07 0.08 36341.35 - 36341.35 36.54 3653.74 Feasible
24 0.07 0.15 36341.35 15598 15598 1696.01 24397.09 no
...

...
...

...
...

...
...

... no
25 0.08 0.09 34968.13 - 34968.13 50.27 5026.97 Feasible
26 0.08 0.17 34968.13 11903.95 11903.95 2126.05 28091.14 no
...

...
...

...
...

...
...

... no
27 0.09 0.1 33475.14 - 33475.14 65.2 6519.95 Feasible
28 0.09 0.19 33475.14 9012.88 9012.88 2511.43 30982.21 no
...

...
...

...
...

...
...

... no
29 0.1 0.11 31922.78 - 31922.78 80.72 8072.31 Feasible
30 0.1 0.21 31922.78 6802.69 6802.69 2843.93 33192.4 no
...

...
...

...
...

...
...

... no
31 0.11 0.12 30362.6 - 30362.6 96.32 9632.5 Feasible
32 0.11 0.23 30362.6 5135 5135 3123.64 34860.09 no
...

...
...

...
...

...
...

... no
33 0.12 0.13 28833.98 - 28833.98 111.61 11161.11 Feasible
34 0.12 0.25 28833.98 3884.49 3884.49 3355.04 36110.6 no
...

...
...

...
...

...
...

... no
35 0.13 0.14 27364.1 - 27364.1 126.31 12630.99 Feasible
36 0.13 0.27 27364.1 2948.34 2948.34 3544.52 37046.75 no
...

...
...

...
...

...
...

... no
37 0.14 0.15 25969.68 - 25969.68 140.25 14025.41 Feasible
38 0.14 0.29 25969.68 2246.53 2246.53 3698.73 37748.57 no
...

...
...

...
...

...
...

... no
39 0.15 0.16 24659.37 - 24659.37 153.36 15335.73 Feasible
40 0.16 0.17 23436.04 - 23436.04 165.59 16559.05 Feasible
41 0.17 0.18 22298.72 - 22298.72 176.96 17696.37 Feasible
42 0.18 0.19 21244.01 - 21244.01 187.51 18751.08 Feasible
43 0.19 0.2 20267.16 - 20267.16 197.28 19727.93 Feasible
44 0.2 0.21 19362.74 - 19362.74 206.32 20632.36 no
...

...
...

...
...

...
...

... no
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Table C.2: Feasibility of Quadratic Stabilisation ᾱf = 0.02

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.03 39787.94 0 39787.94 4.14 207.15 Feasible
2 0.01 0.04 39787.94 39164.45 39164.45 22.85 830.64 Feasible
3 0.01 0.05 39787.94 39164.45 37840.22 75.82 2154.88 Feasible
4 0.01 0.06 39787.94 39164.45 35682.59 183.7 4312.5 no
...

...
...

...
...

...
...

... no
5 0.02 0.04 39476.19 0 39476.19 10.38 518.9 Feasible
6 0.02 0.06 39476.19 36761.4 36761.4 118.97 3233.69 Feasible
7 0.02 0.08 39476.19 36761.4 30959.59 467.08 9035.51 Feasible
8 0.02 0.1 39476.19 36761.4 23443.42 1068.37 16551.68 no
...

...
...

...
...

...
...

... no
9 0.03 0.05 38930.87 0 38930.87 21.28 1064.22 Feasible
10 0.03 0.08 38930.87 32533.92 32533.92 341.13 7461.17 Feasible
11 0.03 0.11 38930.87 32533.92 21612.78 1214.82 18382.31 Feasible
12 0.03 0.14 38930.87 32533.92 12168.49 2253.69 27826.6 no
...

...
...

...
...

...
...

... no
13 0.04 0.06 38118.8 0 38118.8 37.53 1876.29 Feasible
14 0.04 0.1 38118.8 27201.5 27201.5 692.56 12793.59 Feasible
15 0.04 0.14 38118.8 27201.5 13614.25 2051.29 26380.84 no
...

...
...

...
...

...
...

... no
16 0.05 0.07 37041.13 0 37041.13 59.08 2953.96 Feasible
17 0.05 0.12 37041.13 21757.57 21757.57 1128.93 18237.53 Feasible
18 0.05 0.17 37041.13 21757.57 8197.62 2756.12 31797.47 no
...

...
...

...
...

...
...

... no
19 0.06 0.08 35732.39 0 35732.39 85.25 4262.7 Feasible
20 0.06 0.14 35732.39 16890.64 16890.64 1592.59 23104.46 no
...

...
...

...
...

...
...

... no
21 0.07 0.09 34249.99 0 34249.99 114.9 5745.1 Feasible
22 0.07 0.16 34249.99 12877.92 12877.92 2038.39 27117.17 no
...

...
...

...
...

...
...

... no
23 0.08 0.1 32660.15 0 32660.15 146.7 7334.94 Feasible
24 0.08 0.18 32660.15 9725.24 9725.24 2440.19 30269.85 no
...

...
...

...
...

...
...

... no
25 0.09 0.11 31025.86 0 31025.86 179.38 8969.24 Feasible
26 0.09 0.2 31025.86 7316.47 7316.47 2787.42 32678.63 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

27 0.1 0.12 29399.35 0 29399.35 211.91 10595.75 Feasible
28 0.1 0.22 29399.35 5503.91 5503.91 3079.37 34491.18 no
...

...
...

...
...

...
...

... no
29 0.11 0.13 27819.33 0 27819.33 243.52 12175.76 Feasible
30 0.11 0.24 27819.33 4149.75 4149.75 3320.56 35845.35 no
...

...
...

...
...

...
...

... no
31 0.12 0.14 26311.52 0 26311.52 273.67 13683.58 Feasible
32 0.12 0.26 26311.52 3140 3140 3517.68 36855.1 no
...

...
...

...
...

...
...

... no
33 0.13 0.15 24890.8 0 24890.8 302.09 15104.29 Feasible
34 0.13 0.28 24890.8 2385.94 2385.94 3677.81 37609.15 no
...

...
...

...
...

...
...

... no
35 0.14 0.16 23563.96 0 23563.96 328.62 16431.14 Feasible
36 0.15 0.17 22332.1 0 22332.1 353.26 17662.99 Feasible
37 0.16 0.18 21192.7 0 21192.7 376.05 18802.4 Feasible
38 0.17 0.19 20141.01 0 20141.01 397.08 19854.08 Feasible
39 0.18 0.2 19171.16 0 19171.16 416.48 20823.93 no
40 0.19 0.21 18276.82 0 18276.82 434.37 21718.27 no
41 0.2 0.22 17451.63 0 17451.63 450.87 22543.46 no
...

...
...

...
...

...
...

... no
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Table C.3: Feasibility of Quadratic Stabilisation ᾱf = 0.03

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.04 38957.29 0 38957.29 31.13 1037.8 Feasible
2 0.01 0.05 38957.29 37840.22 37840.22 75.82 2154.88 Feasible
3 0.01 0.06 38957.29 37840.22 35682.59 183.7 4312.5 no
...

...
...

...
...

...
...

... no
4 0.02 0.05 38398.76 0 38398.76 47.89 1596.34 Feasible
5 0.02 0.07 38398.76 34206.52 34206.52 257.5 5788.57 Feasible
6 0.02 0.09 38398.76 34206.52 27272.14 742.91 12722.95 no
...

...
...

...
...

...
...

... no
7 0.03 0.06 37493.37 0 37493.37 75.05 2501.72 Feasible
8 0.03 0.09 37493.37 29091.58 29091.58 579.16 10903.52 Feasible
9 0.03 0.12 37493.37 29091.58 18081.18 1570.09 21913.91 no
...

...
...

...
...

...
...

... no
10 0.04 0.07 36302.64 0 36302.64 110.77 3692.46 Feasible
11 0.04 0.11 36302.64 23506.77 23506.77 1006.48 16488.32 Feasible
12 0.04 0.15 36302.64 23506.77 11086.92 2372.67 28908.17 no
...

...
...

...
...

...
...

... no
13 0.05 0.08 34879.86 0 34879.86 153.46 5115.24 Feasible
14 0.05 0.13 34879.86 18323.66 18323.66 1477.95 21671.44 no
...

...
...

...
...

...
...

... no
15 0.06 0.09 33292.47 0 33292.47 201.08 6702.62 Feasible
16 0.06 0.15 33292.47 13971.75 13971.75 1939.94 26023.35 no
...

...
...

...
...

...
...

... no
17 0.07 0.1 31612.3 0 31612.3 251.48 8382.79 Feasible
18 0.07 0.17 31612.3 10528.62 10528.62 2359.85 29466.47 no
...

...
...

...
...

...
...

... no
19 0.08 0.11 29904.7 0 29904.7 302.71 10090.39 Feasible
20 0.08 0.19 29904.7 7895.55 7895.55 2723.72 32099.54 no
...

...
...

...
...

...
...

... no
21 0.09 0.12 28222.04 0 28222.04 353.19 11773.05 Feasible
22 0.09 0.21 28222.04 5918.46 5918.46 3029.62 34076.63 no
...

...
...

...
...

...
...

... no
23 0.1 0.13 26601.76 0 26601.76 401.8 13393.34 Feasible
24 0.1 0.23 26601.76 4446.58 4446.58 3281.97 35548.51 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

25 0.11 0.14 25067.55 0 25067.55 447.83 14927.54 Feasible
26 0.11 0.25 25067.55 3353.48 3353.48 3487.8 36641.61 no
...

...
...

...
...

...
...

... no
27 0.12 0.15 23632.11 0 23632.11 490.89 16362.98 Feasible
28 0.12 0.27 23632.11 2540.52 2540.52 3654.63 37454.57 no
...

...
...

...
...

...
...

... no
29 0.13 0.16 22300.02 0 22300.02 530.85 17695.07 Feasible
30 0.13 0.29 22300.02 1933.57 1933.57 3789.48 38061.52 no
...

...
...

...
...

...
...

... no
31 0.14 0.17 21070.46 0 21070.46 567.74 18924.63 Feasible
32 0.15 0.18 19939.2 0 19939.2 601.68 20055.89 no
...

...
...

...
...

...
...

... no
33 0.16 0.19 18900.13 0 18900.13 632.85 21094.97 no
...

...
...

...
...

...
...

... no
34 0.17 0.2 17946.22 0 17946.22 661.47 22048.87 no
...

...
...

...
...

...
...

... no
35 0.18 0.21 17070.25 0 17070.25 687.75 22924.84 no
...

...
...

...
...

...
...

... no
36 0.19 0.22 16265.13 0 16265.13 711.9 23729.96 no
...

...
...

...
...

...
...

... no
37 0.2 0.23 15524.17 0 15524.17 734.13 24470.92 no
...

...
...

...
...

...
...

... no
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Table C.4: Feasibility of Quadratic Stabilisation ᾱf = 0.04

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.05 36802.42 0 36802.42 127.71 3192.67 Feasible
2 0.01 0.06 36802.42 35682.59 35682.59 183.7 4312.5 no
...

...
...

...
...

...
...

... no
3 0.02 0.06 36242.51 0 36242.51 150.1 3752.59 Feasible
4 0.02 0.08 36242.51 30959.59 30959.59 467.08 9035.51 Feasible
5 0.02 0.1 36242.51 30959.59 23443.42 1068.37 16551.68 no
...

...
...

...
...

...
...

... no
6 0.03 0.07 35071.82 0 35071.82 196.93 4923.27 Feasible
7 0.03 0.1 35071.82 25358.52 25358.52 876.86 14636.57 Feasible
8 0.03 0.13 35071.82 25358.52 14910.48 1921.67 25084.61 no
...

...
...

...
...

...
...

... no
9 0.04 0.08 33601.05 0 33601.05 255.76 6394.05 Feasible
10 0.04 0.12 33601.05 19899.78 19899.78 1351.86 20095.32 Feasible
11 0.04 0.16 33601.05 19899.78 8975.48 2662.78 31019.61 no
...

...
...

...
...

...
...

... no
12 0.05 0.09 31951.95 0 31951.95 321.73 8043.14 Feasible
13 0.05 0.14 31951.95 15197.65 15197.65 1829.61 24797.44 no
...

...
...

...
...

...
...

... no
14 0.06 0.1 30215.17 0 30215.17 391.2 9779.92 Feasible
15 0.06 0.16 30215.17 11435.7 11435.7 2269.14 28559.39 no
...

...
...

...
...

...
...

... no
16 0.07 0.11 28463.22 0 28463.22 461.27 11531.87 Feasible
17 0.07 0.18 28463.22 8550.06 8550.06 2651.72 31445.03 no
...

...
...

...
...

...
...

... no
18 0.08 0.12 26750.41 0 26750.41 529.79 13244.68 Feasible
19 0.08 0.2 26750.41 6385.93 6385.93 2973.52 33609.16 no
...

...
...

...
...

...
...

... no
20 0.09 0.13 25113.61 0 25113.61 595.26 14881.48 Feasible
21 0.09 0.22 25113.61 4779.99 4779.99 3238.63 35215.1 no
...

...
...

...
...

...
...

... no
22 0.1 0.14 23574.8 0 23574.8 656.81 16420.29 Feasible
23 0.1 0.24 23574.8 3592.17 3592.17 3454.38 36402.92 no
...

...
...

...
...

...
...

... no
24 0.11 0.15 22144.56 0 22144.56 714.02 17850.53 Feasible
25 0.11 0.26 22144.56 2712.52 2712.52 3628.83 37282.57 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

26 0.12 0.16 20825.43 0 20825.43 766.79 19169.66 Feasible
27 0.12 0.28 20825.43 2058.52 2058.52 3769.49 37936.57 no
...

...
...

...
...

...
...

... no
28 0.13 0.17 19614.72 0 19614.72 815.21 20380.37 no
...

...
...

...
...

...
...

... no
30 0.14 0.18 18506.64 0 18506.64 859.54 21488.45 no
...

...
...

...
...

...
...

... no
31 0.15 0.19 17493.8 0 17493.8 900.05 22501.3 no
...

...
...

...
...

...
...

... no
32 0.16 0.2 16568.17 0 16568.17 937.08 23426.92 no
...

...
...

...
...

...
...

... no
33 0.17 0.21 15721.73 0 15721.73 970.93 24273.36 no
...

...
...

...
...

...
...

... no
34 0.18 0.22 14946.8 0 14946.8 1001.93 25048.29 no
...

...
...

...
...

...
...

... no
35 0.19 0.23 14236.23 0 14236.23 1030.35 25758.87 no
...

...
...

...
...

...
...

... no
36 0.2 0.24 13583.48 0 13583.48 1056.46 26411.61 no
...

...
...

...
...

...
...

... no
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Table C.5: Feasibility of Quadratic Stabilisation ᾱf = 0.05

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.06 32489.92 0 32489.92 375.26 7505.17 Feasible
2 0.01 0.07 32489.92 32730.44 32730.44 360.83 7505.17 no
...

...
...

...
...

...
...

... no
3 0.02 0.07 32610.18 0 32610.18 369.25 7384.91 Feasible
4 0.02 0.09 32610.18 27272.14 27272.14 742.91 12722.95 no
...

...
...

...
...

...
...

... no
5 0.03 0.08 31469.7 0 31469.7 426.27 8525.39 Feasible
6 0.03 0.11 31469.7 21612.78 21612.78 1214.82 18382.31 no
...

...
...

...
...

...
...

... no
7 0.04 0.09 29941.16 0 29941.16 502.7 10053.93 Feasible
8 0.04 0.13 29941.16 16565.68 16565.68 1706.49 23429.41 no
...

...
...

...
...

...
...

... no
9 0.05 0.1 28259.18 0 28259.18 586.8 11735.91 Feasible
10 0.05 0.15 28259.18 12459.84 12459.84 2166.73 27535.25 no
...

...
...

...
...

...
...

... no
11 0.06 0.11 26541.24 0 26541.24 672.69 13453.85 Feasible
12 0.06 0.17 26541.24 9291.47 9291.47 2570.17 30703.62 no
...

...
...

...
...

...
...

... no
...

...
...

...
...

...
...

... no
13 0.07 0.12 24858.31 0 24858.31 756.84 15136.78 Feasible
14 0.07 0.19 24858.31 6914.81 6914.81 2910.06 33080.28 no
...

...
...

...
...

...
...

... no
15 0.08 0.13 23253.42 0 23253.42 837.08 16741.67 Feasible
16 0.08 0.21 23253.42 5155.87 5155.87 3189.76 34839.22 no
...

...
...

...
...

...
...

... no
17 0.09 0.14 21750.32 0 21750.32 912.24 18244.77 Feasible
18 0.09 0.23 21750.32 3860.03 3860.03 3416.88 36135.06 no
...

...
...

...
...

...
...

... no
19 0.1 0.15 20359.51 0 20359.51 981.78 19635.58 Feasible
20 0.1 0.25 20359.51 2904.61 2904.61 3600.01 37090.48 no
...

...
...

...
...

...
...

... no
21 0.11 0.16 19082.74 0 19082.74 1045.62 20912.35 no
...

...
...

...
...

...
...

... no
22 0.12 0.17 17916.36 0 17916.36 1103.94 22078.74 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

23 0.13 0.18 16853.68 0 16853.68 1157.07 23141.41 no
...

...
...

...
...

...
...

... no
24 0.14 0.19 15886.56 0 15886.56 1205.43 24108.53 no
...

...
...

...
...

...
...

... no
25 0.15 0.2 15006.38 0 15006.38 1249.44 24988.72 no
...

...
...

...
...

...
...

... no
26 0.16 0.21 14204.65 0 14204.65 1289.52 25790.44 no
...

...
...

...
...

...
...

... no
27 0.17 0.22 13473.37 0 13473.37 1326.09 26521.72 no
...

...
...

...
...

...
...

... no
28 0.18 0.23 12805.18 0 12805.18 1359.5 27189.91 no
...

...
...

...
...

...
...

... no
29 0.19 0.24 12193.4 0 12193.4 1390.08 27801.69 no
...

...
...

...
...

...
...

... no
30 0.2 0.25 11632.06 0 11632.06 1418.15 28363.03 no
...

...
...

...
...

...
...

... no
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Table C.6: Feasibility of Quadratic Stabilisation ᾱf = 0.06

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.07 25225.27 0 25225.27 886.19 14769.82 Feasible
2 0.01 0.08 25225.27 29188.73 29188.73 608.75 14769.82 no
...

...
...

...
...

...
...

... no
3 0.02 0.08 27207 0 27207 767.29 12788.09 Feasible
4 0.02 0.1 27207 23443.42 23443.42 1068.37 16551.68 no
...

...
...

...
...

...
...

... no
5 0.03 0.09 26589.85 0 26589.85 804.31 13405.24 Feasible
6 0.03 0.12 26589.85 18081.18 18081.18 1570.09 21913.91 no
...

...
...

...
...

...
...

... no
7 0.04 0.1 25325.21 0 25325.21 880.19 14669.88 Feasible
8 0.04 0.14 25325.21 13614.25 13614.25 2051.29 26380.84 no
...

...
...

...
...

...
...

... no
9 0.05 0.11 23850.47 0 23850.47 968.68 16144.62 Feasible
10 0.05 0.16 23850.47 10132.54 10132.54 2477.65 29862.56 no
...

...
...

...
...

...
...

... no
11 0.06 0.12 22335.52 0 22335.52 1059.57 17659.58 Feasible
12 0.06 0.18 22335.52 7514.95 7514.95 2838.04 32480.15 no
...

...
...

...
...

...
...

... no
13 0.07 0.13 20861.75 0 20861.75 1148 19133.34 Feasible
14 0.07 0.2 20861.75 5581.18 5581.18 3134.47 34413.91 no
...

...
...

...
...

...
...

... no
15 0.08 0.14 19469.73 0 19469.73 1231.52 20525.36 no
...

...
...

...
...

...
...

... no
16 0.09 0.15 18177.78 0 18177.78 1309.04 21817.31 no
17 0.1 0.16 16991.5 0 16991.5 1380.22 23003.59 no
...

...
...

...
...

...
...

... no
18 0.11 0.17 15909.2 0 15909.2 1445.15 24085.89 no
...

...
...

...
...

...
...

... no
19 0.12 0.18 14925.23 0 14925.23 1504.19 25069.86 no
...

...
...

...
...

...
...

... no
20 0.13 0.19 14032.06 0 14032.06 1557.78 25963.03 no
...

...
...

...
...

...
...

... no
21 0.14 0.2 13221.47 0 13221.47 1606.42 26773.62 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

23 0.16 0.22 11815.76 0 11815.76 1690.76 28179.33 no
...

...
...

...
...

...
...

... no
24 0.17 0.23 11205.77 0 11205.77 1727.36 28789.32 no
...

...
...

...
...

...
...

... no
25 0.18 0.24 10648.86 0 10648.86 1760.77 29346.23 no
...

...
...

...
...

...
...

... no
26 0.19 0.25 10139.27 0 10139.27 1791.35 29855.82 no
...

...
...

...
...

...
...

... no
27 0.2 0.26 9671.89 0 9671.89 1819.39 30323.2 no
...

...
...

...
...

...
...

... no
22 0.15 0.21 12485.29 0 12485.29 1650.59 27509.81 no
...

...
...

...
...

...
...

... no
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Table C.7: Feasibility of Quadratic Stabilisation ᾱf = 0.07

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

1 0.01 0.08 14418.91 0 14418.91 1790.33 25576.18 no
...

...
...

...
...

...
...

... no
2 0.02 0.09 19887.23 0 19887.23 1407.55 20107.86 no
...

...
...

...
...

...
...

... no
3 0.03 0.1 20435.25 0 20435.25 1369.19 19559.85 Feasible
4 0.03 0.13 20435.25 14910.48 14910.48 1921.67 25084.61 no
...

...
...

...
...

...
...

... no
5 0.04 0.11 19814.31 0 19814.31 1412.65 20180.78 no
...

...
...

...
...

...
...

... no
6 0.05 0.12 18803.6 0 18803.6 1483.4 21191.49 no
...

...
...

...
...

...
...

... no
7 0.06 0.13 17672.87 0 17672.87 1562.56 22322.23 no
...

...
...

...
...

...
...

... no
8 0.06 0.19 17672.87 6064.08 6064.08 3071.7 33931.01 no
...

...
...

...
...

...
...

... no
9 0.07 0.14 16537.53 0 16537.53 1642.03 23457.56 no
...

...
...

...
...

...
...

... no
10 0.08 0.15 15450.62 0 15450.62 1718.11 24544.48 no
...

...
...

...
...

...
...

... no
11 0.09 0.16 14435.55 0 14435.55 1789.17 25559.54 no
...

...
...

...
...

...
...

... no
12 0.1 0.17 13500.61 0 13500.61 1854.61 26494.48 no
...

...
...

...
...

...
...

... no
13 0.11 0.18 12646.15 0 12646.15 1914.43 27348.94 no
...

...
...

...
...

...
...

... no
14 0.12 0.19 11868.47 0 11868.47 1968.86 28126.62 no
...

...
...

...
...

...
...

... no
15 0.13 0.2 11161.96 0 11161.96 2018.32 28833.13 no
...

...
...

...
...

...
...

... no
16 0.14 0.21 10520.3 0 10520.3 2063.24 29474.79 no
...

...
...

...
...

...
...

... no
17 0.15 0.22 9937.14 0 9937.14 2104.06 30057.95 no
...

...
...

...
...

...
...

... no
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Appendix C. Feasibility of Controller-5 for multiple partitioning

αstep
f αend

f dlin+1 dlin+2 dM eM cf − dM
Row [rad] [rad] [N/m] [N/m] [N/m] [N ] [N/m] Result

18 0.16 0.23 9406.44 0 9406.44 2141.21 30588.65 no
...

...
...

...
...

...
...

... no
19 0.17 0.24 8922.61 0 8922.61 2175.07 31072.48 no
...

...
...

...
...

...
...

... no
20 0.18 0.25 8480.61 0 8480.61 2206.01 31514.48 no
...

...
...

...
...

...
...

... no
21 0.19 0.26 8075.93 0 8075.93 2234.34 31919.16 no
...

...
...

...
...

...
...

... no
22 0.2 0.27 7704.56 0 7704.56 2260.34 32290.53 no
...

...
...

...
...

...
...

... no
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Université d’Évry-Val-D’Essonne, 2008.

[MELMN09] N. Minoiu-Enache, B. Lusetti, S. Mammar, and M. Netto. Assistance active de
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